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Summary 
 
Sensitivity kernels are used in travel-time tomography and 
waveform inversion for its obvious advantages in matching 
wave-motion theory rather than ray theory.  However, 
there still remain some concerns regarding its accuracy and 
when the small-perturbation theory will break down. We 
investigate these questions using numerical simulations. 
Sensitivity kernels calculated in the background model and 
based on the linear scattering theory are used to predict the 
traveltime delay caused by the velocity perturbations. On 
the other hand, the traveltime differences between the 
background and the perturbed velocity models are directly 
calculated from the synthetic seismograms generated by the 
finite-difference method. The predicted traveltime delays 
are compared to these direct measurements and the results 
are used to judge the accuracy of the linear theory. Velocity 
models with perturbations of different scales or different 
perturbation values are used to conduct the tests. Our 
results show that extending the scale or increasing the 
amplitude of the velocity perturbations or both can affect 
the precision of the traveltime sensitivity kernel. These 
factors also complicate waveforms of synthetic 
seismograms as well as the shape of the sensitivity kernels 
in the perturbed velocity model. Nevertheless, within a 
large range of velocity perturbations, the sensitivity kernels 
based on linear theory still give reasonably accurate 
traveltime delay, indicating the linearization plus iteration 
method is still effective under reasonably large velocity 
perturbations. 
 
Introduction 
 
Sensitivity (Fr échet) kernels have been widely studied 
since the ray-theory-based traveltime calculation is not 
enough to depict or simulate the real wave phenomena. The 
problem how to break through the high-frequency 
limitation of ray theory has always been a hot issue. So, 
using sensitivity kernels to compute the time delays or 
amplitude changes attracts the sight of the researchers. 
Traveltime and amplitude sensitivity kernels have been 
discussed and optimized under paraxial approximation (by 
Coates , 1990; Woodward, 1992; Marquering, 1998,  1999; 
Dahlen, 2000; Xie, 2008). Liu et al. (2008) used sensitivity 
kernels to compute the transmitted wave traveltime. And 
Yue et al. (2006) discussed the numerical precision and 
validity of paraxial approximation using analytical 
expressions. 
 

When using sensitivity kernels to compute the time delays, 
attentions must be taken for validation of preconditions and 
precision of finite-frequency sensitivity kernel calculation. 
Here, we discuss the linear relationship of kernel integral 
when under Born approximation and the nonlinearity 
beyond theory of small perturbation. 
 
To get a comprehensive understanding of wave-theory 
tomography, we start from the kernel integral equation. 
Then we discuss how the kernels are sensitive to the 
velocity perturbation by numerical simulation and how the 
the kernel integral acts when the assumption of small 
perturbation fails to hold any more. 
 
Theoretical Overview 
 
Under the finite-frequency sensitivity theory, the difference 
between traveltimes from a perturbed velocity model and 
the background velocity model can be calculated as (e.g., 
Woodward, 1992) 

δt , m K , , dV,                (1) 

where δt , is the broadband traveltime delay,    and 
 are locations of the source and receiver,  m

δv /v  is the velocity perturbation, K , ,   is 
the broadband sensitivity kernel which can be obtained 
from single frequency sensitivity kernels 

K , , W K , , , ω dω,               (2) 

where W ω  is a weighting function (Xie and Yang, 
2008a). Based on Born and Rytov approximations, the 
single frequency kernel K , , , ω  can be calculated 
as 

K , , , ω imag 2k G , , G , ,
G , ,

,   (3) 

where G , , ω , G , , ω  and G , , ω  are 
Green’s functions from the source to the scatters, from the 
receiver to the scatters and from source to receiver, 
respectively. They are all calculated in the background 
velocity. Equation (3) is obtained based on linear scattering 
theory by assuming the perturbations are small. In 
tomography inversions, equations (1) to (3) are frequently 
used to predict the travel time delays due to velocity 
perturbations. In the practice of applied seismology, the 
velocity perturbations are not necessarily small values. 
Theoretically, the change of velocity model also modifies 
the sensitivity kernel, i.e., the problem is actually nonlinear. 
How big the velocity perturbation that the linear sensitivity 
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