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SUMMARY
The scale length of velocity perturbations is closely related to the scattering angels of the wave. In the full
waveform inversion, waves with different scattering angles can retrieve model parameters of different
scale length. We introduce an angle-domain wavenumber filter for frequency domain full waveform
inversion. Both source- and receiver-side waves are decomposed into local plane waves using slant-stack
method. At each grid point, the scattering angles between the incident and scattering directions are used as
the constraint to determine the wavenumber components to be retrieved. Large scattering angles are
related to large-scale model perturbations, so by filtering out small scattering angles in the inversion, we
can get the large-scale background model. Numerical examples show that when the initial model has large
velocity errors and the low-frequency information is missing in the data, the angle-domain filter can
largely improve the convergence in the initial iteration stage.
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Introduction
Full waveform inversion (FWI) is always a challenging job because of its highly nonlinear property.
Global optimization methods are not reliable because full waveform inversion is really time
consuming and this problem is always solved in an iterative way using local optimization methods.
This leads to the highly initial model dependence of full waveform inversion. Multi-scale inversion
can overcome this problem by first retrieving large-scale perturbations by using low frequencies.
However low frequency information is always missing in the data, so the difficulty is how to get a
good initial model without low frequencies.
Different authors have proposed different methods. Zhou et al. (1995) and Zhou et al. (1997)
combined traveltime and waveform inversion. Shin and Cha (2008) has developed Laplace domain
full waveform inversion and later extended this method to the Laplace-Fourier domain full waveform
inversion (Shin and Cha, 2009). Liu et at. (2011) proposed the normalized integration method. Biondi
and Almomin (2014) proposed the tomographic full waveform inversion. Wu et al. (2014) and Luo
and Wu (2015) used the envelope inversion method. Warner (2014) proposed the adaptive waveform
inversion.
Instead of the above methods, this problem can also be solved from the scattering angle point of view,
because the scale length of velocity perturbations is not only related to the frequency information but
also closely related to the scattering angels of the wave. By selecting different range of angles during
the inversion, models with different scale length can be retrieved. Alkhalifah (2015, 2015) showed the
influence of scattering angles to the velocity updating gradient. Xie (2015) proposed a multi-scale
inversion strategy using an angle-domain wavenumber filter and showed the inversion results from
different scattering angles.
In this paper, we further extend the angle-domain wavenumber filter to frequency domain FWI. Both
source side and receiver side wavefields are decomposed into local plane waves using slant stacking
method (Yan and Xie, 2012), then the angles between the incident and scattering waves are decided
for each point based on the propagation directions of the plane waves. Large scattering angles are
related to large-scale model perturbations, so by filtering out small scattering angles in the inversion,
we can get the large-scale background model.
Scattered waves and scattering angle
Consider a plane wave incident on an object in the media from source rs , suppose the receiver is far
from the object so that the scattered wave from the object can be treated as a plane wave at the
receiving point rg . Suppose the region of this object is V , the local background velocity is c 0 (r) , and
the velocity at a specific point r ' within V is c(r ') , then the model perturbation at this point is,
c(r)
O(r) = 1−
(1)
c 0(r)
The scattered wave can be obtained by,

u(r,rs,rg ) = −k 2 ∫ O(r,r ')G(r ';rs )G(rg;r ') dr '
V

(2)

where k = ω / c 0(r) is the background wavenumber and ω is the angular frequency. G represents the
Green’s function. If we apply the local plane wave decomposition to the Green’s functions (Xie et al.,
2005), we can get the scattered in the following form,
!
u(r,rs,rg ) = −k 2 O(r,k
g − ks )G(ks ,r;rs )G(kg ,r;rg )dksdkg
(3)
where

∫∫

i(k −k )⋅r '
!
g − ks ) =
O(r,k
∫ O(r ')e g s dr '
V

(4)

is the wavenumber domain perturbation. ks and kg represent the incident and scattering wavenumber
respectively.
Figure 1 shows the scattering geometry. We define angle θ as the scattering angle, then large
scattering angle is more related to forward scattering like turning waves and small scattering angle is
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more related to back scattering like reflection waves. Thus inversion using large scattering angles will
retrieve large scale background model while using small scattering angles will retrieve detailed small
scale structures.
rg

rs

ks

kg

Figure 1 Scattering geometry.
Plane wave decomposition
In order to obtain the scattering angles, we first decompose both the source and receiver waves into
local plane waves. The frequency domain wavefield u(x,ω ) can be decomposed into slowness domain
using the following method (Yan and Xie, 2012),
u(p,x,ω ) = ∫ W (x '− x)u(x ',ω ) ⋅ e−iω (x '−x)⋅p dx '
(5)
where u(p,x,ω ) is the decomposed wave in local slowness domain, ω is the angular frequency,
W (x '− x) is a space samping window centered at x , p is the slowness vector and ê = p / p is a unit
vector which gives the wave propagation direction θ , p is the absolute value of p . Thus, from
equation (5), we can calculate the angle domain wavefield u(θ ,x,ω ) at every grid point.
Frequency domain FWI with angle-domain wavenumber filter
The wave equation in the frequency domain can be expressed compactly by,
S(ω )u(ω ) = f (ω )

(6)

where S is the complex-valued impedance matrix and f is the source term. The model
parameter m can be obtained in an iterative way using gradient method,

(7)
m ( k + 1) = m ( k ) + α ( k )∇mJ ( k )
where ∇mJ ( k ) is the gradient at the kth iteration and α ( k ) is the step length. The gradient can be

obtained by the correlation between the forward propagated source wavefield and the
backward propagated receiver wavefield,
T

⎡ ∂S ⎤
∇mJ = ℜ{⎢ −
u ⎥ v}
(8)
⎣ ∂m ⎦
where v is the backward propagated receiver wavefield and the superscript T denotes transposition.
By applying plain wave decomposition using equation (5) to both source side and receiver side
wavefields, we have,
T

⎡ ∂S
⎤
(9)
∇mJ (x) = ∑ ∑ ℜ{F(θ s,θ g ) ⎢ −
u(θ s,x,ω ) ⎥ v(θ g ,x,ω )}
⎣ ∂m
⎦
θs θg
where u(θ s,x,ω ) and v(θ g ,x,ω ) are decomposed source and receiver waves propagating along
directions θ s and θ g respectively, F(θ s,θ g ) is the angle-domain filter which controls the wavenumber
component that will contribute to the velocity updating.
Numerical examples
We use two numerical examples to demonstrate the performance of the angle based FWI and compare
its results with those from the conventional FWI. The frequency-domain FWI always starts from the
lowest available frequency because it tends to retrieve the largest scale velocity perturbations. Thus
the wavefield decomposition and angle-domain wavenumber filter will only be applied at the lowest
78th EAGE Conference & Exhibition 2016
Vienna, Austria, 30 May – 2 June 2016

30 May – 2 June 2016 | Reed Messe Wien

frequency loop, where the iterations are started from large scattering angles for large-scale
perturbations, and gradually reduce the scattering angles to bring in the small-scale information. As
long as the large scale background structure is obtained, the finer structures can be obtained using
higher frequencies. This forms a multi-scale FWI.
The first model is shown in Figure 2a, which is composed of a 1-D linear background and a high
velocity inclusion. The linear background is also used as the initial model. Figure 2b shows the
inversion result for the 3Hz data with the angle domain filter, where the scattering angles used are
160°,120° and 60° gradually. The large-scale structures can be clearly seen from this result. Starting
from the model shown in Figure 2b, conventional inversion will be used for higher frequencies to give
the final result as shown in Figure 2c. As comparison, Figure 2d shows the inversion result using the
conventional FWI. We can see that the result from the new method properly fills the high velocity in
the inclusion while the convention FWI fails.
The second model is the Marmousi model as shown in Figure 3a. A 1-D linear model is used as the
initial model. Similarly Figure 3b shows the angle-domain inversion result for 3Hz data, and the
scattering angles used are also 160°,120° and 60° gradually. From this result we see the retrieved
large-scale structures. Figure 3c shows the inversion result starting from the model in Figure 3b.
Figure 3d shows the conventional FWI result. We can still see that the angle domain based method
provides much better inversion result.
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Figure 2 (a) true model; (b) angle domain inversion result for the 3Hz data; (c) inversion result with
higher frequencies using (b) as starting model; (d) conventional FWI result.
(a)
2.4

Distance (km)

3.6

4.8

(b)
6.0

7.2

0.6
1.2

1.2

0.6
1.2
1.8

2.4

Distance (km)

3.6

4.8

6.0

7.2

8.4

Depth (km)

Depth (km)

2.4

Distance (km)

3.6

4.8

6.0

7.2

8.4

0.6
1.2

5000

1.8

1.8

(c)

1.2

8.4

Depth (km)

Depth (km)

1.2

(d)

1.2

2.4

0.6

Distance (km)

3.6

4.8

4000
6.0

7.2

8.4

3000
2000

1.2
1.8

Figure 3 (a) Marmousi model; (b) angle domain inversion result for the 3Hz data; (c) inversion result
with higher frequencies using (b) as starting model; (d) conventional FWI result.
Conclusions
We introduced an angle-domain filter to frequency-domain FWI. Both source and receiver side
wavefields are decomposed into local plane waves using local slant-stacking. Large scattering angles
are related to large-scale perturbations, so by controlling the scattering angles involved in the
inversion using the angle domain filter, large-scale background structures can be obtained. Numerical
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examples demonstrated that the angle based inversion improves the iteration convergence when there
are large scale errors in the initial velocity model.
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