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Finite-frequency sensitivity kernels and turning-wave tomography, possibilities and difficulties
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Summary
We propose both one-way propagator and full-wave FD
method for calculating finite-frequency sensitivity kernels
in complex velocity models. These kernels can be used in
travel time tomography for velocity model building and in
analyzing the wave propagation in complex velocity
models. We formulate the theory for velocity inversion
based on sensitivity kernels. With a synthetic data set, we
successfully tested the method of turning wave
tomography. Furthermore, we use the sensitivity kernel to
investigate wave propagation in complex velocity models.
The results show that for models with strong multipathing
and wave dispersion, both data processing and sensitivity
kernel calculation could be challenging. To conduct the
travel time tomography, these data should be avoided. To
develop an inversion method that can automatically iterate,
new techniques should be considered. A mixed
time/frequency domain method may be adopted.
Introduction
Travel time tomography is usually simple and can tolerant
relatively large velocity errors. It may not be able to
generate very detailed structures but is useful for initial
velocity model building. For velocity tomography, the most
important part is converting the observed travel time
residual into velocity corrections and back-projecting them
into the model space for velocity updating. Traditionally,
this has been dominated by the ray tracing based technique
which assumes an infinitely high frequency (e.g., Zhu et al.
1992, 2008). The sensitivity of finite-frequency signal to
velocity perturbations has recently been investigated and
used for solving tomography problems with great success
(Woodward, 1992; Vasco et al., 1995; Dahlen et al., 2000;
Zhao, et al., 2000; Spetzler and Snieder, 2004; Sava and
Biondi, 2004; Jocker, et al., 2006; Xie and Yang, 2008a;
Fliedner and Bevc, 2008; Liu et al., 2009).
Calculating finite-frequency sensitivity kernels needs to
solve wave propagation in complex velocity models.
Several methods can be used for this purpose. The fullwave FD method (e.g., Zhao et al. 2005) is flexible and can
deal with complex velocity models but is usually time
consuming. On the other hand, the one-way wave equation
based propagator can properly handle wave phenomena in
complex velocity models (multiple forward scattering,
diffraction, and refraction) and is very efficient. The finitefrequency sensitivity kernels can replace ray tracing in
travel time tomography. In addition, it can be used to
analyze wave propagations in complex models. We discuss
sensitivity kernel calculations and its applications in both
sides.
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To show the potential applications of finite-frequency
sensitivity kernels in travel-time velocity tomography, we
propose a turning-wave tomography method based on the
sensitivity kernels. For efficiency consideration, one-way
method is used to calculate sensitivity kernels. Numerical
examples are calculated to validate the proposed method.
Next we show how to use full-wave FD method to calculate
sensitivity kernels in more complex velocity models and
investigate the behavior of finite-frequency waves
propagating in these models. We also discuss potential
difficulties that may be encountered in travel time
tomography when near realistic models are considered.
Finite-frequency Sensitivity Kernel and Related
Inversion System
The finite-frequency sensitivity kernel can be defined as
how the velocity changes affect the observed finitefrequency signals, e.g., their amplitudes, phases or travel
times, or inversely, how the observed signals can “sense”
the changes in velocity model. For a broadband signal, its
travel time can be linked to the velocity perturbation as
(1)
 t (rS , rG )  m  r  K B  r , rS , rG  dv ,
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where  t (rS , rG ) is the travel time difference for wave
propagating from rS to rG due to changes in model
parameter m  r    v  r  v  r  ,
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perturbation, v0  r  is the background velocity. The spatial
integral
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includes all regions with velocity
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perturbations. The broadband sensitivity kernel K B for
travel time can be obtained by (Xie and Yang, 2008a)
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where W ( ) is a weighting function related to the source
function (Xie and Yang, 2008a),  is the frequency, the
Green’s function G  r2 ; r1,   is calculated in v0  r  and
from r1 to r2 , k0   v0  r  , imag[] denotes taking the
imaginary part. Integral equation (1) forms the basis for
velocity tomography, in which the sensitivity kernel K B
plays an important role to associate the observed travel
time residuals with the subsurface velocity errors between
the true and trial velocity models. With observed travel
time data  t (rS , rG ) , we can invert velocity error  v v 0 and
use it to update the velocity model.
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Finite-frequency sensitivity kernel and turning wave tomography
To partition the velocity model and sensitivity kernel,
following Xie and Yang (2008b), we first partition equation
(1) into the summation of integrals over small rectangular
cells V  rk 

 t  rS , rG    

V  rk 

k

m  r   K B  r , rS , rG dv . (3)

Within each cell, we use hyperbolic function to interpolate
the unknown velocity perturbation m  r   ai fi  r  , where

wave phenomena but neglects the back scattering and
reverberations. Thus it is suitable for simulating the travel
time information which mostly involves accumulated
multiple forward scatterings. We choose to use vertical
screens to calculate horizontally propagated waves (Figure
1). This is in contrast with the seimic imaging, where the
incident and scattered waves are mainly propagating in
up/down directions.

repeating subscripts denote summation and f1  r   1 ,

f 2  r   x , f3  r   y , f 4  r   xy . At 4 corners of each

 

 

cell, r1 4 , we have 4 equations m r j  ai f i rj , which
link the coefficient ai to the velocity values at corners.
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where x and y are horizontal and vertical coordinates,
x and y are cell sizes. Thus, we have



V rk 

Figure 1. Cartoon showing the geometry for calculating
one-way wave equation.

m  r   K B  r , rS , rG dv



V  rk 

ai f i K B  r , rS , rG dv

(5)

 ai FKik

Figure 2. Sensitivity kernels calculated using generlized
screen method (a) and analytical solution (b).

 Pij m  r j  FKik
where
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Substituting (5) and (6) into (3) we have the linear system
(7)
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In this approach, we first determine the cell size according
to the required partition accuracy. Within cell k, calculate
integrals in equation (6) and use parameters FK1 4 to create
equation (7). The accuracy of the kernel is adaptive to the
accuracy of the velocity model partitioning. Equation (7) is
the discretized version of the integral equation (1) and will
be used in the travel time tomography.

Figure 3 Comparison between amplitudes of sensitivity
kernels in Figure 2.

A numerical Example for Turning-Wave Tomography
Based on equation (2), calculating the sensitivity kernel is
mainly calculating of Green’s functions in the background
model. The oil and gas industry involves processing of
huge data set, thus the efficiency is often a priority. The
primary advantage of the one-way propagator is its high
efficiency, particularly if multiple iterations are required in
the inversion. The one-way propagator keeps most of the
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Figure 4. Selected sensitivity kernels for turning waves of
different propagation distances.
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Finite-frequency sensitivity kernel and turning wave tomography
To validate the one-way sensitivity kernels, we compare
them with the analytical solutions. Shown in Figures 2a and
2b are sensitivity kernels calculated using the generalized
screen method (Wu et al., 2006) and analytical solution in a
constant velocity model. The two kernels show general
consistency. To further examine the accuracy, we compare
their amplitudes in Figure 3, where the vertical and
horizontal coordinates are for analytical and one-way
solutions. We see most points are located close to a line
with unit slope. Scatters are mostly from points close to the
source and receivers, where the two methods use different
approximations. Shown in Figure 4 are turning wave
sensitivity kernes calculated at selected distances in a
model with vertical velocity gradient.

inverted velocity model with two iterations. The inverted
result reproduces large-scale features of the original model.
Further Considerations on Turning-Wave Tomography
Although the kernel based turning-wave tomography
proposed in the previous section achieved preliminary
success, in complex models, additional difficulties may be
encountered. A travel time based method has the advantage
of localize the information in data (deal with distinct
impulsive arrivals in time domain) and localize the velocity
perturbations in the model space by linking time arrivals to
broadband kernels. It also has the advantage of handling
relatively large velocity perturbations. However, in
complex velocity models, multipathing, dispersion and
interference widely exist, often making these mappings
obscured. They can cause difficulties from two sides.
Observationally, they make identifying and measuring
arrival times not always possible. Numerically, it is
difficult to find a stationary arrival as the reference phase
for calculating broadband kernels. The underlying physics
is: in certain part of a complex structure, a stationary arrival
may not always exist. Thus, it neither can be observed as a
distinct time event in the data, nor to properly form a
localized broadband kernel.

Figure 5. Iteration flowchart for tomographic inversion.

Figure 7. Receiver waves. The time window 9.0–9.45s
(blue) covers the first arrival, 9.55–10.0s (green) covers the
second arrival, and 9.0–10.0s (red) covers both arrivals.

Figure 6. Top: the background velocity model with a
vertical velocity gradient. Middle: the true velocity model
composed of the background velocity plus the velocity
perturbation. Bottom: inverted velocity model.
We use equation (7) to test turning-wave tomography based
on sensitivity kernels. Figure 5 is the flowchart. In Figure
6, the top panel is the background velocity model which
also serves as the initial model. The model in the middle is
the true velocity model, where maximum perturbations are
approximately 30%. Shown in the bottom panel is the
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Figure 8. Sensitivity kernel calculated using (a) time
window 9.0–9.45 s, (b) time window 9.55–10.0 s and (c)
time window 9.0–10.0 s. (d) is the velocity profile.
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We use numerical examples to explain this. To handle
complex velocity models, we turn to use more accurate
full-wave FD to calculate kernels. Given the velocity model
and source/receiver locations, equation (2) can be used to
calculate broadband sensitivity kernels. Here, the Green’s
function G  r ; r ,  in the denominator is the receiver wave,
G

S

which serves as a reference signal to determine relative
phases (monotonic case) or travel times (broadband case)
for scattered waves from velocity perturbations. Unlike in
the monotonic case, a broadband kernel requires G  r ; r , 
G

S

9b is linked to head waves in the high-velocity layer and
shown as small-amplitude first arrival in 9a. The sensitivity
kernel in 9c corresponds to turning/guided waves trapped in
the low-velocity layer, which corresponds to largeamplitude later arrivals. As a comparison, the velocity
model in Figure 10 is unsmoothed. The strong layering
(compare 10d with 9d) causes many dispersive waves.
Compare 10a with 9a, distinct arrivals are replaced by
wavetrains. The broadband sensitivity kernels in 10b and c
are poorly generated. Under this circumstance, both
measuring arrival times in seismograms and linking them to
broadband kernels are challenging or even impossible.

from a distinct time domain event. Consider a two-layer
model with velocity gradient and an interface (Figure 8d),
the receiver wave in Figure 7 has two closely arrived
signals. If they can be properly separated, then, using the
first arrival (sampled by blue window in 7) as the reference,
we obtain the head wave kernel in 8a. Using the second
arrival (green window), we have the turning wave kernel in
8b. If arrivals are too close to be separated in time domain,
the calculation will be affected by cross talks. As a
comparison, without identifying arrivals (using red
window), we have the kernel shown in 8c, which has strong
artifacts.

Figure 10. Similar to Figure 9 except the velocity model is
unsmoothed (compare 10d with 9d).
Discussions and Conclusion

Figure 9. Sensitivity kernels in a smoothed layered model,
with (a) synthetic seismograms, (b) and (c) correspondent
sensitivity kernels, and (d) a typical velocity profile.
In a model with many shallow layers, multiple head waves
and turning waves may exist. The velocity model in Figure
9 is a smoothed version of a layered structure, with a
typical profile shown in 9d. In this model, distinct arrivals
can be identified in seismograms. The sensitivity kernel in
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We introduced methods for calculating finite-frequency
sensitivity kernels and discussed their applications in travel
time velocity tomography and in analyzing the wave
propagation in complex velocity models. We derived the
theory for the velocity tomography based on sensitivity
kernels, and successfully tested it in turning wave
tomography using synthetic data set. In complex velocity
model with strong multipathing and wave dispersion, both
data processing and sensitivity kernel calculation may be
challenging. To properly conduct travel time tomography in
these models, it is preferred to avoid using strongly
dispersive data and start from retrieving smoothed lowwavenumber contents in the model. New techniques such
as the mixed time/frequency domain methods may also be
considered. This is an ongoing project.
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