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Summary
Based on the finite-frequency sensitivity theory, we present
a migration velocity analysis method. The finite-frequency
sensitivity kernel is used to link the observed residual
moveout and the velocity perturbations in the migration
velocity model. The new approach is a wave-equation
based method which naturally incorporates the wave
phenomena and is best teamed with the wave-equation
based migration for velocity analysis. This paper is targeted
to solve some important issues in using this approach in
velocity updating process, e.g., the calculation and storage
of huge amount of sensitivity kernels, the partition and
interpolation of velocity model and the iteration process.
Numerical examples are used to demonstrate the updating
process.

migration. This sensitivity kernel relates the observed RMO
in depth image to the velocity correction in the model. This
is a wave-equation based method which avoids many
disadvantages of the ray-based tomography. In this paper,
we follow Xie and Yang (2007) and test this method for
migration velocity updating.

Introduction
The most important part in migration velocity analysis is
converting the observed residual moveout into velocity
corrections and back-projecting them into the model space
for velocity updating. Currently, this has been dominated
by the ray tracing based tomography method which
assumes an infinitely high frequency. The sensitivity of
finite-frequency signals to velocity model has been recently
investigated by researchers working in different fields
(Woodward, 1992; Vasco et al., 1995; Dahlen et al., 2000;
Zhao, et al., 2000; Skarsoulis and Cornuelle, 2004; Spetzler
and Snieder, 2004; Sava and Biondi, 2004; Jocker, et al.,
2006; and Buursink and Routh, 2007; Fliedner et al., 2007).
Finite-frequency sensitivity kernels have been calculated
and used for solving many tomography problems with great
success.
The major obstacle that prevents this method from being
used in migration velocity analysis is that these finitefrequency sensitivity kernels are mostly derived for
transmitted waves (e.g., travel time delays or amplitude
fluctuations in seismograms). On the contrary, the seismic
migration extracts the information regarding the velocity
error from the depth image instead of from the data. de
Hoop, et al. (2006) derived a sensitivity kernel for
reflection waves based on the double square root (DSR)
equation. Their sensitivity kernel relates the residual
moveout (RMO) in angle-domain common image gather
(CIG) to the velocity model errors. Xie and Yang (2007),
based on the scattering theory, derived the broadband
sensitivity kernel particularly for shot-record prestack depth
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Figure 1. A 5-layer velocity model used to demonstrate the
migration velocity analysis.

The Formulation for Inversion System
Based on the finite-frequency sensitivity theory (Xie and
Yang, 2007), the observed RMO can be linked to the
migration velocity model error with an integral relation
δ R ( rS1 , rS 2 , rI ) = − ∫V m ( r′ ) K B ( r′, rS1 , rS 2 , rI )dv′ (1)

where m ( r ) = δ v ( r ) v0 ( r ) is the unknown velocity error
to be inverted,
δ R ( rS1 , rS 2 , rI ) = R ( rS 2 , rI ) − R ( rS1 , rI ) ,

(2)

is the observed relative RMO, R ( rS , rI ) is the RMO along
the reflector normal, rI is the image location, rS1 and rS 2
are locations of two sources in the same CIG,
K B ( r, rS1 , rS 2 , rI ) =
v0 ( rI )
⎡ K DB ( r, rS 2 , rI ) + KUB ( r, rS 2 , rI ) ⎤ (3)
⎦
2 cos ⎡⎣θ ( rS 2 , rI ) ⎤⎦ ⎣
−

v0 ( rI )

⎡ K DB ( r, rS1 , rI ) + KUB ( r, rS1 , rI ) ⎤
⎦
2 cos ⎣⎡θ ( rS1 , rI ) ⎦⎤ ⎣

is the broadband differential kernel which combines the
sensitivities from a pair of shots in a common image gather,
K DB ( r, rS , rI ) and KUB ( r, rS , rI ) are broadband sensitivity
kernels for down and upgoing waves, with their detailed
expressions given in Xie and Yang (2007), θ ( rS , rI ) is the

3093

Velocity analysis based on the finite-frequency sensitivity kernel
reflection angle relative to the reflector normal, v0 ( rI ) is
the local velocity at image point. Equation (1) forms the
basis for migration velocity updating. Once obtaining δ R
and sensitivity kernels, we can invert the model error m ( r ) .

where G is the Green’s function, GD and GU are Green’s
functions for downgoing source wave and upgoing
reflection wave. Similar to the one-way wave-equation
based migration method, these Green’s functions can be
calculated using the one-way propagator plus the multipleforward
scattering
and
single
back-scattering
approximation (Xie and Wu, 2001; Wu, et al., 2006). This
type of method is very efficient and consistent with the
migration process.

Figure 2. Comparison between the theoretically calculated kernels
(left column) and actually measured sensitivity maps (right
column). From top to bottom are for different reflectors.

The Calculation and Storage of Sensitivity Kernels
The sensitivity kernel some times is called a “wave path”
(Woodward 1992) or a “fat ray”. The calculation of the
sensitivity kernel can resemble the ray tracing process in
the ray based tomography. Unlike in earthquake
seismology, where full-wave finite-difference method is
commonly used in calculating the sensitivity kernels, the
exploration seismology requires more efficient method to
calculate the sensitivity kernel because the huge amount of
data involved. The frequency domain sensitivity kernels for
down and upgoing waves can be calculated by using (Xie
and Yang 2007)
(4)
K F ( r, rS1 , rI ) = K DF ( r, rS , rI ) + KUF ( r, rS , rI )

where

⎡
G ( r; rS ) G ( r; rI ) ⎤
K DF ( r, rS , rI ) = imag ⎢ 2k02 D
⎥,
GD ( rI ; rS )
⎣⎢
⎦⎥

(5)

⎡
G∗ ( r; r ) G ( r; rI ) ⎤
⎥,
( r, rS , rI ) = imag ⎢2k02 U ∗ S
GU ( rI ; rS )
⎣⎢
⎦⎥

(6)

KUF
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Figure 3. Stored parameter FK1 . The 4 groups of kernels are for 4
reflectors; the horizontal coordinate is for different image points
and the vertical coordinate is for different sources.

Shown in Fig 1 is a 5-layer velocity model. The shapes of
the interfaces are adopted from Baina et al. (2002). We use
this model to demonstrate how to use the current approach
in migration velocity analysis. Shown in the left column of
Figure 2 are typical sensitivity kernels calculated for
selected image points. As a comparison, the right column
shows the actually measured sensitivity maps in the same
model (Xie and Yang, 2007). The results show that the
theoretically calculated sensitivity kernels are consistent to
the measured sensitivity maps.
Another important issue is the storage of the sensitivity
kernels. Unlike seismic rays, the finite-frequency
sensitivity kernels are volumetric. Theoretically, each
kernel can be as large as the velocity model itself. Huge

3094

Velocity analysis based on the finite-frequency sensitivity kernel
space is required to store thousands of kernels. Several
techniques can be used to reduce the storage space.
Fliedner (2007) proposed to use kernels within their first
Fresnel zones. In many cases, it may be difficult to isolate
the first Fresnel zones in a complex velocity model and it
may lose important information in the kernel, e.g., the
negative part of a kernel. Another way is using a coarse
grid to store the kernels. Here we propose another
approach to store the kernels. We first partition the integral
in equation (1) into the summation of integrals in small
rectangular cells V ( rk )

kernel. (1) Generate a synthetic data set using the true
velocity model. (2) Conduct the migration using the
synthetic data and an initial model. (3) Calculate the RMOs
in the shot-index CIGs, and (4) pick the locations of
reflectors from the depth image. (5) Use the initial model
and picked reflector locations to calculate sensitivity
kernels. (6) Substitute the RMOs and the sensitivity kernels
in equation (7) and invert the velocity model errors. (7) Use
these errors to correct the initial velocity model and use the
updated model for the next iteration.

δ R ( rS1 , rS 2 , rI ) = −∑ ∫V ( r ) m ( r′ ) K B ( r′, rS1 , rS 2 , rI )dv′ . (7)
k

k

Within each cell, we use a hyperbolic function
m ( r ) = ai fi = a1 f1 ( r ) + a2 f 2 ( r ) + a3 f3 ( r ) + a4 f 4 ( r ) (8)
to interpolate the unknown velocity perturbation, where
repeating subscripts denote summation and
f1 ( r ) = 1, f 2 ( r ) = x,
(9)
f3 ( r ) = y, f 4 ( r ) = xy

The coefficients ai can be related to the velocity errors at
the 4 corners of the cell through a parameter matrix
⎛ a1 ⎞ ⎡ 1 0 0 0 ⎤ ⎡ m ( r1 ) ⎤
⎥
⎜ ⎟ ⎢
⎥⎢
⎜ a2 ⎟ = ⎢ −1 +1 0 0 ⎥ ⎢ m ( r2 ) ⎥ .
(10)
⎜ a3 ⎟ ⎢ −1 0 +1 0 ⎥ ⎢ m ( r3 ) ⎥
⎥
⎜ ⎟ ⎢
⎥⎢
⎝ a4 ⎠ ⎣ +1 −1 −1 +1⎦ ⎢⎣ m ( r4 )⎥⎦
Replacing (8) and (9) into (7), we have for each cell
B
∫V r m ( r′) K ( r′, rS1 , rS 2 , rI )dv′
( k)

= ∫V ( r ) ai fi K B ( r′, rS1 , rS 2 , rI )dv′
k

(11)

= ai FKi

( )

Figure 4. Velocity models in updating process, with (a) initial
model and (b) model after two iterations.

= Pij m r j FKi
where Pij is the parameter matrix in equation (10) and
FKi = ∫V ( r ) fi ( r′ ) K B ( r′ ) dv′ .

(12)

k

Substituting equation (11) into equation (7) and rearranging
the subscripts creates the linear system for inversion. In this
way, we first determine the cell size according to the
required accuracy for inversion. Then calculate integrals in
equation (11) and store only 4 parameters FK1− 4 for each
cell. The accuracy of the kernel is adaptive to the accuracy
requirement of the velocity model. Illustrated in Figure 3
are parameters FK1 for about 3000 kernels calculated for a
velocity model similar to that shown in Figure 1. Selected
kernels are enlarged to show their details.
The Velocity Updating Process
The following process is used to demonstrate the migration
velocity analysis based on the finite-frequency sensitivity
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The synthetic data set is generated using a fourthorder scalar-wave finite-difference method and the velocity
model is shown in Figure 1. A total of 31 evenly distributed
surface sources are used in the calculation and the source
time function is a 17.5 Hz Ricker wavelet. The migration is
conducted using a local cosine based one-way propagator
(Luo et al., 2004). On each reflector, we choose 31 image
points to calculate the shot index CIG and the RMO is
measured using cross correlations between traces. The
broadband sensitivity kernels are calculated using the oneway and one-return method described in the previous
section. Each kernel is calculated using 60 frequencies and
the same 17.5 Hz Ricker wavelet is used for the source
function. The least squares method by Lawson and Hanson
(1974) is used to solve the linear system equation (7). To
discretize the integral equation, we partition the model into
0.5 × 0.5 km cells. Within each cell we use equation (8) to
interpolate the model.
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Shown in Figure 4 are velocity models during the updating
process. The initial velocity model in Figure 4a is a 1-D
model with a linear vertical gradient. The prestack depth
migration in the initial model generates a depth image
which is shown in Figure 5a. The dark curves overlapped
on the image are reflectors (interfaces) in the true velocity
model. We pick reflector locations from the initial image
and use them to calculate the finite-frequency sensitivity
kernels in the initial model. After two iterations, we obtain
an updated velocity model which is shown in Figure 4b.
The depth image calculated using the updated velocity
model is shown in Figure 5b. In general, we see the image
of the reflectors approaching to the interfaces in the true
velocity model.

Figure 5. Depth image improved in the velocity updating process.
(a) Image calculated using the initial model and (b) image
calculated using the updated velocity model.

For a further comparison, Figures 6a and 6b illustrate the
shot-index CIGs calculated from the images in initial and
updated velocity models. We see most of the gathers are
flattened during the velocity updating process. Certain
errors can be seen at the right end in the final image (see
Figure 5b). These errors may be resulted from that the
dipping structures deflect the reflection waves outside the
acquisition aperture.

is generated for this purpose. The result shows, after a few
iterations, the quality of the depth image is improved and
the CIGs are flattened. The new approach is a waveequation based method which naturally incorporates the
wave phenomena and is best teamed with the waveequation based migration method for velocity analysis. The
new approach avoids many drawbacks of the ray-based
tomography while keeps its simplicity because the
sensitivity kernel can resemble a “fat ray” or a “wavepath”
(Woodward, 1992).

Figure 6. CIGs before and after the velocity updating, with (a)
CIGs in the initial model and (b) CIGs in the updated velocity
model.
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Conclusions
A migration velocity analysis method based on the finitefrequency sensitivity kernel is presented in this paper.
Using numerical examples, we demonstrate how to update
the velocity model using this approach. A synthetic data set
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