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Abstract—The first-order (or linear) Rytov or Born approxi-

mation is the foundation for formulation of wave-equation

tomography and waveform inversion, so the validity of the Rytov/

Born approximation can substantially affect the applicability of

these theories. However, discussions and research reported in lit-

erature on this topic are insufficient or limited. In this paper we

introduce five variables in scattering theory to help us discuss

conditions under which the Rytov approximation, in the form of the

finite frequency sensitivity kernels (RFFSK), the basis of waveform

inversion and tomography, is valid. The five variables are propa-

gation length L, heterogeneity scale a, wavenumber k, anisotropy

ratio n, and perturbation strength e. Combined with theoretical

analysis and numerical experiments, we conclude that varying the

conditions used to establish the Rytov approximation can lead to

uninterpretable or undesired results. This conclusion has two con-

sequences. First, one cannot rigorously apply the linear Rytov

approximation to all theoretical or practical cases without dis-

cussing its validity. Second, the nonlinear Rytov approximation is

essential if the linear Rytov approximation is not valid. Different

from previous literature, only phase (or travel time) terms for the

whole wavefield are discussed. The time shifts of two specific

events between the background and observed wavefields measured

by cross-correlation will serve as a reference for evaluation of

whether the time shifts predicted by the FFSKs are reasonably

acceptable. Significantly, the reference ‘‘cross-correlation’’ should

be regarded as reliable only if the condition ‘‘two specific similar

signals’’ is satisfied. We cannot expect it to provide a reasonable

result if this condition is not met. This paper reports its reliability

and experimental limitations. Using cross-correlation (CC) samples

as the X axis and sensitivity kernel (SK) or ray tracing (RT)

samples as the Y axis, a chart of cross validation among the three is

established. According to experimental analysis for a random and

deterministic medium, the RFFSK works well for diffraction and

geometric optics enclosed by the boundaries ka[ 1 and

(K\ 1, KU\ 2p [ K[ 1, U\ 2p), where K is a diffraction

variable and U is a variable used to measure scattering strength.

Both K and U depend on the five variables mentioned above.

However, a large perturbation will limit the applicability of the

Rytov approximation and narrow the range in which it is valid,

because larger e results in higher-amplitude fluctuations and larger

back-scattering. Therefore, large e is important in making SK/RT

predictions discrepant from correct CC measurements. We also

confirm that the RFFSK theory has wider range of application than

ray theory. All the experiments point out the importance, both

practical and theoretical, of respecting the conditions used to

establish the Rytov approximation.

Key words: Finite frequency, sensitivity kernel, the Rytov

approximation, scattering theory.

1. Introduction

The first-order Rytov/Born approximation is the

foundation of wave-equation-based tomography or

waveform inversion (DEVANEY 1981, 1984; WU and

NAFI TOKSÖZ 1987; TARANTOLA 1984a, b; PRATT 1990,

1998, 1999; LUO and SCHUSTER 1991; SHIN and CHA

2008a, b; WOODWARD 1989; XIE and YANG 2008a, b;

ALMOMIN and BIONDI 2013; ALBERTIN et al. 2013).

Considering its essential role in perturbation theory

and in formulating the inverse problem, its validity

must be discussed, especially because the nonlinear

Rytov/Born approximation is currently a very con-

troversial issue (ALMOMIN and BIONDI 2013; ALBERTIN

et al. 2013; WU and ZHENG 2014). If the validity of

the first order Rytov/Born approximation is well

understood, we can choose either the linear or non-

linear approximation depending on our research

purposes. Checking the validity of the linear Rytov/

Born approximation is therefore crucial both theo-

retically and practically.

The finite frequency sensitivity kernel (FFSK) has

been proposed as an integral kernel of wave equations

under the Born or Rytov approximation based on

perturbation theory. The term ‘‘finite frequency’’
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means that it concerns the seismic wave of finite

frequencies rather than the first term of a high-fre-

quency asymptote in ray theory. The term

‘‘sensitivity’’ is used to denote the sensitivity of the

observed data (including travel time, amplitude,

phase, and full waveform, etc.) to perturbation of the

model.

The concept of FFSK is not a new idea in wave

propagation and inversion. It can be traced back to

the definition of ‘‘wavepath’’ by WOODWARD (1989).

Discussion of wavepaths on the basis of the Born or

Rytov approximation resulted in greater insight into

ray-tracing and diffraction tomography. According to

the inductive definition, both waves and rays can be

reconciled by introducing the band-limited content.

In the discussion, Rytov wave-equation tomography

proves superior to ray-tracing tomography in dealing

with dispersion and finite-aperture data. In contrast,

the failure of ray theory either in dealing with small-

scale heterogeneity or interpreting the true Fresnel

zone prompted researchers (SNIEDER and LOMAX 1996;

MARQUERING and SNIEDER 1995, 1996; MARQUERING

et al. 1998, 1999; DAHLEN et al. 2000; DAHLEN 2005;

TIAN et al. 2007) to re-study the relationship between

medium perturbation and wavefield phase/amplitude

fluctuations under the first-order Born or Rytov

approximation. Using the far-field approximation, a

body/surface wave in conjunction with the Born or

Rytov approximation was proposed for computing

2D or 3D sensitivity kernels for finite-frequency

seismic travel times (MARQUERING et al. 1998; DAHLEN

et al. 2000). Once the finite-frequency sensitivity

kernel theory was established, the ranges in which the

approximations were valid were also discussed (CHEN

and STAMNES 1998; COATES and CHAPMAN 1990; DE

WOLF 1975, 1977; DEVANEY 1981; FRIED 1966;

HABASHY et al. 1993; SAMUELIDES 1998; JENSEN and

PIJPERS 2003; KELLER 1969; SPETZLER and SNIEDER

2001, 2004). For research originating from ray the-

ory, it is difficult to fully discuss factors with a direct

effect on the results because multiple approximations

were made to the wave equation.

In this paper, we focus on the Rytov approxima-

tion from the perspective of scattering and further

discuss the ranges in which it is valid. The Rytov

finite frequency sensitivity kernel (RFFSK) is supe-

rior to the Born finite frequency sensitivity kernel

(BFFSK) in three respects. First, the RFFSK decou-

ples the phase and amplitude terms of the scattering

wavefields. We can use either amplitude or phase to

conduct multi-scale simulation and inversion for

different research purposes. Second, the Rytov

approximation is not limited to the ‘‘small perturba-

tion’’ assumption, and therefore has a wider range of

application. Third, if the higher-order Born or Rytov

approximation is included, classic Born series have

stricter convergence conditions.

In the first section, we review some basics,

introduce the definition of the broad-band finite-

frequency sensitivity kernel, and emphasize the

conditions used to establish the Rytov approxima-

tion. The second section is analysis of experimental

results and discussion. We introduce five variables

in scattering theory to conduct numerical experi-

ments and study the range of validity of the Rytov

approximation, rather than directly discussing the

nonlinear term. Different from full waveform dis-

cussion (DEVANEY 1981, 1984; WESTON 1985;

WOODWARD 1989; WU and ZHENG 2014), only phase

(or travel time) terms of the scattered fields are

considered here. Time shifts of a desired event

determined by cross-correlation (CC) serves as a

reference to assess whether the RFFSK predictions

are reasonably acceptable. As a reference, the time

shifts measured by the CC method are correct only

if the condition ‘‘two specific similar signals’’ is

satisfied, where there are two aspects of ‘‘similarity’’

(BÅTH 1974): first, that the ‘‘waveform is similar’’

and second that ‘‘spectral components are similar’’.

It is risky to refer to it if the necessary conditions

are changed. We show both the reliability and lim-

itations of CC by analysis of experimental results.

Using the CC samples as the X axis and the sensi-

tivity kernel (SK) or ray tracing (RT) samples as the

Y axis, a cross validation chart is established.

Experiments for both in random and deterministic

media show, in detail, how the Rytov, ray, and CC

results behave with the variation of L, a, k, n, and e.
The experimental findings are also compared with

the theoretical prediction in a scattering diagram

(Fig. 2). The third part section of the paper is a

discussion and the conclusion.
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2. Basic Formulae for the Finite Frequency

Sensitivity Kernel Under the First-Order

Rytov Approximation

Solving the wave equation in the form of the first-

order Rytov series is a well-known perturbation

method (AKI and RICHARDS 2002; WU 1989). We

write the solution in the frequency x domain when

applying the boundary integral equation as:

Wðx~gjx~s;xÞ ¼
1

u0ðx~gjx~s;xÞ

Z
oX

G0ðx~gjx~;xÞu0ðx~jx~s;xÞ

� rWðx~Þ � rWðx~Þ þ 2k20ðx~Þeðx~Þ
� �

dV :

ð1Þ

In Eq. (1), Wðx~gjx~s;xÞ is the unknown perturbed

wavefield, excited at x~s and received at x~g. Wðx~gjx~s;

xÞ ¼ ln u � ln u0 ¼ lnðA=A0Þ þ iðu� u0Þ where u,

A, and u are the observed wavefield, amplitude, and

phase and u0, A0, and u0 are the corresponding back-

ground wavefield, amplitude, and phase. Green’s

functionG0ðx~gjx~;xÞ is the unit impulse response of the

background wavefield, started at x
* 2 oX and ended at

x~g 2 oX. k0ðx~Þ ¼ x=v0ðx~Þ is the wavenumber in the

given background velocity of v0ðx~Þ. eðx~Þ ¼ 1
2
1�½

v20ðx~Þ=v2ðx~Þ� � Dvðx~Þ=v0ðx~Þ if Dvðx~Þ � v0ðx~Þ denotes
the velocity perturbation. If rWðx~Þ � rWðx~Þ �
2k20ðx~Þ eðx~Þj j , and eliminating the sourcewavelet effect,

Eq. (1) is degenerated to the expected perturbed

wavefield under the first-order Rytov approximation

(WOODWARD 1992; XIE and YANG 2008a, b):

Wðx~gjx~s;xÞ ¼
Z
oX

2k20ðx~Þeðx~Þ
G0ðx~gjx~;xÞG0ðx~jx~s;xÞ

G0ðx~gjx~s;xÞ
dV :

ð2Þ

The integral kernel KRðx~g; x~sjx~;xÞ ¼
2k20ðx~Þ

G0ðx~gjx~;xÞG0ðx~jx~s;xÞ
G0ðx~gjx~s;xÞ is referred to as the mono-

chromatic sensitivity kernel, widely used in previous

research because it provides an explicit linear solu-

tion of the scalar wave equation. The phase change in

the left hand side of Eq. (2) can then be obtained:

u�u0 ¼xdtðx~gjx~s;xÞ

¼ 2Im

Z
oX

eðx~Þk20ðx~Þ
G0ðx~gjx~;xÞG0ðx~jx~s;xÞ

G0ðx~gjx~s;xÞ
dV ;

¼ Im

Z
oX

eðx~ÞKRðx~g;x~sjx~;xÞdV ð3Þ

Although we discuss the phase changes here,

under the Rytov approximation, we give the ampli-

tude relation also:

ln
A

A0

¼ Re

Z
oX

eðx~ÞKRðx~g; x~sjx~;xÞdV; ð4Þ

We rewrite Eq. (3) in a compact form by introducing

a new argument Kðx~g; x~sjx~Þ and weighting over the

whole range of frequencies (XIE and YANG 2008a, b):

d�tðx~gjx~sÞ ¼
Z
oX

eðx~ÞKðx~g; x~sjx~ÞdV; ð5Þ

and

Kðx~g; x~sjx~Þ ¼
Z
ox

WðxÞ
x

Im Kðx~g; x~sjx~;xÞ
� �

dx: ð6Þ

WðxÞ ¼ x2SðxÞS�ðxÞR
x2SðxÞS�ðxÞdx

is a weighting function to

balance the energy distribution; S* is the conjugate of

the source wavelet S; the bar over dt means normal-

ized integration in the angular frequency domain.

Kðx~g; x~sjx~Þ is commonly called the finite frequency

sensitivity kernel. The term ‘‘finite frequency’’ refers

to the seismic wave of finite frequencies rather than

the high frequency asymptote in ray theory. Only a few

monochromatic sensitivity kernels contribute to inte-

gration of Eq. (6) (Fig. 1), because the real seismic

source wavelet has a limited bandwidth. Figure 1 shows

the dependence of monochromatic sensitivity kernels

(MSK) on different source peak frequencies. The upper

MSKs (Fig. 1a1–a3) at 7.5, 10, and 15 Hz are derived

from the wavefields with a peak frequency of 7.5 Hz.

The middle MSKs (Fig. 1b1–b3) are derived from

wavefields with a main frequency of 10 Hz, and the

bottom counterparts (Fig. 1c1–c3) are derived from

wavefields with a main frequency of 15 Hz. The mono-

kernels show apparent dependence on the dominant

frequency. The mono-kernels near the dominant fre-

quency are of maximum energy. The synchronous

mono-kernel has the same morphology with different

energy distributionweightedby different source profiles.

3. Rytov Approximation in Scattering Theory

It is not an easy task to directly use the estab-

lishing condition rWðx*Þ � rWðx*Þ
�� �� � 2k20ðx

*Þ eðx*Þ
�� ��
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to judge the Rytov approximation. There are two

reasons for this: first, calculating the wavefield gra-

dient is time consuming and storage demanding;

second, the notation ‘‘�’’ is not a quantifiable mea-

surement with which to judge the validity of the

Rytov approximation. In this paper, we analyze the

range of validity of the Rytov approximation quan-

titatively on the basis of scattering theory.

In this section, we will first review some basics of

scattering theory on how to analyze different-scale

earth heterogeneities and their effects on the Rytov

approximation in the form of the finite-frequency

sensitivity kernel formulation (Eq. 5).

To classify a heterogeneity of specific mean scale

a and perturbation strength e = dv/v, three variables

are introduced, ka = 2pa/k, L/a and e (WU 1982,

2008), where k is the wavenumber, k is the wave-

length, and L is the propagation length or the extent

of the region of heterogeneity.

Another two variables K and U are introduced to

help specify the scattering characteristics and discuss

the validity of the Rytov approximation. Further

details are given elsewhere (FLATTÉ 1979; WU and

AKI 1988). The two variables are defined as:

K / L2
F

a2
¼ L

ka2
¼ L=a

ka
; and ð7Þ

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2k2LaL

p
¼ e

ffiffiffi
n

p
ðkaÞ

ffiffiffi
L

a

r
: ð8Þ

K is a diffraction variable, related to first Fresnel

width and heterogeneity scale. LF ¼
ffiffiffiffiffiffiffiffi
L=k

p
, the mean

width of the first Fresnel zone on a propagation path

L. U is the variable used to estimate scattering

strength, which can be approximately expressed as

the root mean square (RMS) phase fluctuations of

waves propagation for a total a distance L. aL is the

scale length along the propagation directions and

Figure 1
Monochromatic sensitivity kernels make energy shifts with increasing central frequency of the finite difference wavelet

1412 W. Xu et al. Pure Appl. Geophys.



n = aL/a is the anisotropy ratio of the

heterogeneities.

Figure 2 is a logarithmic coordinate diagram of

scattering characteristics in which the regions of

validity of the different scattering approximations are

classified in different zones in accordance with these

five variables. In the diagram, the longitudinal axis

ka [ (10-3, 104) and the horizontal axis
L
a
2 ð10�1; 104Þ. The zone where ka B 10-2 is called

a quasi-homogeneity region, where 10-2\ ka B 1 is

a Born approximation region, and where ka[ 1

includes diffracted, saturated, and geometric optics

regions. We can also classify the scattering into

Rayleigh (ka\ 10-1), wide-angle backward

(10-1\ ka\ 101), and small-angle forward

(ka[ 101) scattering. The domain enclosed by

ka[ 10-2, L
a
[ 10�1 and Is

I0
¼ 1 is suitable for the

Born and Rytov approximations, where Is denotes the

energy intensity of scattered waves compared with I0
of an incident wave. K = 1 is a separatrix to separate

the diffraction and geometric optics. Where

KU = 2p [ K\ 1 and U = 2p [ K[ 1 encloses

the saturated area. Although Fig. 2 shows apparent

boundaries enabling classification of the different

approximations, there are no rigorous separatrices to

make the classification exactly. In this paper we

report numerical experiments used to test validity

boundaries among the Born, Rytov, and ray

approximations.

The geometric optics region, in which ray theory

can be used, is valid when ka[ 1, K\ 1, and

KU\ 2p. The condition K\ 1 implies that the

average width of the first Fresnel zone is smaller than

the transverse scale of the heterogeneities, so dif-

fraction may be neglected. The diffraction region is

bounded by the inequalities ka[ 1, K[ 1, and

U\ 2p. The inequality K[ 1 means that diffraction

must be taken into account, and U\ 2p denoted

weak (that is, unsaturated, compared with the satu-

rated region in Fig. 2) amplitude fluctuations in this

field. In either the geometric optics or diffraction

region, the Rytov approximation can be applied.

In summary, the Rytov approximation is valid

where ka[ 1 and (K\ 1, KU\ 2p [ K[ 1,

U\ 2p) in scattering theory. In the next section, we

conduct numerical experiments to verify this region.

Because the geometric optics region is involved, the

first-order ray approximation will also be discussed.

The result will be compared with that for the Rytov

approximation. The deeper reason is that though ray

theory has been proved theoretically to be inferior to

wave theory there are insufficient experiments to

verify the extent to which it can be used. We test its

valid edge in this paper. Cross-correlation is intro-

duced as a reference to evaluate the validity of the ray

and Rytov approximations. Significantly, its accuracy

is guaranteed only when its applicability condition is

satisfied (BÅTH 1974).

4. Numerical Experiment Setup and the Scattering

Region

All the experiments were conducted in the

region enclosed by the green lines in Fig. 2, which

includes both the geometric optics and diffraction

regions. The zone marked by red lines shows that

this domain can expand to anywhere depending on

the different values of ka, L/a, and e. Whether the

Rytov/ray approximation is valid depends on the

propagation length L, the heterogeneity scale a, the

wavenumber k, the anisotropy ratio n, and the

perturbation strength e (~v in Fig. 2). We vary these

variables to verify their applicability. The experi-

mental medium is a Gaussian-type random medium

and a deterministic medium with a Gaussian-type

patch.

5. Numerical Validation of the Rytov Approximation

in a Random Medium

We conducted several experiments in a random

medium to test the region of validity of the Rytov

approximation. The background medium was infinite

and homogenous with a velocity 4.0 km/s. The pairs

of sources and receivers were located randomly in a

medium with an invariant offset of 3.6 km. A Ricker

wavelet with a peak frequency of f0 = 20 Hz was

used as the source function. The Gaussian-distributed

random medium with an autocorrelation function

Rðx*Þ ¼ e2e�j x
*

j2=a2 was expressed as the experimental

medium, where e is the RMS fractional velocity

perturbation, the same as the perturbation strength in

Vol. 172, (2015) Validity of the Rytov Approximation 1413



the previous sections; a is the correlation length

denoting the heterogeneity scale.

The four variables L, k, a, and e in previous dis-

cussions limit the region of validity of the Rytov

approximation. To analyze this region quantitatively,

we keep L and f0 constant and vary a and e to verify

the applicability of the Rytov approximation.

We generate four Gaussian-type random models

with different values of a (100, 200, 400, and

800 m; Figs. 3, 4, 5, 6a). For convenience, we call

the four models Models a, b, c, and d, respectively.

We adjust the perturbation strength e for each

model from 2.5 to 5 %, eventually up to 20 %. A

total of 20 source–receiver pairs are picked ran-

domly in each model with a fixed offset

L = 3.6 km. Time shifts for each source–receiver

pair measured by cross-correlation (CC) and pre-

dicted by the sensitivity kernel (SK; Eq. 5) and ray

tracing (RT) are plotted in one figure, for example

Fig. 3b. The CC samples are plotted as the X axis

and the others as the Y axis. The SK and RT

samples located on the diagonal will be viewed as

reasonably correct because in this situation the

three approaches give consistent results. Otherwise,

we will consult to the event differences to judge

the reliability of the three approaches. For samples

above the diagonal the SK or RT values are larger

than the CCs whereas those below are smaller. We

analyze the three results in Models a–d.

Table 1 lists all the domains of the variables in the

experiments. Heterogeneity scale a ranges from 100

to 800 m. Perturbation strength e ranges from 2.5 to

20 %. The ranges of the other variables depend on

variables a, e and invariables L, f0. For a fixed a, L/a

remains constant. L/a decreases from 60 to 7.5 when

a is increased from 100 to 800 m. The minimum,

L/amax, and maximum, L/amin, of L/a define the upper

and lower limits of the experimental domain (that is,

the upper and lower sides of the green parallelogram

in Fig. 2). ka ¼ 2pf0
vmax

amin and 2pf0
vmax

amax limit the left

side of the green parallelogram. A logarithmic coor-

dinate makes this left side a straight oblique line and

a Cartesian coordinate makes it an exponential curve

of the type x = 10a, where x is the Cartesian mapping

of a. ka ¼ 2pf0
vmin

amin and
2pf0
vmin

amax limit the right side of

the green parallelogram. If f0 becomes larger, this

green parallelogram entirely moves right to the red

one. Making L longer will move the whole

Figure 2
Scattering classifications and regions of validity of the different approximations (WU 2008): Is denotes the energy intensity of the scattering

wave compared with I0 from the incident wave. ~v is e. The different approximations are the first-order Born and Rytov approximations, and so

on

1414 W. Xu et al. Pure Appl. Geophys.



Figure 3
SK, CC, RAY comparison: a ¼ 100 m; dv ¼ 2:5; 5; 10; and 20 %: Model a (a), its time shifts at e = 2.5, 5, 10, and 20 % (b–e), and its

corresponding traces (f–i, black for background and blue for a total field). Model a is a Gaussian random model with an invariant a = 100 m

and variant e = 2.5, 5, 10, and 20 %. We randomly picked 20 source–receiver pairs to record the traces (blue traces in f–i) compared with the

background black trace). The CC time shift for each source–receiver geometry is recorded as the X axis, and the SK and RT time delays are

plotted as the Y axis (b–e). The red stars denote SK time delays and the black squares denote RT time delays

Vol. 172, (2015) Validity of the Rytov Approximation 1415



parallelogram to the upper side (that is, more dif-

fraction and less geometric optics).

Table 1 was produced to help relate the hetero-

geneity characteristics to the scattering

approximations. Although we know the limits of

these inequalities imply the valid boundaries of the

scattering approximations, the boundaries are not

rigorously established. Despite this, Table 1 gives

much information that matches well with scattering

theory. According to Table 1, ka[ 1 is always sat-

isfied; U\ 2p when K[ 1 (where the diffraction

region is valid); and KU\ 2p when K\ 1 (where

the geometric optics region is valid). There are also

samples beyond the regions of validity of diffraction

and geometric optics. For example, when a = 200 m

and e = 20 %, ka [ (5.236, 7.894), U [ 2p(0.913,
1.369), and KU [ 2p(3.488, 7.844). Both U for

diffraction and KU for geometric optics extend to

the saturated region. Next, we will give a detailed

discussion of the variables in each random model.

6. Comparison of Rytov, Ray, and Cross-Correlation

Time Shifts When a = 100 m and e = 2.5, 5, 10,

and 20 %

Figure 3 is a collection of time shifts and traces

for Model a. The time shifts of CC, SK (marked by

red stars), and RT (black squares) at e = 2.5, 5, 10,

and 20 % are shown in Fig. 3b–e, and the corre-

sponding traces (blue) compared with the background

trace (black) are shown in Fig. 3f–i. Referring to

Table 1, K [ (15.318, 22.918) 	 K = 1. According

to the classification in Fig. 2, it is a diffraction regime

which is not suitable for RT but is suitable for SK.

The experimental result reaches the same conclusion

as theory. The SK time shifts in Fig. 3b–c are con-

sistent with the CCs whereas RTs do not agree with

the CCs. In terms of consistency with CC, SK in

Fig. 3c behaves worse than in Fig. 3b. Likewise, the

traces in Fig. 3g at e = 5 % are more perturbed than

those in Fig. 3f at a smaller e = 2.5 %. The first

Figure 3
continued
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Figure 4
SK, CC, RAY comparison: a ¼ 200 m; dv ¼ 2:5; 5; 10; and 20 %: Model b (a), its time shifts at e = 2.5, 5, 10, and 20 % (b–e), and its

corresponding traces (f–i, black for background and blue for a total field). Model b is a Gaussian random model with an invariant a = 200 m

and variant e = 2.5, 5, 10, and 20 %. The time shifts and traces are plotted as in Fig. 3. Increasing a from 100 to 200 m makes the

experimental region more geometric optics and less diffraction. This is supported by both time shifts and traces in this case. The RT time shifts

are more consistent with SK and CCs in b, c than in Fig. 3b, c. The single-event traces in f show more forward scattering characteristics than

back scattering
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arrivals in the two examples have the maximum

amplitude, in which situation CC measures the time

shifts correctly. In the test, forward scattering is

gradually exceeded by back scattering, with e
increased. The waves in Fig. 3h, i are dominated by

backward (wide-angle) scattering. In the last two

cases with bigger e = 10 and 20 %, the Rytov

approximation resolving forward (small-angle) scat-

tering fails to give a good result (Fig. 3d–e). There,

the cross-correlation becomes invalid because multi-

ple scattering means its establishing condition is

unsatisfied.

7. Comparison of Rytov, Ray and Cross-Correlation

Time Shifts When a = 200 m and e = 2.5, 5, 10,

and 20 %

Compared with a = 100 m, a = 200 m (Model b)

moves the left side of the green parallelogram to the

right, to the dark-blue line (Fig. 2). Increasing

a makes the experimental region more geometric

optics and less diffraction. Although K [ (3.820,

5.730) is still in a diffracted region, RT time shifts in

Fig. 4b and c reflect better consistency with SK and

CC. This also demonstrates that the dividing line

separating diffraction and geometric optics is, in

practice, not defined as rigidly as in scattering theory.

Ray theory is still of powerful adaptability in practical

application. The CC method works well for traces

with an isolated phase (Fig. 4f, h). The traces in Fig. 4i,

j ofmulti-phases featuring backscattering conformwith

the Born approximation. In such circumstances, CC

cannot serve as an appropriate reference for the SK and

ray approximations (Fig. 4d, e). Comparison of the

traces in Figs. 3h and 4h reveals that increasing a can

result in less backscattering, which is suitable for use of

the Born approximation, and promote more forward

scattering, which is suitable for use of the Rytov

approximation; this is more evident in Figs. 5h and 6h.

Figure 4
continued
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Figure 5
SK, CC, RAY comparison: a ¼ 400 m; dv ¼ 2:5; 5; 10; and 20 %: Model c (a), its time shifts at e = 2.5, 5, 10, and 20 % (b–e), and its

corresponding traces (shown by f–i, black for background and blue for a total field). Model c is a Gaussian random model with an invariant

a = 400 m and variant e = 2.5, 5, 10, and 20 %. Increasing a makes the experimental region more geometric optics and less diffraction,

which is demonstrated by the changes of both time shifts and traces. The RT time shifts are more consistent with SK and CCs in b–d than for

a = 100 m and a = 200 m. With increasing a, both the ray and Rytov approximations are more tolerant of larger e s
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8. Comparison of Rytov, Ray and Cross-Correlation

Time Shifts When a = 400 m and e = 2.5, 5, 10,

and 20 %

Increasing a from 100 to 400 m (Model c) has the

effect that the SK and RT time shifts are consistent

through e = 2.5–20 %, even though the waves in

Fig. 5i are apparently back scattered into multiple

events and we cannot identify which event is pre-

dicted. CC can handle the cases in Fig. 5f, g, h, and

the collapse in Fig. 5e, i. The smaller perturbation

strength results in better agreement among SK, RT,

and CC (Fig. 5b–d). Referring to the single events in

Fig. 5f–h, we can ensure that CC provides reliable

time shifts for e = 2.5, 5, and 10 %. In this situation,

the slight discrepancy of the time shifts for SK/RT

and CC indicates that the prediction by SK/RT is not

in total agreement with the result obtained by CC

according to the maximum similarity criterion, even

for a single event only.

9. Comparison of Rytov, Ray and Cross-Correlation

Time Shifts When a = 800 m and e = 2.5, 5, 10,

and 20 %

Case a = 800 m (Model d) is a good example of

the difference between RT/SK and CC when all the

three approaches are valid. When a = 800 m, four

different perturbation strength es generate four single
event traces. From the ranges of values of ka, K, and
KU (Table 1), we know that when a = 800 m, the

region of validity of scattering waves lies in the

geometric optics domain. In this case the factor

affecting the validity of RT and SK is the perturba-

tion strength e whereas the factor affecting CC is the

condition ‘‘two single similar events’’. In the exper-

iment, RT and SK gradually deviate from CC (where

CC is accurate) with increasing e. That is, the region

of validity of the ray/Rytov approximation shrinks in

size with e (the region of variation of the dashed lines

with e in Fig. 2).

Figure 5
continued
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Figure 6
SK, CC, RAY comparison: a ¼ 800 m; dv ¼ 2:5; 5; 10; and 20 %: Model d (a), its time shifts at e = 2.5, 5, 10, and 20 % (b–e), and its

corresponding traces (shown by f–i, black for background and blue for a total field). Model d is a Gaussian random model with an invariant

a = 800 mand variant e = 2.5, 5, 10, and 20 %. InModel d, the traces in the four experimentswith e = 2.5, 5, 10, and 20 %are of a single event.

TheCCmethod can provide a reliable result for these four cases. In this situation, the ray andRytov approximations are in complete agreementwith

each other, and both of them show little discrepancy with CC measurement when e increased to 20 %. Bigger e s mean stronger amplitude

fluctuations in which both the Rytov and ray approximations fail to give a result as accurate as that obtained by use of the cross-correlationmethod
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From the four examples, we can also draw extra

conclusions. When the heterogeneity scale

a increases from 100 to 800 m, K decreases from

K[ 1 to K\ 1, which means the region we dis-

cussed changes from the diffraction zone to the

geometric optics zone. As the left sideline of the

green parallelogram in Fig. 2 indicates, when a is

increased, the scattering region varies from the upper

diffraction to the lower geometric optics zone along

the green left sideline. The numerical tests support

this. When only the perturbation strength e increases,

both the Rytov and ray approximations deteriorate,

because K and U increase. This also confirms the

Rytov approximation is limited to weak-amplitude

fluctuations, which is proved by the results in Fig. 6h,

i. The anisotropic ratio n can also affect the results.

Take the results in Fig. 5b, c as an example. Twenty

samples are recorded from 20 source–receiver pairs

with random locations and a fixed offset. Those

random propagating directions result in different

arrivals (Fig. 5b), and lead to different consistency

between the SK and CC results (Fig. 5b).

Figure 6
continued

Table 1

Heterogeneous scattering characteristics of the different random models

A (m) 100 200 400 800

e (%) 2.5–20 2.5–20 2.5–20 2.5–20

ka (arc) 2.618–3.927 5.236–7.854 10.472–15.708 20.944–31.416

L/a 60 30 15 7.5

K (arc-1) 15.318–22.918 3.820–5.730 0.955–1.432 0.239–0.358

KU 2p (1.241–22.208) 2p (0.435–7.844) 2p (0.154–2.774) 2p (0.054–0.981)

U (arc) 2p (0.081–0.969) 2p (0.114–1.369) 2p (0.161–1.937) 2p (0.228–2.739)
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10. Numerical Validation of the Rytov

Approximation for a Deterministic

Medium

We also provide specific cases for a deterministic

medium to verify the validity of the ray and Rytov

approximations and CC. For comparison, onset (OS)

time shifts are also included. Figure 7 shows two

homogeneous models with smooth Gaussian-type

perturbation patches. One perturbation patch has a

radius of 800 m and a perturbation strength of 15 %

whereas the other is of radius 400 m and perturbation

strength 15 %. In these two cases, we still make CC

the X axis and RT, SK, and OS the Y axis. The source

and receiver location are fixed at 4, 6 km and 8,

6 km, separately. The geometry of the system is

depth (12 km) 9 distance(12 km). The velocity per-

turbation can move anywhere for experimental

purposes. The locations of the velocity perturbation

are set randomly around the path from source to

receiver. Each dashed circle marked in Figs. 8a and

9a denotes a perturbation patch in a background

model. Each perturbed model produces a trace with

fixed source–receiver geometry. A total of 40 per-

turbation patches are used and 40 traces are recorded.

The broad-band sensitivity kernels shown in Figs. 8a

and 9a remain invariant. The time shifts obtained by

use of ray, SK, OS, and CC are shown in Figs. 8b and

9b. The corresponding traces (blue) with the back-

ground trace (red) are shown in Figs. 8c and 9c. The

red ‘‘?’’ marks the onset time and the green ‘‘?’’

marks the peak amplitude time. The results lead to

several conclusions. First, CC provides the maxi-

mum-similarity time shifts as a result of the generated

traces, with only a single isolated event in this

experiment. Therefore, it could be regarded as a

reliable reference. Second, the OS result is partially

consistent with CC or ray result. In fact, the four

measures lead to different discrepancy with each

other in specific directions. Moreover, when the

radius becomes smaller, the results are much more

discrepant with each other (compare Fig. 8b with

Fig. 9b). The OS measure can also easily become

unreliable and uninterpretable if noise or even mul-

tiple arrivals are involved (for example, in such cases

as Figs. 3, 4, 5d). Eventually, there is no one-size-

fits-all approach among the four measures. Although

we only offer a few for examples for a deterministic

medium, we still observed similarity and discrepancy

in the random and deterministic cases. The similarity

is that, when the heterogeneity scale a decreases from

800 to 400 m, K increases, and the region changes

from geometric optics to diffraction, for which ray

theory fails to give a good result. The discrepancy is

the anisotropic ratio n, which is more important for a

Figure 7
Two homogenous velocity models with a smooth Gaussian-type

velocity perturbation. The velocity perturbation can be moved

anywhere. The radii of the Gaussian circles in a and b are 800 and

400 m, respectively
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deterministic medium. More experiments on the

negative velocity anomaly and deterministic models

will be discussed in another paper.

11. Discussion and Conclusion

The finite frequency sensitivity kernel is the basis

for characterization of wavepaths for Born or Rytov

approximation-based scattering theory and for

expressing the Fréchet kernel for full waveform

inversion and wave equation tomography. Consider-

ing the importance of the Rytov approximation in the

development of finite frequency sensitivity kernel

(FFSK) theory, it is important to guarantee its

application accuracy. Remarkably, both the Rytov

and ray approximations fail to predict exact travel

time shifts if the establishing conditions are not

adhered to. In this paper we analyze five essential

variables to judge the validity of the Rytov approxi-

mation and thereby monitor the success of RFFSK

from insights into scattering. The five variables in

scattering theory are ka, L/a, e, K and H, where k is

the wavenumber, a is the heterogeneity of a specific

mean scale, and L is the propagation length or the

extent of the region of heterogeneity, K is a diffrac-

tion variable, related to first Fresnel width and

heterogeneity scale, and H is a variable used to

estimate scattering strength, which can be approxi-

mately expressed as the RMS phase fluctuations of

waves passing through a distance L.

In previous research, Rytov approximation-based

scattering theory has been widely discussed theoret-

ically but with rare numerical verification, specific to

plane wave cases (LIN and FIDDY 1992). In this paper,

we extend the discussion to 2D cylindrical waves.

The residual travel time of waves in an inhomoge-

neous medium is an appropriate means of fully and

further study the Rytov approximation. The validity

of the Rytov approximation directly affects success-

ful application of RFFSK.

Figure 8
Randomly located perturbation patches in an invariant background

sensitivity kernel field with fixed source and receiver geometry (a),

the time shifts (b), and the corresponding traces (c). Each dashed

circle marked in a and Fig. 9a denotes a perturbation patch in the

background model. A total of 40 perturbation patches are used and

40 traces are recorded. The red stars denote SK time shifts, the

green stars denote onset time shifts, and the black squares are the

ray results in b. In c, the red plus symbols mark the onset times, and

the green plus symbols mark the peak amplitude times. The

background trace is in red; the others are blue

b
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In accordance with theoretical analysis, experi-

ments with both random and deterministic models

show that the Rytov approximation works well in the

diffraction and geometric optics regions whereas ray

theory only works well in the geometric optics

regions. When the heterogeneities scale a is

increased, K decreases from K[ 1 to K\ 1, which

means the region we discussed changes from dif-

fraction to geometric optics. Merely increasing the

perturbation strength e causes deterioration of both

the Rytov and ray approximations because K and U
increase and therefore generate stronger amplitude

fluctuations and back-scattering. This also confirms

that the Rytov approximation is limited to weak

amplitude fluctuations. The anisotropic ratio n can

also affect the results. The accuracy of RFFSK

depends on the direction of wave propagation. The

anisotropic ratio n is, apparently, important for a

deterministic medium.

Different from the theoretical diagram (Fig. 2),

there is no strict separatrix in practice to judge

whether the Rytov approximation deviates from the

true results. The validity of the Rytov approximation

deteriorates progressively outside the region of

validity. If the predicted residual travel time deviates

from the observed value, the first-order Rytov

approximation is no longer valid for the finite fre-

quency sensitivity kernel theory. That is, the

rWðx~Þ � rWðx~Þ in Eq. (1) is no longer far less than

2k20ðx~Þeðx~Þ. To maintain the validity of Eq. (1) and

the accuracy of the predicted residual travel time,

rWðx~Þ � rWðx~Þ must be taken into account. This also

indicates that the first-order Rytov approximation is

unsuitable for stronger amplitude fluctuations and

back-scattering.

Cross-correlation is a very important tool with

wide application. It can provide a maximum-simi-

larity time shift if the condition ‘‘two specific similar

events’’ is satisfied, otherwise, the result could be

inaccurate or uninterpretable (DJEBBI and ALKHALIFAH

b Figure 9
The same geometry as in Fig. 8 (except the size of perturbation

patch is 400 m) (a), the time shifts (b), and the corresponding

traces (c). Dashed circles denote every perturbation patch in an

invariant background sensitivity kernel. The time shifts marked by

different colors are the SKs (red stars), rays (black squares), and

OTSs (green stars). The reference trace in c is in red; the others are

blue. The red plus symbols mark the onset times and the green plus

symbols mark the peak amplitude times. Comparison of this figure

with Fig. 8 reveals that the smaller perturbation size results in more

complicated discrepancy among the different measurements. The

different locations of perturbation patches are equivalent to

different propagation directions, that is, anisotropic ratio n is more

important in a deterministic medium
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2014). This paper gives some examples where CC

works well and other for examples when it does not.

A CC result between two single specific similar

events may not always agree with an SK or RT result.

That means that in this situation the SK or RT pre-

diction is a first-order approximation whereas the CC

measurement is the time shift including linear and

nonlinear components. In such circumstances, the

first-order SK and RT cannot provide a sufficiently

accurate description of the whole wavefield. And the

nonlinear term rWðx~Þ � rWðx~Þ must be taken into

account.

The experiments also revealed that RFFSK has

a wider range of application than ray theory.

Consequently, FFSK-based forward modeling can

provide more detailed heterogeneity information

and more accurate wave characteristics, and the

corresponding inversion can lead to a better data

fitting and better utilization of information than ray

theory.
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