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Summary
The scale length information of velocity perturbations
carried by scattered wave is not only dependent on wave
frequency but also related to the scattering angle. We
introduce a angle-domain wavenumber filter in fullwaveform inversion. Both source and receiver side waves
are decomposed into local plane waves, followed by sorting
scattering events according to their incidence and scattering
angles. The small-angle scatterings are more responsible
for large-scale velocity perturbations, while the large
scattering angles are related to small-scale perturbations.
By controlling scattering angles, we can perform multiscale inversion. Numerical examples reveal, when initial
model has large errors, the new inversion method can
significantly improve the convergence. The angle-domain
wavenumber filter is highly localized, flexible and
efficient, and can be combined to most FWI methods.
Introduction
The full waveform inversion (FWI) in searching for the
correct velocity model is intrinsically nonlinear. To
mitigate this difficulty, the problem is often linearized and
solved in an iterative way. For starting models with large
errors, the convergence is often a challenge. One of the
solutions to this problem is the multi-scale inversion,
starting
from
low-frequencies
for
large-scale
heterogeneities first. However, the low-frequency
information is not always available in the data. Different
techniques were developed to solve this problem, e.g., the
extended modeling concept to link MVA to FWI (Samys
2008), the Laplace and Laplace-Fourier domain methods
(Shin and Ha 2008; and Shin and Cha 2009), the envelop
inversion (Wu et al. 2014; Luo and Wu 2015), recover lowfrequency information in the data (Fei et al., 2012; Xie,
2013). To mitigate the cycle skipping at high frequencies,
Xu et al. (2012) used a non-linear iterative relaxation
technique; Biondi and Almomin (2014) proposed the
tomographic FWI; Warner (2014) proposed the adaptive
waveform inversion.
The full-waveform inversion is a reversed process of wave
scattering. The information of wavenumber component
carried by the wave not only depends on the frequency, but
also depends on the scattering angle (Wu and Toksöz 1987;
Xie et al. 2005, 2006). It is well known that the travel time
data carry the long wavelength information of the model
because it is formed by accumulated forward scatterings.
The depth image from near-offset data tends to have higher
resolution than those using far-offset data because the
former are mostly composed of back scatterings. Thus,
limit the scattering angle in the data can influence the
sensitivity to the scale length of retrieved model
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parameters. Nevertheless, due to complex overburden
structures, these angles must be calculated locally at where
the scattering happens. In the rest part of this paper, we
introduce a scattering angle controlled wavenumber filter
which can select the wavenumber components in the FWI.
By adjusting scattering angles, the inversion can be
preceded in a multi-scale way.
Method
Consider a source at rs sending a monotonic wave to a
small target region V  r  in the vicinity of r . Within V , the
incident wave interacts with the heterogeneity to generate a
scattered wave that propagates to the receiver at rg . Apply
the local Born approximation within the small region, the
scattered wave can be expressed as
(1)
u(r, rs , rg )  2k02  m  r, r G  r; rs G  r; rg  dv ,
V

where r is the local coordinate within V , m  r, r 
is the velocity perturbation, c r  is the
c  r  c0  r   c0  r 
velocity,

c0 r 

is the local background velocity,
is
the
background wavenumber,  is the
k 0   c0 r 
angular frequency, and Gr; rs  and Gr; rg  are Green’s
functions. Applying the local plane-wave decomposition to
Green’s functions (Xie, et al., 2005), we have the
wavenumber domain equivalent of equation (1)
u (r , rs , rg )  2k02  G  k s , r; rs  G  k g , r; rg m  r , k g  k s  dk g dk s ,(2)
where





m r , k g  k s  V m  r   e



 dv 

i k g  k s r 

(3)

can be regarded as a wavenumber-domain velocity
perturbation. Subscripts s and g denote terms are related to
source or receiver. Vectors k s and k g are local transforms
with respect to r (not rs and rg ), and also incident and
scattering wavenumbers. Thus, equation (3) links the
scattering geometry with subsurface structure. The relation
is illustrated in Fig 1, where k e  k g  k s is the exchange
wavenumber. The scattering angle measures the deviation
of scattering direction biased from the incident direction,
and is supplementary to two times the reflection angle.
Note, in applied seismology, a source vector with opposite
direction is often used. Follow that convention, k g  k s
should be replaced by k g  k s .
Relations between angle filter and wavenumber filter
According to equations (2) and (3), the scattered wave
carries the information of local heterogeneity component
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m  r, k e  . From Fig 1, the exchange wavenumber can be
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expressed as



k e  k g  k s  2k0 sin  k s , k g


where



 k s , k g 

eˆ e  k g  k s



is

the



2 eˆ e ,


scattering

wavenumber components illuminated
scatterings at r can be estimated as
M  r, k e  

(4)
angle,

k g  k s is a unit vector perpendicular to the

bisector of scattering angle. Equation (4) indicates k e is
not only dependent on frequency through k0 , but also

controlled by scattering angle   k s , k g  . If the scattering

angle is small, the pair of incident/scattering waves can
sense perturbations of very low wavenumber along
direction eˆ e . In other words, by rotating the system and
adjusting the scattering angle, we can steer the system
aiming at specific wavenumber component of the
perturbation.



ke k g k s

by

the

local

 d  S   A  r, k s , k g 

(5)

where M  r, ke  can be seen as broadband illumination in
wavenumber domain. S   is the source spectrum,
A  r, k s , k s  is the local illumination matrix in incidencescattering domain, and k  k k denotes mapping from
e
g
s
k s and k g to k e according to (4), and summation over all

sources and receivers (Xie et al. 2005, 2006).
Angle-domain wavenumber filter applied to timedomain FWI
FWI is based on minimizing a misfit function which
measures the difference between synthetic and the observed
seimograms. The nonlinear problem is linearized and
solved in an iterative way (see, e.g., Gauthier, et al. 1986)
(6)
cn 1  r   cn  r    n S  r  c
where n is the index for iteration steps,  n is the iterative
step length obtained by a linear search, and S c is the
gradient of objective function with respect to velocity and
can be calculated based on zero-lag correlation

S  r 

Fig 1. Scattering geometry.

c



T
p  r, t  ,
2
pg  r, t  s
dt
3  0
c s
t

(7)

where ps and p g are the forward-propagated source wave
and backward-propagated residual wave, and T is the total
recording time. Substituting equation (7) into (6) can
update the velocity model. Inversion is the reversed process
of scattering described in equations (1) and (2). To
investigate this process in angle domain, we decompose
both ps and p g into local plane waves (Yan and Xie, 2012)
Fig 2. (a) Spectra components in wavenumber domain and
(b) corresponding scattering events.
Fig 2 schematically illustrates this idea. Shown in (a) are
spectral components in the local wavenumber domain and
in (b) are corresponding scattering events characterized by
incident and scattering angles. The small-scale (large
wavenumber) information is carried by large-angle (nearly
180 degree) scattering. Large scale (small wavenumber)
information is carried by small-angle scattering. Close to
center is the DC component, related to exactly forward (0
degree) scattering. The polar angle is related to the
“dipping” direction of the perturbation. If we design an
angle-domain filter and apply it to (b), it is equivalent to
apply a local wavenumber filter on (a), thus to control the
scale in inversion. In a more complicated case, acquisition
system involves multiple sources and receivers, broad band
source, and complex overburden structures. The
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ps  r, t    ps  r, t , s  and pg  r, t    pg  r, t , g 
s

.

(8)

g

Substituting (8) into (7), we have
S  r 
c



T

p  r, t ,   , (9)
2
  F s , g   ps  r, t , g  s t s dt
c3 s 0 s  g



where F  s , g  is an angle-domain filter, which is applied
at angle domain, but controls the wavenumber components,
as can be seen from the relationship in Fig 2.
The angle-domain filter F controls the retrieved wavenumber components that can enter the velocity updating.
Since propagation angles are calculated for incident and
scattered waves at every time step and space location, this
filter is highly localized and flexible. It can be applied
either at entire or part of the model. The filter can be
isotropic or anisotropic in wavenumber domain. For
example it can boost vertical resolution while reduce the
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horizontal resolution. Variable truncations can be used
during iteration process, e.g., starting from narrow
scattering angle (focusing on forward scattered energy) to
retrieve large-scale perturbation, followed by expanding
scattering angle to retrieve small-scale heterogeneities. In
this way, multi-scale inversion can be built into the
iteration process. We name it angle-domain wavenumber
filter based full-waveform inversion (AWFWI)
Wavefield decomposition
Several techniques have been developed to locally
decompose the wave propagation direction. The FWI deals
with huge amount of shots and hundreds of iterations,
making it computationally intensive. Thus, efficiency is
vital. On the other hand, FWI involves in relatively
smoothed models, particularly during earlier iterations
focusing on large-scale heterogeneities. Therefore, we
adopt Poynting vector method (Yoon et al. 2004) to
decompose the source and receiver waves. The resulted
method is highly efficient.

Fig 7 compares seismograms from 4 velocity models. The
4 traces from top to bottom are for (1) true velocity, (2)
AWFWI inverted, (3) FWI inverted, and (4) background
(initial) models. At distance between 14-18 km (see inset
figure), the AWFWI inverted model correctly reproduces
the travel time advance and amplitude decrease caused by
the high-velocity inclusion. The back scattered waves are
also clearly seen in the later arrival between distance 0-14
km. These features are not properly recovered by the FWI.

Numerical examples
To test the performance of AWFWI in retrieving long wave
length perturbations, we choose models with perturbations
large in size and amplitude. The first model is shown in Fig
4a, which is composed of a background and a high-velocity
inclusion approximately 4 km wide by 1 km thick. The
inclusion has a sharp boundary and the inside velocity is 3
km/s. The background is a 1-D model having a constant
vertical gradient with velocities 1.8 km/s at the top and 4.0
km/s at the bottom. A vertical profile is shown on the right.
We conduct the inversion using both AWFWI and FWI and
compare their results. For all examples in this paper, we
only control the scattering angle, and the incident angle is
left isotropic. The background velocity is used as the initial
model and the source is a 5 Hz Ricker wavelet. A total of
35 shots and 354 receivers are evenly located at depth 1
km. All borders are absorbing boundaries.
Illustrated in Figs 4b and 4c are inverted velocity models
using the AWFWI and FWI. We see the method with
wavenumber filter properly fills the high velocity in the
inclusion. The FWI circles the surface of the inclusion but
fails to fill the internal high speed. Fig 5 compares the
velocity updating process. At the bottom are final results
and on the top are changing velocities during iteration. (a)
is for FWI where curves are from iterations 10-80 for every
10 iterations. (b) is for AWFWI for iterations 20, 40, 50,
60, 80, 100, 130. Illustrated in Fig 6 are misfit functions.
The right vertical coordinate gives the angle scale. The
shaded region is the passband of scattering angles used in
iterations. Variable scattering angles make the inversion
starting from large scale and gradually change to small
scale. For this specific model, the conventional FWI only
explains approximately 50% of the misfit but the AWFWI
can minimize the misfit to less than 1%.
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Fig 4. (a) velocity model, (b) inverted result using
AWFWI, and (c) using FWI. Shown in right column are
vertical velocity profiles near the center of the model.

Fig 5. Velocity changes during iteration, where (a) is for
conventional FWI and (b) is for AWFWI.
The second model has the same size as the first one, but has
even larger velocity perturbations and a laterally varying
background (Fig 8a). The size of the shallow high-velocity
inclusion is 5 km by 1.6 km, with a velocity of 3.2 km/s,
and the deeper inclusion is 2.0 km by 1.6 km, with a
velocity of 3.4 km/s. We use the same 1-D initial model,
source wavelet, and acquisition geometry, as in the first
example, for inversion. As illustrated in Fig 8b, the
inversion recovers major features of the model. The largest
error is in the deeper inclusion. Due to its depth, the inside
is not properly filled. The synthetic seismograms are
compared in Fig 9, where the 3 traces are for true velocity
model, the AWFWI inverted, and the initial model. From
the inset figure, there are large travel time and amplitude
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errors in the initial synthetics. The AWFWI properly brings
the travel time and amplitude to their correct values.

Fig 6. Comparison of misfit functions. The shaded region
gives the passband of scattering angles.

Fig 7. Comparison of shot records for 4 models. The 4 sets
of traces from top to bottom are for (1) true velocity, (2)
AWFWI inverted, (3) conventional FWI inverted, and (4)
background (initial) models. For comparison, the later part
of seismograms (after the gap) is enlarged for 15 times.
Discussions
The AWFWI allows the large wave length perturbations
entering velocity updating first, avoiding the buildup of
small-scale heterogeneities at earlier stage. Meantime, it
effectively eliminates artifacts from large-angle scatterings
from contaminating the low-wavenumber component.
Considering reflection seismology is dominated by highfrequency and large-angle scatterings, this feature is almost
equally important. Our numerical examples use 5 Hz
Ricker wavelet, which is a broadband source. Either
truncating or enhancing the low-frequency information in
data can affect the performance of recovering large-scale
perturbations. Current research does not explore along this
direction. Instead, we simply conduct inversions using the
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same synthetic data and compare results from different
methods side by side.

Fig 8. (a) velocity model, (b) inverted result using
AWFWI. Shown in right column are vertical velocity
profiles near the center of the model.

Fig 9. Comparison of shot records for 3 models. The 3
traces from top to bottom are for (1) true velocity, (2)
AWFWI inverted, and (3) background (initial) models.
Conclusion
We introduced an angle-domain wavenumber filter in FWI.
By controlling incident/scattering angles, the AWFWI can
significantly improve the convergence in starting models
involving large velocity errors. The filter is highly
localized, flexible and efficient, and can be easily combined
with most FWI methods as an add-on feature.
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