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Summary
Based on beamlet decomposition of wave field and Green’s
function, we formulated an amplitude correction method in
angle domain. The formulation relates the local image matrix
(LIM), which bears the footprints of the acquisition aperture
and propagation path effects, and the local scattering matrix
(LSM), which is directly related to the medium property.
From the formulation, two types of amplitude correction are
proposed: one is the correction for common reflection-angle
image for AVA analysis. The other is the correction for total
strength image. From the imaging results of the four-layer
model and the SEG/EAGE model, we see significant
improvement in amplitude fidelity and image quality.
Introduction
The theory and method of true-amplitude imaging has been
developed based on high-frequency asymptotic theory (ray
theory) and is traditionally carried out through Kirchhoff
prestack depth migration. Since the amplitude corrections
have to be done in the angle-domain, some effort has been
tried to extract common-angle image (CAI) gathers for
wave-equation based migration methods from offset related
angle gathers or shot related angle gathers (Mosher et al.,
1997; Rickett and Sava, 2002). Wu et al. (2001) introduced
beamlet propagation and imaging, which can provide
localized information in both space and angle domain in the
same time. This opened the way to process information in
space-angle domain for wave-equation based imaging
methods, such as the directional illumination analysis (Wu
and Chen, 2002, 2004; Xie and Wu, 2002). However,
amplitude correction in angle-domain for wave-equation
based migration method remains unsolved and is currently a
focus of investigation. In this work we propose a method of
amplitude corrections in angle-domain for true-amplitude
imaging. Local scattering matrix is defined based on the idea
of basic scattering experiment and is directly related to the
local medium properties. Then Local image matrix is defined
based on the imaging condition in angle-domain using the
beamlet decomposition of wave field. Amplitude correction
formulas are derived by energy conservation principle and the
use of transparent back-propagators (energy-conserved
Green’s function). The amplitude correction includes both the
effects of acquisition system configuration and the
propagation through complex overburden. Finally, examples
of amplitude correction for imaging using the four-layer
model synthetic data and the SEG/EAGE 2D salt model data
are shown.

Local scattering matrix (LSM)
Assume we can conduct scattering experiments surrounding
the local heterogeneity at (x, z) with a series of local incident
plane waves at different angles, we can then define the local
scattering matrix S( θ i , θ g ; x, z) as the matrix of scattering
amplitude for incident-receiving angle pairs ( θ i , θ g ).The
squared amplitude is proportional to the scattered energy.
Scattering coefficient is defined as the scattered energy within
a unit solid angle around θ g by a unit volume of
heterogeneity with respect to the incident wave of a unit
energy flux around θ i . The local scattering matrix (LSM) is
the intrinsic property of the scattering medium and is
independent of the acquisition system and free from
propagation effects. LSM contains information of the local
structure and the elastic properties revealed by the scattering
experiments at location (x, z). The purpose of true-amplitude
imaging in angle domain is to reconstruct LSM from the
surface measurements or to obtain the partial or total
summation of LSM, such as reflection-angle dependent
images or total scattering strength images. Then the local
inversion can be performed to obtain medium parameters.

Imaging condition in angle-domain and local image
matrix
Imaging condition can be extended from space domain to the
space-angle-domain (beamlet domain) (Wu and Chen, 2002,
2004). Then the image function is no longer a scalar value and
becomes a matrix: LIM (local image matrix) L( x ,θ s ,θ g ) ,

where x = ( x , z ) is the window position at depth

z , θ s and

θ g are the source and receiving angles, respectively. Note
that the source direction is defined as the direction from the
image point to the source on the surface, and is opposite to the
incident direction. The new imaging condition (for a single
frequency) in space-angle domain can be written as,
∂G I* ( x ,θ g ; x g )
u s ( x g ; xs )
L ( x ,θ s ,θ g ) = 2∑ GI* ( x ,θ s ; x s ) ⋅ ∫
dx g
A( x g )
∂z
xs
(1a)
where GI is Green’s function used in the imaging process,
which could be different from the Green’s function of forward
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modeling; “ * ” stands for complex conjugate; GI ( x ,θ s ; x s ) is
the incident field at the image point, which is the beamlet
decomposition( or local plane-wave decomposition) of GI
at the image point x . The integral is a back propagation
Rayleigh integral and A( x g ) is the spatial receiver aperture.
The imaging condition can be also modified by normalizing
the incident wave to a unit wave.
G * ( x ,θ s ; x s )
L( x ,θ s ,θ g ) = 2∑ I
⋅ ∫ {.}
(1b)
A ( xg )
xs | G I ( x ,θ s ; x s ) |

where ∫ { . } is back propagation integral in (1a).
A

Amplitude correction in angle-domain
If there is a scatterer at x0 specified by LSM (local
scattering matrix) R( x0 ,θ s ,θ g ) , the received scattered wave
at x g on the surface can be modeled as ,
u s ( x g , xs ; x0 , θ s , θ g ) =
(2)
GF ( x0 , θ s ; xs ) R( x0 , θ s , θ g )GF ( x0 , θ g ; x g )

where GF is the forward-modeling Green’s function which
should be as close as possible to the point-source response
(Green’s function) of the acquisition process (field experiment,
numerical simulations, etc.).
Substitute (2) into (1) we get a relation between the LIM and
the LSM. The LIM is distorted from LSM due to the
acquisition aperture limitation and the propagation paths
effects. The task of true reflection imaging is to restore the
true LSM by amplitude corrections in angle-domain. The LIM
and LSM is related by
L( x ,θ s ,θ g ) = Fa ( x0 , x ,θ s ,θ g ) R ( x0 ,θ s ,θ g )
(3)

where Fa ( . ) is the amplitude factor for each element:
Fa ( x0 , x ,θ s ,θ g ) = ∑ G I* ( x ,θ s ; x s )G F ( x 0 ,θ s ; x s )B A ( x0 ,θ g ) (4)
xs

with

aperture spectrum (distorted by propagation) (Stolt and
Bensen, 1986). However, in the angle-domain, the effects to
individual beamlets are different. For large enough aperture,
the aperture lobe is usually narrower than the beam width, and
therefore the spectral convolution may have negligible effects
unless the beamlets hit the edge of the receiver aperture. In
the latter case the contribution of those beamlets can be
discarded because of the data redundancy in prestack
migration. From energy (amplitude) point of view, we can use
a “transparent” Green’s function, or precisely defined,
energy-conserved Green’s function GE for back propagation.
In this way, all the energy loss during refocusing, such as
boundary reflection, P-S conversion, scattering and anelastic
attenuation, will be neglected, so that we can conserve all the
energy collected by the receiver array to the maximum degree.
This could be the best strategy for imaging and inversion
since we do not want to further loss energy to the already
weak signals during the imaging process. Assuming we use
GE for G I , then energy conservation exists
| B A ( x0 ,θ g ) | 2 = ∫

A( x g )

dxg | G F ( x0 ,θ g ; x g ) |2

(6)

except for some edge beamlets. By reciprocity, the beamlet
Green’s function in (6) can be calculated as radiated from a
point source on surface at x g and received by beamlet
antenna at x0 with the same angle and beam-width.
Therefore the receiver aperture effect can be simply
calculated by acquisition aperture response (Wu and Chen,
2002, 2004). Stack the LIM obtained from all sources, as in
(1a), we can calculate the amplitude reduction factor Fa ,
Fa ( x0 ,θ s ,θ g ) = ∑ G I* ( x ,θ s ; x s )G F ( x0 ,θ s ; x s ) B A ( x 0 ,θ g ) (7)
xs

According to the imaging principle, at the image point the
stack of contributions from all the sources should be a
coherent stack, resulting in
| Fa ( x0 ,θ s ,θ g ) |= ∑ | G I* ( x ,θ s ; x s )G F ( x 0 ,θ s ; x s ) || B A ( x 0 ,θ g ) |
xs

B A ( x 0 ,θ g ) = 2 ∫

dxg G F ( x 0 ,θ g ; x g )

∂G I* ( x ,θ g ; x g )

(8)
(5)

∂z
We see that even GF and G I can have different dynamic
behavior, however, the kinematical structures of the two
should be kept the same, at least to certain ranges of
propagation angle (wide-angle performance). Therefore when
x coincides with x0 , the image L ( . ) in (3) gives a
maximum value due to coherent interference. At this point,
the back propagation integral represents a refocusing process
for the scattered wave field received by the receiver array on
the surface. This integral involves a beamlet forward
propagation (spreading) and a back propagation (refocusing)
with limited wave front aperture. From the viewpoint of
spectral inversion, the aperture effect equates to convolving
the angular spectrum of the scattered wave field with the
A( xg )

Figure 1, the definition of reflection and dip angles

If we normalize the incident wave field at the image point
x0 for each shot when applying the imaging condition, then
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| Fa ( x 0 , θ s , θ g ) |= ∑ | G F ( x 0 ,θ s ; x s ) |
xs

⋅ {∫

A( x g )

( 9)

dx g | G F ( x 0 , θ g ; x g ) | 2 }1 / 2

If we define a reflector-normal direction as the direction
which bisect the source direction and the receiving direction,
as showed in figure 1, we can change (θ s , θ g ) into (θ n ,θ r )

with

θ n = (θ s + θ g ) / 2, θ r = (θ s − θ g ) / 2 , where

θn

correction to the common reflection-angle along the layer T1.
From the comparison of angle-dependent reflections before
(4a) and after (4b) the correction, we see significant
improvement on the AVA behavior. In figure 5 the amplitude
versus angle (AVA) curves before (5a) and after (5b)
amplitude correction for some special points on layer T1, as
marked in figure 2, are shown.

is

reflector-normal angle and θ r is the reflection angle with
respect to the normal. Note that reflector-normal is opposite to
the migration-dip in direction, but θ n is equal to the
dip-angle (the angle between X-direction and the dip
direction). Depending on the purpose of the final image, the
amplitude correction can be done to different image gathers:

(1) CRA (Common Reflection-Angle) imaging:
In this case the AAE matrix can be used to correct the image
amplitudes for each dip-angle. CRA image gathers can be
used for local AVA (amplitude vs. angle) analysis.
(2) Total Strength imaging:
In this case the amplitude correction can be done to CDA
(common dip angle) images:
| I ( x ) |2 = ∑ [∑ | L( x ,θ s ,θ g ) | 2 ] /[| D( x,θ n ) |2 +ε ]
(10)
−θ1 ≤θ n ≤θ 2

Figure 2, four-layer velocity model

θr

where ε is a damping factor for regularization, −θ1 and
θ 2 form the angle-span for the dip-angle summation, and
Da ( x,θ n ) is the dip correction factor of the acquisition
system:
| Da ( x,θ n ) | 2 = ∑ | Fa ( x,θ n ,θ r ) | 2
(11)
θr

In this way, the amplitude correction is applied to the final
CDA image gathers before dip-angle stack. The regularization
procedure needs only to apply in the last stage of
angle-domain imaging and therefore should be more stable
than the amplitude correction in early stages.
Numerical examples
Example 1: Four-layer model
For the four-layer model (used by Baina etal., 2002) with a
constant background velocity as showed in figure 2, synthetic
data are generated through full wave Finite-Difference
method. The data set consists of 181 shots with 120 right-side
receivers separated by 25m. The distance between shots is
50m. The sound velocity is for the background is4000m/s and
for the layer reflectors are 5200m/s. Wave equation based
prestack migration method is used to get the image for the
model and the image amplitudes along the layers are picked
out, as showed in figure 3(a). We see that the strong variation
of amplitude especially along the curved layer T1 due to the
difference in acquisition aperture response to different dips
The common dip-angle image correction (11) is applied to
image amplitudes for each layer and the results are showed in
figure 3(b). The amplitudes for all the four layers are almost
corrected to the same level. Secondly, we apply amplitude

Figure 3, comparison of the image amplitudes for four layers before
and after amplitude correction

Example 2: SEG/EAGE salt model
We also apply the common dip-angle image amplitude
correction in the prestack depth migration for SEG/EAGE salt
model. Local cosine beamlet (LCB) prestack migration
method is employed for the imaging. The result is shown in
figure 6 (before and after correction). The image of subsalt
structures is greatly improved by the amplitude correction in
beamlet domain (space-angle domain). The image amplitudes,
especially along the steep faults and the baseline are much
more uniformly distributed after the correction. Note that the
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noises in the subsalt region caused by salt body multiples and
migration artifacts are also reduced due to the amplitude
corrections for events with different dips.
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Figure 5, comparison of the amplitude versus angle curves

Conclusion
Based on beamlet decomposition of wave field and Green’s
function, we formulated an amplitude correction method in
space-angle domain (beamlet domain). The formulation
relates the local image matrix (LIM) with the local scattering
matrix (LSM) based on energy principle and imaging
condition in angle-domain. Numerical examples showed
significant improvement in both the total strength images and
the angle-dependent reflection amplitudes
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Figure 6, Comparison of the images for SEG/EAGE model before and
after the amplitude correction
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