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Summary 
 
Full Waveform Inversion (FWI) has been regarded as an 
effective tool to build the velocity model for the following 
pre-stack depth migration. While traditional methods, 
which are built on the Born approximation, are initial 
model dependent. Introducing Transmission matrix (T-
matrix), which includes all orders of scattering effects, can 
avoid the initial model dependence. From the T-matrix to 
estimate the velocity perturbation, it requires matrix 
inversion which is always time consuming. In order to 
achieve that efficiently, previously we have proposed 
Inverse Thin-Slab Propagator (ITSP) which is suitable for 
smooth media, and we study domain decomposition 
strategy to estimate the velocity perturbation efficiently in 
this abstract. Numerical examples demonstrate the validity 
of the proposed method. 
 
Introduction 
 
As the development of seismic exploration and exploitation, 
it requires more and more accurate seismic processing 
technologies. Full waveform inversion (FWI) can provide 
accurate parameter distributions of the sub-surface media, 
while it is always time consuming and initial model 
dependent (Virieux and Operto, 2009). In order to improve 
the inversion efficiency, the GPU, phase encoding and 
source encoding technologies are adopted (Ben-Hadj-Ali et 
al., 2009; Luo et al., 2012). In order to weaken the initial 
model dependence, many authors have done much work. 
Bunks et al. (Bunks et al., 1995) proposed a multi-scale 
seismic waveform inversion strategy: the result from long 
scale seismic data is regarded as the initial model for the 
short scale seismic data which can weaken the initial model 
dependence. Shin and Cha (Shin and Cha, 2008; Shin and 
Cha, 2009) proposed Laplace domain and Laplace-Fourier 
domain waveform inversion strategy to provide initial 
model for the following FWI. Wu et al (Luo and Wu, 2015; 
Wu et al., 2014) proposed envelope inversion strategy, 
which can use the ultra low frequency components 
compared with source frequency band, to provide initial 
model for FWI. While these methods are all built on born 
approximation and the differences lie in the objective 
functions. 
 
Wu and Zheng (Wu and Zheng, 2014) analyzed the 
limitations of the Born approximation, demonstrated that 
high order Fréchet derivative cannot be neglected and 
introduced the non-linear derivative concept. Considering 

the non-linear property of wave propagation and inversion, 
Weglein et al. (Weglein et al., 2003) studied the inverse 
scattering series and its application in seismic exploration, 
while the convergence of inverse Born series cannot be 
guaranteed. Then, many authors have done much work to 
improve the convergence. Jakobsen (Jakobsen, 2012) 
obtained the improved Born series which improves the 
convergence of the original Born series based on the 
renormalization method from quantum physics. Jakobsen 
and Ursin (Jakobsen and Ursin, 2012) used iterative T-
matrix method to estimate the velocity perturbation while it 
is time consuming.  
 
In this abstract, we propose a domain decomposition 
method to estimate the velocity perturbation efficiently. 
Previously, we have used this idea for forward modeling 
which is submitted to 2015 EAGE meeting . In this abstract, 
we extend it to velocity perturbation estimation based on 
the known T-matrix. Numerical examples demonstrate the 
validity of the proposed method. 
 
Theory  
 
Outline of velocity estimation 

From previous discussions (Wu et al., 2014), we know that 
the relationship between transmission matrix (T-matrix) 
and velocity perturbation potential (V-matrix) is non-linear, 
shown bellow, 

         0T V VG T                                      (1) 

Velocity perturbation potential can be obtained through 
equation (2) exactly,  
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while it depends on the matrix inversion and sometimes is 
time consuming especially for the large models. When 

0G T 1 , the equation (2) can be expanded into inverse 

Born series, 
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while the convergence cannot be guaranteed when the 
perturbation strength or the perturbation area is large 
enough, which limits its wider applications. In order to 
overcome the divergence problem of inverse Born series, 
we have developed Inverse Thin-Slab Propagator (ITSP) 
method which is efficient and accurate, while it is just 
suitable for smooth media currently and the recovered 
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results are slightly different from the real ones (Wu et al., 
2014). In order to improve the accuracy, we use the matrix 
inversion (equation (2)) to obtain the velocity perturbation 
potential while it is time consuming. In order to improve 
the computational efficiency, we proposed a domain 
decomposition method which can be implemented in each 
sub-domain and can improve the computational efficiency 
significantly. The details of domain decomposition method 
will be discussed in the next part. 
 
Domain decomposition method 

T-matrix contains all high order scattering effects in the 
perturbation area. In order to improve the computational  
efficiency, we can decompose the perturbation area into 
several parts, taking two parts for example (upper and 
lower parts). From equation (1), we can obtain intra and 
inter scattering information from different perturbation 
areas, such as 11 21 12 22T ,T ,T ,T . Here 1 indicates the first 

perturbation area (upper part) and 2 denotes the second 
perturbation area (lower part). 11 22T ,T  represent intra 

scattering effects in perturbation 1 and 2 areas, respectively. 

21T  represents inter scattering information from the first 

area to the second area and 12T  represents inter scattering 

information from the second area to the first area. Then, we 
can obtain four split sub-equations from equation (1), 

11 1 1 11 11 1 12 21

21 2 21 11 2 22 21

22 2 2 22 22 2 21 12

12 1 12 22 1 11 12

T V V G T V G T
T V G T V G T
T V V G T V G T
T V G T V G T

  
 
  
 

                  (4) 

where 1V  is the velocity perturbation in the first area; 2V  

is the velocity perturbation in the second area; 11G  is the 

background green's function in the first perturbation area; 

22G  is the background green's function in the second 

perturbation area; 21G  is the background green's function 

from the first perturbation area to the second perturbation 
area; 12G  is the background green's function from the 

second perturbation area to the first perturbation area. The 
equation (4) is about relationships between velocity 
perturbations 1V , 2V  and full T-matrix. Denoting, 
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Then, we obtain the relationships between full T-matrix 
and the local t-matrix, shown bellow, 

11 1 1 12 21
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The elements 11 21 12 22T ,T ,T ,T  
can be solved analytically, 

shown in equation (7), 
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The equations (4)-(7) are all the forward modeling 
formulae, i.e. from the velocity perturbation to the full T-
matrix. While our purpose is to estimate velocity 
perturbation from the T-matrix, therefore, we first estimate 
the local t-matrix from equation (6), shown bellow, 
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                         (8) 

The dimension of the matrix used for inversion, is almost 
halved compared with the original one and it can improve 
the computational efficiency significantly. Because the 

computational cost is 
3 2

3 3
n nn  approximately, using 

gauss elimination method to solve the equation, where n  is 
the matrix dimension (Wang et al., 2014). Based on the 
equation (8), we can obtain the local scattering information 
t-matrix, then the velocity perturbations 1V , 2V  can be 

estimated through the equation (9) with the help of the 
equation (5). 
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Then, we can obtain the velocity perturbation estimations 
in each sub-domain. Because the dimension of the used 
matrix is almost halved and 4 sub-matrixes inversion 
(equation 8 and 9) are involved, the computational 
efficiency is improved 50 per cent approximately.  
 
Examples 
 
First, a Gaussian ball model is used to test the efficiency of 
the domain decomposition method compared with the full 
T-matrix inversion to obtain the velocity estimation; 
Second, a small reservoir model is used to further 
demonstrate the validity of the proposed domain 
decomposition method. Numerical examples demonstrate 
the validity of the proposed domain decomposition method. 
 
Figure 1(a) shows the Gaussian ball model with 2000 m/s 
as the background velocity and 50 per cent perturbation. 
The perturbation area lies in the center and the size of the 
model is 200 by 200 with spatial interval 10m, while the 
size of the perturbation area is 51 by 51. This is a smooth 
model and the full T-matrix can be calculated using 
equation (1). Figure 1(b) shows the full T-matrix 
represented by the kernel with dominant frequency 20Hz. 
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 (a) 
 

(b) 
Figure 1: (a) Gaussian ball model with 50 per cent 

perturbation; (b) T-matrix represented by the kernel. 
 
The inversion result and the absolute error by full T-matrix 
inversion with equation (2) are shown in figure 2(a), in 
which the inversion result is consistent with the theoretical 
one and the absolute error is minor. Figure 2(b) shows the 
inversion result and absolute error by the small t-matrix 
inversion based on domain decomposition strategy using 
equation (8)-(9), in which the inversion result is consistent 
with the original one while it is efficient because the matrix 
size is small. The average consumed time is 31.9 s by full 
T-matrix inversion, while the domain decomposition 
method just uses 16.6 s, halved approximately. It 
demonstrates that the proposed domain decomposition 
method is valid and the accuracy is guaranteed. 
 
 
  

 
(a) 

 

 
(b) 

Figure 2: Inversion result and absolute error by (a) Full T-
matrix inversion method; (b) Local t-matrix inversion using 

domain decomposition method. 
 

In order to further demonstrate the validity of the proposed 
domain decomposition method, a small reservoir model 
with size 41 by 101, shown in figure 3, is used, in which  
the spatial resolution is 10m. This simple model with sharp 
boundaries, different from the previous one. 
 

 
Figure 3: A simple reservoir model with sharp boundary. 
 
The inversion results and relative errors by the full T-
matrix inversion and the local t-matrix inversion using 
domain decomposition strategy are shown in figure 4(a) 
and 4(b), respectively. In which, the inversion results are 
consistent with the original one, shown in figure 3, and the 
relative errors are minor. This reservoir model demonstrate 
the validity of the matrix inversion method. The consumed 
time is 63.1 s and 121 s for the full T-matrix inversion and 
the local small t-matrix inversion, respectively, which 
demonstrate the validity of the proposed method and the 
consumed time is halved approximately. The Gaussian ball 
model and this reservoir model demonstrate that the 
efficiency of the proposed method improves 50 per cent 
approximately and the method is insensitive to the 
smoothness of the model, which means that the proposed 
domain decomposition method can have  wider 
applications in the future. 
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(a) 

 

 
(b) 

Figure 4: Inversion result and absolute error by (a) Full T-
matrix inversion method; (b) Local t-matrix inversion using 

domain decomposition method. 
 

Conclusions 
 
Full Waveform Inversion (FWI) can provide the velocity 
distribution accurately, while it requires matrix inversion to 
estimate velocity perturbation from the known T-matrix, 
therefore, it is time consuming. Then, we propose the 
domain decomposition method to improve the 
computational efficiency and reduce the storage. Numerical 
examples of the smooth model and the reservoir model 
with sharp boundary demonstrate the validity of the 
proposed domain decomposition method and the proposed 
method is insensitive to the smoothness of the model. In 
this abstract, the perturbation area is divided into two parts 
and the computational efficiency improves 50 per cent 
approximately. In the future, we can divide the perturbation 
area into several parts to improve the computational 
efficiency further. 
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