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A B S T R A C T
To mitigate the local minima problem in full waveform inversion, the iteration process can be carried out
in a multi-scale way, with the inversion starting from large-scale perturbations and gradually changing to
small-scale structures. However, this technique is often limited due to the lack of low-frequency information in the observed data. In a scattering process, the scale length of the velocity perturbation is not only
related to the frequency, but also associated with the scattering angles. We introduce a scattering angle ﬁlter in frequency-domain full waveform inversion. Choosing proper scattering angles in the iteration process
can control the wavenumber components entering into the velocity updating, and accomplish multi-scale
waveform inversion. Using the slant-stacking method, we decompose the source- and receiver-side waves
into local plane waves, from which the scattering angles between the incident and scattering directions
are calculated and used as the constraint to determine the wavenumber components to be retrieved. Small
scattering angles are related to large-scale model perturbations. Therefore, by ﬁltering out large scattering
angles, we can invert the large-scale background perturbations ﬁrst. Then, by gradually increasing the band
pass of scattering angles, we can retrieve ﬁne-scale structures. Numerical examples demonstrate that when
the initial model has large velocity errors and the low-frequency information is unavailable in the data, the
multi-scale strategy based on the angle-domain wavenumber ﬁlter can largely improve the convergence in
the initial iteration stage and make the searching towards the global minimum.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
The full waveform inversion (FWI) is a method in retrieving
subsurface parameters from seismic data. Lailly (1983) and Tarantola (1984) proved that the model gradient can be calculated using
zero-lag cross-correlation between the forward propagated source
waveﬁeld and the backward propagated residual waveﬁeld. Mora
(1987, 1988) and Crase et al. (1992) extended the method to
the elastic formulation. Pratt (1999) and Pratt and Shipp (1999)
extended this method to the frequency domain. Shipp and Singh
(2002) applied this method to 2D wide-aperture marine seismic
streamer data. Prieux et al. (2013a,b) studied the multi-parameter
inversion using the ocean-bottom-cable data. With the progress
of computation technology, 3D FWI became possible. Sirgue et al.
(2008) performed the 3D waveform inversion using the hybrid timefrequency method. Sirgue et al. (2009) tested the 3D inversion
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with wide-azimuth ocean-bottom-cable data. Warner et al. (2013)
and Debens et al. (2015) studied the anisotropic 3D full waveform inversion. Raknes et al. (2015) applied the 3D elastic FWI to
the Sleipner area. Recently, the time-lapse FWI was also developed
(Asnaashari et al., 2012; Raknes and Arntsen, 2014).
Due to its highly nonlinear property (Tarantola, 1984; Pratt,
1999), solving FWI is a challenge. Global optimization methods
(Boschetti et al., 1996; Mallick, 1999; Padhi et al., 2010; Debens
et al., 2015) can presumably ﬁnd the best ﬁt subsurface parameters by searching the global minimum in the entire model space,
but they are often impractical due to the intensive computations
involved. Instead, FWI is usually linearized and solved in an iterative way by using local optimization techniques (Mora, 1987; Pratt
and Shipp, 1999). Because the Born (weak scattering) approximation is commonly used in the linearization, the resulted method is
always initial model dependent. If iterations start from an initial
model with large errors, the result may fall into a local minimum.
To mitigate this diﬃculty, Bunks et al. (1995) and Boonyasiriwat
et al. (2009) proposed the multi-scale inversion method, in which the
large-scale perturbations are retrieved ﬁrst using the low frequency
information, followed by using higher frequency information to
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obtain structure details. However, with the existing seismic source
and acquisition system, the required low frequency information is
not always available in the data. Alternative methods were proposed
to retrieve large-scale velocity structures from data with limited low
frequency information, particularly at the initial stage of the optimization. Zhou et al. (1995, 1997) deﬁned a hybrid misﬁt function
by combining the traveltime and waveform misﬁt functions using a
weighting factor. Shin and Cha (2008, 2009) developed the Laplace
domain and Laplace-Fourier domain FWI, which can use the low
frequency information from the damped signal. Liu et al. (2011) proposed the normalized integration method in which the misﬁt function is convex, based on the fact that the integration is an increasing
function. Fei et al. (2012) and Xie (2013) developed the method to
recover low frequency information from relatively high frequency
data, and used the recovered low frequency data for the inversion. Biondi and Almomin (2013, 2014) proposed the tomographic
FWI, where the full waveform inversion and the wave-equation
based migration velocity updating were combined together and the
problem was solved in an extended space. Bozdag et al. (2011)
proposed the misﬁt functions based on instantaneous phase and
waveform envelope, and applied them in global tomography. Later,
Wu et al. (2014), Chi et al. (2014) and Luo et al. (2016) proposed the
envelope inversion method, which can use the low frequency information in the envelope of seismograms. Warner and Guasch (2014,
2015) proposed the adaptive waveform inversion by introducing the
Wiener ﬁlter into FWI. Bharadwaj et al. (2016) developed a multiobjective inversion scheme to extract the large-scale heterogeneities.
FWI is a reversed process of wave scattering. The information of wavenumber components carried by the scattered waves
depends not only on the frequency, but also on the scattering angle
(Wu and Toksöz, 1987; Xie et al., 2005b). Therefore, in addition
to the frequency, the wavenumber content involved in a scattering or inverse-scattering process can also be controlled by adjusting
the scattering angle. By properly selecting angle ranges during the
inversion, model perturbations with different scale lengths can be
retrieved. Alkhalifah (2015a,b) showed the inﬂuence of scattering
angles to the velocity updating gradient. Xie (2015) proposed a
multi-scale inversion strategy using an angle-domain wavenumber ﬁlter in time domain FWI, and demonstrated its advantage for
models with large velocity errors.
In this paper, we further extend the angle-domain wavenumber
ﬁlter to the frequency-domain FWI. Both source- and receiverside waveﬁelds are decomposed into superpositions of local plane
waves using a slowness based slant stacking method (Yan and Xie,
2012), and then the scattering angles are determined at individual
space locations based on the propagation directions of decomposed
incident and scattering waves. Small scattering angles are related
to large-scale model perturbations and large scattering angles are
responsible for small-scale perturbations. Thus, by ﬁltering out
scattering events with large scattering angles, the inversion tends to
obtain the large-scale background model.
The rest of the paper is organized as follows. In Section 2, we
give a brief introduction of the scattering process and deﬁne the
scattering angles. In Section 3, we introduce the slowness analysis based method for waveﬁeld decomposition. In Section 4, we
show the method of angle-domain wavenumber ﬁlter applying to
the frequency domain FWI. Numerical examples are provided in
Section 5 to show the validity of the proposed method. Finally,
Sections 6 and 7 are discussions and conclusions.

the scattered wave reaches to a receiver at xg . Given the local background velocity inside V is c0 (x), and the velocity at x within V is
c(x ), the model perturbation is (Wu and Toksöz, 1987),
O(x, x ) = 1 −

c(x )
.
c0 (x)

(1)

Applying the local Born approximation within region V (Hudson and
Heritage, 1981), the scattered wave can be expressed as

u(x, xs , xg ) = −k2

V

O(x, x )G(x ; xs )G(x ; xg )dx ,

(2)

where k = y/c0 (x) is the background wavenumber and y is the
angular frequency. For simplicity, y is temporarily omitted from the
equations in this section. G(x ; xs ) represents the Green’s function
for wave propagating from a source at xs to x . G(x ; xg ) represents
the Green’s function for waves propagating from a receiver at xg to
x . The reciprocity is applied to the receiver-side Green’s function
(Carcione, 2007). Applying the local plane wave decomposition to the
Green’s functions (Xie et al., 2005b), we have
 
u(x, xs , xg ) = −k2

~

O(x, kg − ks )G(ks , x; xs )G(kg , x; xg )dks dkg , (3)

where


~

O(x, kg − ks ) =



O(x )ei(kg −ks )x dx ,

(4)

V

is the wavenumber domain perturbation. Vectors ks and kg are the
local transforms with respect to x , and they also represent the
incident and scattering wavenumbers respectively. The integral for
ks and kg are between negative and positive Nyquist wavenumbers.
Fig. 1 illustrates the scattering geometry described in Eqs. (3) and
(4), where hs and hg are propagation directions of the source- and
receiver-side waves. We deﬁne H = hg −hs as the scattering angle. As
shown in Fig. 1, larger scattering angle relates to longer |kg − ks |, i.e.,
shorter scale length. Therefore, small scattering angles are related
to large-scale heterogeneities and large scattering angles are related
to small-scale heterogeneities (Debye and Bueche, 1949; Alkhalifah,
2015a; Xie, 2015). Eq. (3) links the subsurface heterogeneity scale
with the scattering geometry. Thus inversion using small scattering
angles tends to retrieve large-scale background models while using
large scattering angles will retrieve detailed small-scale structures.
3. Plane wave decomposition
To obtain the scattering angle, propagation directions of both the
source and receiver waves should be calculated. Xie (2015) used
the Poynting vector method (Yoon et al., 2004; Yoon and Marfurt,
2006) for waveﬁeld decomposition because of its high computational
eﬃciency. Considering the reliability problem of the Poynting vector method when incoming waves are weak or simultaneously from
multiple directions, we adopt a more accurate local slant-stacking
method (Xie et al., 2005a) for both the source and receiver side
waveﬁeld decomposition. The frequency domain waveﬁeld u(x, y)
can be decomposed into its slowness components (Yan and Xie,
2012),

u(p, x, y) =



W(x − x)u(x , y)e−iy(x −x)p dx ,

(5)

2. Wave scattering and scattering angle
Considering a monotonic wave radiated from a source at xs
incident on a small target region V(x) in the media neighboring x,
after interacting with the heterogeneities within the target region,

where u(p, x, y) is the decomposed wave component in local
slowness domain, W(x − x) is a space sampling window centered at
x. The size of the window W is determined by the tradeoff between
the angle resolution and space locality. In the following numerical
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slowness analysis result for wave propagation in the modiﬁed BP
model. Shown in Fig. 2a is the velocity model superimposed with the
waveﬁeld snapshot. We select three locations to illustrate the slowness analysis, and the results are shown in Fig. 2b to d. We see that
the slowness vectors, i.e., the vectors from the origin to the energy
peaks, reveal the propagation directions of the waveﬁeld. Even with
waves incoming from multiple directions simultaneously, e.g., Fig. 2b
and d, their propagation directions can be determined unambiguously. The dispersion relation makes all energy peaks fall on circles
p = 1/c0 . Therefore, the decomposition only needs to be calculated
along the dispersion circle and it can tremendously reduce the computational cost (Yan and Xie, 2012). As can be seen in Fig. 2b–d, the
radii of the dispersion circles are 1/2055, 1/4790, and 1/1795 m −1 ,
respectively, consisting with the local velocity.
4. The frequency domain FWI with angle domain wavenumber
ﬁlter
Fig. 1. Scattering geometry. ks and kg represent the incident and scattering
wavenumbers respectively, hs and hg are propagation directions of the source- and
receiver-side waves, H is the scattering angle, and H is the opening angle.

The frequency domain wave equation can be expressed compactly as (Pratt, 1999),
S(y)u(y) = f(y),

examples, a spatial sampling window of 41 by 41 grid points is
used. p is the slowness vector and ê = p/p is a unit vector which
determines the propagation direction h of the wave component, and
p = |p| = 1/c0 is the slowness. Therefore, we can write the decomposed wave component as u(h, x, y). Using Eq. (5), we can decompose
both the incidence and scattered waveﬁelds at every grid point.
The slowness vector p is used to scan the entire slowness domain.
If a wave propagating at speciﬁc slowness (including both the slowness magnitude and direction), the slowness scan generates an
energy peak in the slowness domain, with its vector location gives
the slowness magnitude and propagation direction. Inversely, from
the polar direction and radius, we know the wave propagation direction and slowness (or speed). As an example, Fig. 2 shows the

(6)

where u is the frequency domain waveﬁeld, S is the complex-valued
impedance matrix, which is a symmetrical matrix composed of
model parameters, grid discretization information, implicit boundary conditions, etc., f is the source term. In this paper, we consider the
constant density acoustic wave equation, which is solved by a fourthorder ﬁnite difference scheme (Hustedt et al., 2004). Frequency
domain FWI is targeted to retrieve the subsurface information by
minimizing the difference between the synthetic seismograms and
the observed data (see, e.g., Pratt, 1999). The commonly used least
squares misﬁt function is given by
J(m) =

1
DuT Du∗ ,
2

(7)

Fig. 2. Slowness analysis for a forward propagated waveﬁeld. Shown in (a) is the velocity model superimposed by the snapshot, and in (b), (c) and (d) are decomposed waveﬁelds
in slowness domains for selected locations.
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where −(∂ S/∂ m)u is known as the virtual source term which can be
used to obtain the partial derivative waveﬁelds. R denotes taking the
real part. The source term for the receiver waveﬁeld v is the residual
between the observed and synthetic data.
To control scattering angles in the inversion process, we use
Eq. (5) to decompose both source and receiver side waveﬁelds and
obtain
u(x, y) =



u(hs , x, y)

(10)

v(hg , x, y)

(11)

hs

and
v(x, y) =


hg

where u(hs , x, y) and v(hg , x, y) are decomposed source- and
receiver-side local plane waves propagating along hs and hg ,
respectively. Substituting Eqs. (10) and (11) into Eq. (9), we have
Fig. 3. Structure of the angle ﬁlter F(hs , hg ). The horizontal and vertical coordinates are
hs and hg , and the coordinate along the main diagonal is the scattering angle H. The
shaded areas represent the band passes.

Dm J(x) =


hs

where m is the model parameter, the superscript T denotes
transposition and * denotes the conjugate. This nonlinear problem
can be linearized and solved in an iterative way, and the model
parameter m can be updated using a gradient method
m(k+1) = m(k) − a(k) Dm J(k) ,

(8)

where Dm J(k) is the gradient at the kth iteration with respect to the
model parameter m and a (k) is the step length (a positive scalar).
The gradient can be obtained by correlating the forward propagated
source waveﬁeld u with the backward propagated receiver waveﬁeld
v (Pratt, 1999; Virieux and Operto, 2009),

Dm J = 





∂S T
−
u v
∂m

(9)

hg









T
∂S
u(hs , x, y) v(hg , x, y)
 F(hs , hg ) −
∂m

(12)

where F(hs , hg ) is an angle-domain ﬁlter inserted in the inversion
process. As above mentioned, the wavenumber component related
to a scattering event is closely related to the scattering angle. Therefore, we can control the wavenumber components of the retrieved
heterogeneity by controlling the scattering angles involved in the
inversion. Because smaller scattering angles are related to large-scale
perturbations, we perform a multi-scale inversion in the iteration
process by starting from small scattering angles to obtain the largescale background structures, followed by increasing scattering angles
to retrieve the detailed small-scale heterogeneities. The steepestdescent method as expressed by Eq. (8) is used for the optimization.
In this paper, the angle ﬁlter is a trapezoid-shaped window, which
starting from zero scattering angle, constantly extending to the
nominal cutoff angle, and then linearly falling to zero in 5◦ . Fig. 3
illustrates the structure of the angle ﬁlter F(hs , hg ). The shaded belt
along the secondary diagonal and the two triangles at the upper
left and lower right corners are the scattering angle band pass. The
smallest scattering angle, i.e., H = 0, is the secondary diagonal.

Fig. 4. Velocity updating gradients in a homogenous model calculated at frequencies 5, 10 and 20 Hz, respectively. The source and receiver are located at distances 1.5 km and
3.6 km, and depth 0.05 km. From left to right, different columns are for |H| ≤ 20◦ , 60◦ , 120◦ and 180◦ .
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Fig. 5. The ﬂowchart for the angle based frequency domain full waveform inversion.

Changing the width of the band pass can adjust the angle component
contributing to the inversion. The largest angle band pass |H| ≤ p is
equivalent to the conventional FWI. The angle ﬁlter is highly localized since propagation directions for the source side and receiver
side waves are calculated at every space location.
To demonstrate how the angle-domain ﬁlter F(hs , hg ) affects the
inversion process, we use Eq. (12) to calculate the velocity updating
gradient Dm J under different frequencies and scattering angles. In

order to make the result intuitive, we choose a simple scenario
with only one source and one receiver in the constant velocity
model, where the true model has a velocity of 3000 m/s, and the
initial model has a velocity of 2000 m/s. The source and receiver
are located at distances 1.5 km and 3.6 km respectively, and both at
depth 0.05 km. By varying the frequency and angle band pass, the
resulted updating gradients are illustrated in Fig. 4. In the right column, with the scattering angle fully opened to 180◦ , the updating

Fig. 6. The velocity model with a high-speed inclusion.
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Fig. 7. Updating gradients from the 5 Hz data for the inclusion model, calculated using (a) angle-based FWI with scattering angles |H| ≤ 20◦ , and (b) conventional FWI.

gradients are the same as those used in the conventional frequency
domain FWI. They include contributions from scattering events of
all angles. The updating gradient can be roughly divided into two

parts. The region between the source and the receiver is the ﬁrst
Fresnel zone (Hubral et al., 1993), within which the contributions are
mainly from forward scatterings involving small scattering angles.

Fig. 8. Inversion results for the inclusion model. (a) Updated velocity model using angle-domain inversion and 5Hz data; (b) Updated velocity model using the conventional FWI
and 5Hz data; (c) Final result for the angle-based FWI; and (d) ﬁnal result for the conventional FWI.
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5. Numerical examples
Next, we use two numerical examples to demonstrate the performance of the angle based frequency-domain FWI and compare
the results with those from the conventional frequency-domain FWI.
To mitigate the local minima problem, the frequency-domain FWI
always starts from the lowest available frequency, because it tends
to provide the largest scale velocity perturbations. Therefore, the
waveﬁeld decomposition and angle-domain wavenumber ﬁlter will
be applied to the loops of the lowest available frequency, where
the iterations are started from small scattering angles for large-scale
perturbations, and the angle range is gradually enlarged to bring in
the small-scale information. As long as the iterations at the current
frequency properly converge, the inversion will be switched to the
next higher frequency to retrieve short wavelength heterogeneities
of ﬁner structures, until ﬁnishing all frequencies. A ﬂowchart in Fig. 5
explains this process.
5.1. Inversion for the inclusion model

Fig. 9. Velocity proﬁles for the inclusion model. The black line is for the true velocity
model, the blue line is for the initial model, the green line is the inverted result using
the angle-based FWI, and the red line is the result using the conventional FWI. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)

They mostly contribute to the large-scale (long wavelength) heterogeneities. In contrast, in the surrounding region, the updating
gradient is dominated by oscillating patterns. They mostly involve
large scattering angles and contribute to the small-scale heterogeneities. If we limit events of large scattering angles from entering
the updating, the high-wavenumber oscillating part can be effectively suppressed, as can be seen in the left columns. Under these
circumstances, the gradients gradually resemble a “ray”. The results
in Fig. 4 indicate that by controlling the angle band pass, the angledomain FWI can bridge the gap between the waveform inversion
and the ray-based or sensitivity kernel based velocity tomography.
On the other hand, as the frequency increases, the ﬁrst Fresnel
zone becomes thinner and the surrounding region becomes more
oscillated. In Fig. 4, the updating gradient gradually increases its
resolution from the upper-left panel to the lower-right panel, by
allowing more small-scale (high-wavenumber) components to enter
the inversion. Therefore, by controlling the scattering angle and frequency, we can conduct the multi-scale FWI. In the actual situation,
the inversion will start from the lowest available frequency and use
smaller scattering angles to retrieve large-scale heterogeneities ﬁrst.
Then, we gradually increase the scattering angle and frequency to
recover small-scale structures.

The model shown in Fig. 6 is composed of a 1-D linear background
and a high-velocity inclusion. The model is 8.4 km long and 1.8 km
deep. The grid contains 2100 by 360 points and the corresponding
grid spacing is 4 m and 5 m in horizontal and vertical directions,
respectively. The background velocity varies from 1800 m/s at the
top to 3600 m/s at the bottom, and the velocity for the inclusion is
3000 m/s. The linear background is also used as the initial model for
inversion. The acquisition system is composed of 70 surface shots
equally spaced by 120 m, and 175 surface receivers equally spaced
by 48 m. The source time function is a 10 Hz Ricker wavelet. To test
the capability of the new method for data without low frequency
information, the frequency-domain approach starts from 5 Hz data.
This guarantees the inversion only using data of 5 Hz and above.
To improve the updating process towards retrieving large-scale heterogeneities, we apply the waveﬁeld decomposition and the angledomain wavenumber ﬁlter to iterations at 5 Hz. Shown in Fig. 7 are
the velocity updating gradients calculated from the ﬁrst iteration,
where Fig. 7a is calculated using the angle-based FWI with scattering angle |H| ≤ 20◦ , while Fig. 7b is from conventional FWI without
angle control. The prominent difference is that the angle-based FWI,
although cannot give ﬁne structures, correctly depicts the large-scale
perturbation. In contrast, the updating gradient from the conventional FWI delineates the upper and lower interfaces of the inclusion.
It appears this gradient has very high resolution but leaves a negative region at the center of the inclusion. Numerical test reveals, once
these interfaces are quickly built in the updating process, they will
prevent further ﬁlling of the inside of the high-velocity inclusion,
leading the result to a local minimum. Therefore, the angle-domain
wavenumber ﬁlter can effectively prevent the iteration from dropping into a local minimum. The underlying physics is, there are
strong near offset reﬂection signals illuminating the high-speed

Fig. 10. The Marmousi velocity model.
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Fig. 11. Inversion results for the Marmousi model. (a) Updated velocity model using the angle-based FWI and 5Hz data; (b) Updated velocity model using the conventional FWI
and 5Hz data; (c) Final result using the angle-based FWI; and (d) Final result using the conventional FWI.

inclusion, while the transmitted signals from large offset turning
waves are relatively weak. The former is mostly composed of largeangles scatterings which tend to recover small-scale heterogeneities.

On the contrary, the later is composed of small-angle scatterings,
which tend to recover large-scale heterogeneities. Due to the dominant vertical illumination, the conventional FWI over emphasizes the

Fig. 12. Velocity proﬁles for the Marmousi model. The black line is the true velocity model, the blue line is the initial model, the green line is the inverted model using the anglebased FWI, and the red line is the result using the conventional FWI. Horizontal positions for (a) and (b) are 1.6km and 5.0km, respectively. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 13. Comparisons of synthetic shot gathers and residual waveforms from different velocity models. (a) Four sets of traces (as labeled) from the initial model, models inverted
using the conventional FWI and angle-based FWI, and the true velocity model, respectively. (b) Three sets of residual waveforms obtained by subtracting the synthetics calculated
in the true velocity model from those calculated in the initial model, the model inverted using the conventional FWI, and the model inverted using the angle based FWI, respectively
(as labeled).

ﬁne features in the vertical direction. Whereas the proposed method,
by applying an angle-domain wavenumber ﬁlter, can obtain more
balanced result.
The frequency-domain FWI is conducted at frequencies 5, 8, 12,
16, 20, and 25 Hz, respectively. At 5 Hz, successive scattering angle
ﬁlters with band pass of |H| ≤ 20◦ , 60◦ , 120◦ and 180◦ are used, each
with 10 iterations. After that, the inversion will move to successive
high frequencies, each with 10 iterations and no angle ﬁlter being
used. As a comparison, conventional frequency-domain FWI is also
calculated. At 5 Hz, 40 iterations are calculated without using the
angle-ﬁlter, and the rest of the calculations are the same as for the
angle-domain FWI. Results obtained from both methods are illustrated in Fig. 8, where Fig. 8 a is the updated velocity model using
the 5 Hz data and angle-domain FWI after 40 iterations. The largescale (long wavelength) components are properly retrieved and it
forms a basis for successive inversions using higher frequencies for
ﬁne structures. As a comparison, the 5 Hz result obtained using the
conventional FWI is shown in Fig. 8b. Shown in Fig. 8c and d are ﬁnal
results using the angle-domain FWI and the conventional FWI. We
see that the new method with angle domain ﬁlter properly ﬁlls the
high velocity inside the inclusion while the conventional FWI fails.
To further compare the result, Fig. 9 shows a vertical proﬁle in the

middle of the velocity model, where the black line is the true velocity
model, blue line is the initial velocity model, and green and red lines
are inverted velocities with and without the angle domain ﬁlter. We
see that, for an initial model with large velocity errors, the frequencydomain FWI with angle ﬁlter converges to the true velocity model
much better than the conventional FWI.
5.2. Inversion for the Marmousi model
The second example is the Marmousi model as shown in Fig. 10.
This is a modiﬁed version of the original model described in Martin
et al. (2006). The model size was modiﬁed to 2100 by 360 grid
points, with grid spaces 4 m and 5 m, respectively. The acquisition
geometry and the source time function are the same as those used
in the inclusion model. A 1-D model with a linear vertical velocity
gradient is used as the initial model for the inversion. Similarly, we
use frequency domain data of 5 Hz and above, and the frequencydomain FWI will be conducted at 5, 7, 10, 13, 16, 20 and 25 Hz,
respectively. We apply the waveﬁeld decomposition and the angledomain wavenumber ﬁlter to iterations at 5 Hz. Considering that
the Marmousi model is more complex than the inclusion model,
we choose successive angle band passes as |H| ≤ 10◦ , 30◦ , 60◦ ,
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Fig. 14. Comparison of misﬁt reductions. The blue line is for the angle-based FWI, and the red dashed line is for the conventional FWI. The misﬁts are generated in time domain
using the updated velocity models after each iteration and are normalized with the norm of the original seismic data. The horizontal coordinate is the number of iterations, and
frequencies used during these iterations are labeled on the top of the ﬁgure. The shaded region in the ﬁgure illustrates the angle band pass, which starts from small scattering
angles and gradually brings in large scattering angles. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

120◦ and 180◦ , and each with 10 iterations. For the successive high
frequencies, 20 iterations are calculated for each frequency and no
angle ﬁlter is used.
The inverted results for the Marmousi model are illustrated in
Fig. 11, where Fig. 11a shows the updated velocity model after 50
iterations at 5 Hz by using angle FWI with variable angle-domain
ﬁlters. As a comparison, Fig. 11b is the same 5 Hz result using
the conventional FWI. It appears the conventional FWI retrieves
abundant small-scale details from 5 Hz data but fail to obtain correct
large-scale patterns. On the contrast, the angle-based FWI correctly

Fig. 15. Comparison of synthetic traces with and without noise. Left: original trace
without noise, and right: trace with white Gaussian noise, for which the signalto-noise ratio is 10dB.

reproduces large-scale structures but with less ﬁne details. After
iterations for the successive high frequencies, the ﬁnal result using
the angle-based FWI is shown in Fig. 11c. As a comparison, Fig. 11d
shows the inversion result using the conventional frequency-domain
FWI. Compared to Fig. 10, we see that the angle based method
provides much better inversion result. Fig. 12 shows two vertical
proﬁles at horizontal positions 1.6 km and 5.0 km in the velocity model. The black line is for the true velocity model, the blue
line is the initial velocity model, and the green and red lines are
ﬁnal results from the angle-based and the conventional FWI methods. We see that the result from the angle-based FWI converges to
the true model better than that from the conventional FWI, particularly at deeper depth. In the vertical proﬁle at distance 1.6 km,
the angle-based method successfully avoids the large-scale errors at
deeper depth (refer to Figs. 11d and 12a). Fig. 13 compares surface
seismograms from different velocity models. Shown in Fig. 13a are
four shot records generated by a source located at distance of 3.6
km. Traces are labeled and aligned for close comparison. The synthetics from the angle based FWI recover most of features generated
in the true velocity model. On the contrary, the result from the
conventional FWI shows prominent traveltime and amplitude errors
compared to those from the true velocity model. Shown in Fig. 13b
are residual waveforms. Apparently, the result from angle-based FWI
has smaller residuals compared to that from the conventional FWI.
To further investigate the convergence process, Fig. 14 compares the
misﬁt reductions during iterations for methods with and without the
angle ﬁlter. The left vertical coordinate denotes scattering angles,
and the right vertical coordinate is the normalized misﬁt. The horizontal coordinate is the number of iterations, and frequencies used
during these iterations are labeled on the top of the ﬁgure. The
shaded region in the ﬁgure illustrates the angle band passes, which
starts from small scattering angles for the large-scale perturbations
and gradually brings in large scattering angles for small-scale heterogeneities. The misﬁts are generated in time domain using the
updated velocity models after each iteration, and normalized with
the norm of the original seismic data. The convergence curve for
the angle-domain FWI is illustrated by the blue line. For the conventional FWI, it is illustrated by the red dashed line. We see that,
with the application of the variable angle-domain ﬁlter to the ﬁrst
50 iterations at 5 Hz, the recovered large-scale velocity error considerably reduces the misﬁt function compared to that from the conventional FWI. This prevents the iteration process from falling into
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Fig. 16. Inversion results from data containing white Gaussian noise, with (a) result from 5Hz data, and (b) the ﬁnal result.

the local minima and guarantees the following iterations at higher
frequencies properly converge to the correct result. The ﬁnal residual
value of the misﬁt function from the angle-based frequency domain
FWI is much smaller than that from the conventional frequency
domain FWI.
To test the performance of this method with noisy data,
white Gaussian noise with 10 dB signal-to-noise ratio (SNR =
10log10 (signal power/noise power)) is added to the time domain data
calculated in the Marmousi model. As an example, traces with and
without noise are shown in Fig. 15. The data are then converted to
the frequency domain for inversion, with the acquisition geometry,
initial model and other parameters are the same as those used in the
noise free case. The result inverted from the 5 Hz data and the ﬁnal
results are illustrated in Fig. 16a and b. Compared with the noise free
results shown in Fig. 11a and c, although there are slightly differences,
the features of the inverted velocity model are basically the same.
From the above test, it appears the angle-domain inversion method
is insensitive to the moderate uncorrelated white Gaussian noise.

6. Discussions
Decomposing the frequency domain waveﬁeld into its angle
components plays an important role in the angle domain FWI, yet
it also costs the most extra computations compared to the conventional FWI. Although techniques such as decomposing the waveﬁeld
along the dispersion circles, and limit the angle constrained inversion
only for the lowest available frequency can tremendously reduce
the computational time, the entire process is still highly costly. This
may cause problems when expand this method to the 3D case, given
that the 3D frequency domain FWI itself is already problematic. The
eﬃciency issue may be solved through different approaches. The
most time consuming calculation for angle decomposition is a kind
of local operation, very suitable for GPU (Graphics Processing Unit)
processing (Yang et al., 2015), for it is very powerful in ﬂoating
point calculation but less capable in inter-node communication. The
time-domain algorithm is another approach. If bundled with the
Poynting-vector- or gradient-vector-based method for angle decomposition (e.g., Yoon and Marfurt, 2006; Yoon et al., 2011; Zhang and
McMechan, 2011 ), the time-domain technique can generate very
eﬃcient angle-based FWI method (e.g., Xie, 2015) and has great
potential for the 3D geometry. The current study limited the angledomain operation to the scalar (constant density) wave equation. To

extend this method to more general cases including perturbations
of density and Lamé parameters, their scattering radiation patterns
need to be considered. The angle-domain FWI is expected to provide
more useful constrains under these circumstances. Numerical examples provided in this study are relatively simple. More works may be
required to further test the robustness of this method.
Currently, this work is limited to synthetic data test. If dealing with
real data, the accuracy of the source time function extracted from
seismic data may affect the result to certain extent. Therefore, robustness of this method to the source wavelet and source estimation need
to be further investigated in future study on real data.

7. Conclusions
We propose a frequency-domain multi-scale FWI by using an
angle-domain ﬁlter to control the wavenumber components that can
enter the inversion. Both source and receiver side waveﬁelds are
decomposed into local plane waves using the local slant-stacking
technique. The scattering angles involved in the inversion are calculated using the propagation directions of the source and receiver
waves. Small scattering angles are related to large-scale perturbations. Therefore, by controlling the scattering angles in the iteration
process using the angle domain ﬁlter, large-scale background structures can be retrieved ﬁrst, followed by adding small-scale details
to the result. For iterations starting from initial models with large
errors, the proposed method can considerably improve the convergence. Numerical examples are calculated to validate this method,
and the results are also compared with those from the conventional
frequency domain FWI.

Acknowledgments
This work is supported by the WTOPI Research Consortium at the
University of California, Santa Cruz, USA.

References
Alkhalifah, T., 2015a. Scattering-angle based ﬁltering of the waveform inversion
gradients. Geophys. J. Int. 200, 363–373.
Alkhalifah, T., 2015b. Conditioning the full-waveform inversion gradient to welcome
anisotropy. Geophysics 80, R111–R122.

118

J. Luo, X-B. Xie / Journal of Applied Geophysics 141 (2017) 107–118

Asnaashari, A., Brossier, R., Garambois, S., Audebert, F., Thore, P., Virieux, J., 2012.
Time-lapse imaging using regularized FWI: a robustness study, 82nd Annual
International Meeting,. SEG, Expanded Abst. 1–5.
Bharadwaj, P., Mulder, W., Drijkoningen, G., 2016. Full waveform inversion with an
auxiliary bump functional,. Geophys., J. Int. 206, 1076–1092.
Biondi, B., Almomin, A., 2013. Tomographic full-waveform inversion (TFWI) by
combining FWI and wave-equation migration velocity analysis. Lead. Edge 32,
1074–1080.
Biondi, B., Almomin, A., 2014. Simultaneous inversion of full data bandwidth by
tomographic full-waveform inversion. Geophysics 79, WA129–WA140.
Boschetti, F., Dentith, M.C., List, D., 1996. Inversion of seismic refraction data using
genetic algorithms. Geophysics 61, 1715–1727.
Boonyasiriwat, C., Valasek, P., Routh, P., Cao, W., Schuster, G.T., Macy, B., 2009. 2009.
Geophysics 74, WCC59–WCC68.
Bozdag, E., Trampert, J., Tromp, J., 2011. Misﬁt functions for full waveform inversion
based on instantaneous phase and envelope measurements. Geophys. J. Int. 185,
845–870.
Bunks, C., Saleck, F.M., Zaleski, S., Chavent, G., 1995. Multiscale seismic waveform
inversion. Geophysics 60, 1457–1473.
Carcione, J., 2007. Wave Fields in Real Media. Elsevier.
Chi, B., Dong, L., Liu, Y., 2014. Full waveform inversion method using envelope
objective function without low frequency data. J. Appl. Geophys. 109, 36–46.
Crase, E., Wideman, C., Noble, M., Tarantola, A., 1992. Nonlinear elastic waveform
inversion of land seismic reﬂection data. J. Geophys. Res. 97, 4685–4703.
Debens, H.A., Warner, M., Umpleby, A., Silva, N.V.D., 2015. Global anisotropic 3D FWI,
85th Annual International Meeting,. SEG, Expanded Abstr. 1193–1197.
Debye, P., Bueche, A.M., 1949. Scattering by an inhomogeneous solid. J. Appl. Phys. 20
(6), 518–525.
Fei, T., Luo, Y., Qin, F., Kelamis, P.G., 2012. Full waveform inversion without low frequencies: a synthetic study. 82nd Annual International Meeting, SEG, Expanded
Abstract. pp. 1–5.
Hubral, P., Schleicher, J., Tygel, M., Hanitzsch, C., 1993. Determination of Fresnel zones
from traveltime measurements. Geophysics 58, 703–712.
Hudson, J.A., Heritage, J.R., 1981. The use of the Born approximation in seismic
scattering problems. Geophys. J. R. 66, 221–240.
Hustedt, B., Operto, S., Virieux, J., 2004. Mixed-grid and staggered-grid ﬁnite-difference methods for frequency-domain acoustic wave modeling. Geophys. J. Int. 157,
1269–1296.
Lailly, P., 1983. The seismic inverse problem as a sequence of before stack migration.
Conference on Inverse Scattering, Theory and Application, Society For Industrial
and Applied Mathematics, Expanded Abstracts. pp. 206–220.
Liu, J., Chauris, H., Calandra, H., 2011. The norMalized integration method — an alternative to full waveform inversion? Near Surface 2011-17Th European Meeting of
Environmental and Engineering Geophysics. pp. B07.
Luo, J., Wu, R.S., Gao, J., 2016. Elastic seismic envelope inversion. J. Seism. Explor. 25,
103–119.
Mallick, S., 1999. Some practical aspects of prestack waveform inversion using
a genetic algorithm: an example from the east Texas Woodbine gas sand.
Geophysics 64, 326–336.
Martin, G.S., Wiley, R., Marfurt, K.J., 2006. Marmousi2: an elastic upgrade for
Marmousi. Lead. Edge 25, 156–166.
Mora, P., 1987. Nonlinear two-dimensional elastic inversion of multi-offset seismic
data. Geophysics 52, 1211–1228.
Mora, P., 1988. Elastic wave-ﬁeld inversion of reﬂection and transmission data.
Geophysics 53, 750–759.
Padhi, A., Mukhopadhyay, P., Blacic, T., Fortin, W., Holbrook, W.S., Mallick, S.,
2010. Prestack waveform inversion for the water-column velocity structurethe present state and the road ahead. 80th Annual International Meeting, SEG,
Expanded Abstracts. pp. 2845–2849.
Pratt, R.G., 1999. Seismic waveform inversion in the frequency domain, Part 1: theory
and veriﬁcation in a physical scale model. Geophysics 64, 888–901.
Pratt, R.G., Shipp, R.M., 1999. Seismic waveform inversion in the frequency domain,
Part 2: fault delineation in sediments using crosshole data. Geophysics 64,
902–914.
Prieux, V., Brossier, R., Operto, S., Virieux, J., 2013a. Multiparameter full waveform
inversion of multicomponent ocean-bottom-cable data from the Valhall ﬁeld.
Part 1: imaging compressional wave speed, density and attenuation. Geophys. J.
Int. 194, 1640–1664.

Prieux, V., Brossier, R., Operto, S., Virieux, J., 2013b. Multiparameter full waveform
inversion of multicomponent ocean-bottom-cable data from the Valhall ﬁeld.
Part 2: imaging compressive-wave and shear-wave velocities. Geophys. J. Int. 194,
1665–1681.
Raknes, E.B., Arntsen, B., 2014. Time-lapse full-waveform inversion of limited-offset seismic data using a local migration regularization. Geophysics 79,
WA117–WA128.
Raknes, E.B., Arntsen, B., Weibull, W., 2015. 3D elastic full waveform inversion using
seismic data from the Sleipner area. Geophys. J. Int. 202, 1877–1894.
Shin, C., Cha, Y.H., 2008. Waveform inversion in the Laplace domain. Geophys. J. Int.
173, 922–931.
Shin, C., Cha, Y.H., 2009. Waveform inversion in the Laplace–Fourier domain. Geophys.,
J. Int. 177, 1067–1079.
Shipp, R.M., Singh, S.C., 2002. Two-dimensional full waveﬁeld inversion of wide-aperture marine seismic streamer data. Geophys. J. Int. 151, 325–344.
Sirgue, L., Barkved, O.I., Gestel, J.P.V., Askim, O.J., Kommedal, J.H., 2009. 3D waveform
inversion on Valhall wide-azimuth OBC. 71St Annual International Conference
and Exhibition, EAGE. pp. U038.
Sirgue, L., Etgen, J.T., Albertin, U., 2008. 3D frequency domain waveform inversion using time domain ﬁnite difference methods. 70Th Annual International
Conference and Exhibition, EAGE. pp. F022.
Tarantola, A., 1984. Inversion of seismic reﬂection data in the acoustic approximation.
Geophysics 49, 1259–1266.
Virieux, J., Operto, S., 2009. An overview of full-waveform inversion in exploration
geophysics. Geophysics 74, WCC1–WCC26.
Warner, M., Guasch, L., 2014. Adaptive waveform inversion: theory, 84th Annual
International Meeting. SEG, Expanded Abstr. 1089–1093.
Warner, M., Guasch, L., 2015. Robust adaptive waveform inversion, 85th Annual
International Meeting. SEG, Expanded Abstr. 1059–1063.
Warner, M., Ratcliffe, A., Nangoo, T., Mogran, J., Umpleby, A., Shah, N., Vinje, V., Štekl,
I., Guasch, L., Win, C., Conroy, G., Bertrand, A., 2013. Anisotropic 3D full-waveform
inversion. Geophysics 78, R59–R80.
Wu, R.S., Luo, J., Wu, B., 2014. Seismic envelope inversion and modulation signal
model. Geophysics 79, WA13–WA24.
Wu, R.S., Toksöz, M.N., 1987. Diffraction tomography and multisource holography
applied to seismic imaging. Geophysics 52, 11–25.
Xie, X.B., 2013. Recover certain low-frequency information for full waveform
inversion. 83rd Annual International Meeting, SEG, Expanded Abstracts. pp.
1053–1057.
Xie, X.B., 2015. An angle-domain wavenumber ﬁlter for multi-scale full-waveform
inversion. 85th Annual International Meeting, SEG, Expanded Abstracts. pp.
1132–1137.
Xie, X.B., Ge, Z., Lay, T., 2005a. Investigating explosion source energy partitioning and
Lg-wave excitation using a ﬁnite-difference plus slowness analysis method. Bull.
Seism. Soc. Am. 95, 2412–2427.
Xie, X.B., Wu, R.S., Fehler, M., Huang, L., 2005b. Seismic resolution and illumination:
a wave-equation-based analysis. A Wave-Equation-Based Analysis, 75th Annual
International Meeting, SEG, Expanded Abstracts. pp. 1862–1865.
Yan, R., Xie, X.B., 2012. An angle-domain imaging condition for elastic reverse
time migration and its application to angle gather extraction. Geophysics 77,
S105–S115.
Yang, P., Gao, J., Wang, B., 2015. A graphics processing unit implementation of
time-domain full-waveform inversion. Geophysics 80 (3), F31–F39.
Yoon, K., Guo, M., Cai, J., Wang, B., 2011. 3D RTM angle gathers from source wave propagation direction and dip of reﬂector. 81St Annual International Meeting, SEG,
Expanded Abstracts. pp. 3136–3140.
Yoon, K., Marfurt, K.J., 2006. Reverse-time migration using the Poynting vector. Explor.
Geophys. 37, 102–107.
Yoon, K., Marfurt, K.J., Starr, E.W., 2004. Challenges in reverse time migration. 74th
Annual International Meeting, SEG, Expanded Abstracts. pp. 1057–1060.
Zhang, Q., McMechan, G.A., 2011. Direct vector-ﬁeld method to obtain angle-domain common-image gathers from isotropic acoustic and elastic reverse-time
migration. Geophysics 76 (5), WB135–WB149.
Zhou, C., Cai, W., Luo, Y., Schuster, G.T., Hassanzadeh, S., 1995. Acoustic wave-equation traveltime and waveform inversion of crosshole seismic data. Geophysics 60,
765–773.
Zhou, C., Schuster, G.T., Hassanzadeh, S., Harris, J.M., 1997. Elastic wave equation
traveltime and waveform inversion of crosswell data. Geophysics 62, 853–868.

