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Summary 
 
The earth media are often “blocked heterogeneous media” 
with sharp boundaries of strong-contrast. The traditional 
one-way, one-return modeling methods based on the 
perturbation theory do not work well in this kind of media. 
We developed the theory and algorithm of an acoustic one-
way boundary element method and a corresponding hybrid 
acoustic thin-slab propagator for such strong-contrast 
media. The one-way BEM (boundary element method) is 
formulated to save huge matrix operations and storage in 
the full BEM; but accurate boundary condition is kept so 
that the method completely overcomes the weak contrast 
limitation of the perturbation approach. In addition, the 
one-way BEM can model the primary-only transmitted and 
reflected waves and therefore is preferable in many 
applications, such as imaging, inversion and separation of 
multiples. Numerical tests for some simple models are 
given to demonstrate the validity of the approach.  
 
Introduction 
 
One-way wave method has its special feature and 
advantages in applying to seismic modeling and imaging. 
One-way wave method in general is much more efficient, 
often is orders of magnitude faster than the full wave 
method; It requires less internal memory in the calculation. 
In addition, one-way method can model primary waves, 
including primary transmitted and reflected waves. This 
feature of the one-return method is very desirable in many 
applications, such as imaging, inversion and separation of 
multiples (including internal multiples) and is difficult to 
achieve in full wave modeling.  
 
Existing acoustic and elastic one-way wave methods have 
shortcomings, some are critical for the application in 
strongly heterogeneous media with sharp boundaries. Most 
elastic one-way methods are based on perturbation theory 
(Landers and Claerbout, 1972; Hudson, 1980; Wales and 
McCoy, 1983; Wapenaar, C.P.A. and Berkhout A.J., 1989; 
Fisk and McCarter, 1991; Collins, 1993; Wu, 1994, 1996, 
2003; Wu and Xie, 1994; Wild and Hudson, 1998; 
Thomson, 1999, 2005; Wu and Wu, 2001; Xie and Wu, 
2001, 2005; for a review, see Wu et al, 2007), which are 
not applicable to strongly heterogeneous media. For 
example, the elastic thin-slab or elastic complex screen 
method can handle elastic perturbations only up to 30%. 
The algorithms may become instable beyond this limit. 
Although these methods can be useful in reservoir 
modeling and imaging, they are currently excluded from 

the applications for strong-contrast media, such as salt 
inclusions, hydrocarbonate or basalt formations. In order to 
take its full advantages, it is pressing to extend the one-way 
elastic method to the case of strong-contrast media. 
 
On the other hand, the BIE (boundary integral equation) 
and BEM (boundary element method) can handle sharp 
boundaries of blocked smooth media (for a review, see 
Bouchon and Sanchez-Sesma, 2007). The problem there is 
the lack of efficient method in calculating the Green's 
functions in heterogeneous media, preventing its general 
use in strongly heterogeneous media. In addition, for large 
volume modeling or imaging, to solve the huge matrix 
equations set up by the BIE or BEM in many cases are 
insurmountable. In this study we apply the idea of one-way 
and one-return approximation to the boundary integral 
equation for the case of acoustic media and derive the 
formulation for acoustic hybrid one-return propagator. The 
major derivation for the new hybrid one-way propagator is 
the approximation of the boundary integral by a one-way 
marching summation of locally integrated boundary 
element contributions at each level (thin-slab). The 
boundary element contribution is formulated as a boundary 
scattering matrix which includes the self-interacting 
boundary integral. In this way, the local BEM is used for 
the scattering calculation of strong-contrasts, and the thin-
slab propagator is served as a Green's function calculation 
in heterogeneous media. Numerical examples for some 
simple models and for the SEG 2D salt model are shown to 
demonstrate the concept and methodology. 
 

 
 
Figure 1 Cartoon to show the concept of one-way boundary 
element method. 
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Theory and method 
 
Representation integral in blocked inhomogeneous media 
(acoustic heterogeneous media with sharp boundaries) can 
be written as 
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where ( )p r is the pressure field at point r surrounding by 
the closed surface S, ( )ρ r and ( ')ρ r are densities at the 
corresponding points, /q p n= ∂ ∂  is the normal gradient of 
pressure field and is related to the normal particle velocity; 

( ; )G r r' and ˆ( ; ', ) /n G nΓ = ∂ ∂r r  are the fundamental 
solutions (Green’s function) for pressure and its normal 
gradient in the background medium enclosed by the surface 
S; ( ')Q r is body forces or equivalent body forces due to 
scattering. The whole medium can be divided into several 
domains and equation (1) can be applied to each of the 
domains. The system of integral equations needs to be 
solved with corresponding boundary conditions.  
 
For weak heterogeneities, we can formulate all the 
scattering as volume scattering, and the perturbation 
method is a valid and convenient tool for acoustic and 
elastic wave scattering and propagation. 
 
For strongly heterogeneous media with sharp boundaries, 
the perturbation approach does not work well. In this work 
we combine the perturbation approach for weak scattering 
with the boundary element method for strong scattering 
from sharp boundaries in the framework of one-way, one-
return approximation. This formulation for acoustic wave is 
based on the similar derivation of hybrid elastic wave 
propagator (Wu et al., 2011,; Yan et al., 2013).  In Yan et al. 
(2013), the boundary scattering is calculated by a tangent-
plan approximation, i.e. by calculating the local 
transmission-reflection coefficient of the boundary element 
which assumes the local element as an infinite plane 
boundary. In this work we will make more accurate 
approximation by solve the BEM locally for boundary 
scattering.  
 
Hybrid thin-slab propagator for acoustic one-return 
method 
 
For an arbitrary heterogeneous medium, we can slice the 
medium into numerous thin-slabs transversal to the 
propagation direction (preferred direction) as shown in 
Figure 1. Assume each thin-slab is thin enough so that the 
Born approximation can be used for the volume scattering 
calculation within each domain. Set 0u as the incident field, 
U  as the scattered field by the volume heterogeneities and 

by the boundary elements. In the spirit of the one-way, one-
return approximation, we neglect the reverberations 
between boundary elements within each thin-slab and only 
calculate the single forward and back scatterings from each 
element.  The total field at the exit of the thin-slab will be 
denoted by 0u u U= + . The one-return approximation uses 
the scattering operator direction-spitting, so the scattered 
waves by the thin-slab are divided into the forescattered 
wave and the backscattered wave bU . At the thin-slab exit, 
we add the scattered wave to the incident wave, forming 
the total forward field 0f fu u U= + . This new total forward 
field will be used as the updated incident field for the next 
thin-slab. Similar to the scalar wave case, after interacting 
with an acoustic thin slab, all forward scattered waves 
together with the incident waves form the forward total 
pressure field at the exit of the slab, which in turn serve as 
the incident waves for the next thin-slab; while at the 
entrance, backscattered fields form the reflected waves.  
 
In a piecewise weakly heterogeneous medium, we can 
divide the medium into blocks (domains) with sharp 
boundaries. The strong boundary scattering will be handled 
by the one-return BEM method. The weak heterogeneities 
within each block are treated by the perturbation method. 
We develop a dual-domain implementation: propagation in 
the wavenumber domain and interaction with 
heterogeneities in the space domain. However, both the free 
propagation (background propagation) and heterogeneity 
interaction in the hybrid propagator are different from the 
perturbation-based propagator as discussed in the following. 
 
At the exit of each thin-slab, the total field is composed of 
three parts: the background (free-propagated within the 
thin-slab) wave ( )

0
ip , the boundary scattered field ( )i

BSP and 

the scattered field by volume heterogeneities ( )i
VP , 

   ( ) ( ) ( ) ( )
0

i i i i
BS Vp p P P= + +                        (2) 

Free Propagation 
For the free propagation in general strong-contrast media, 

( )
0 ( , )ip z z+x is calculated by the Rayleigh Integral in the 

wavenumber domain for blocked media. In this way, the 
iterative updating of the incident waves becomes very 
efficient and can be easily incorporated into the thin-slab 
propagator for volume heterogeneities 
 
Boundary Scattering  
This is the critical part of the hybrid propagator. First we 
solve the local boundary equation to obtain the field and its 
normal gradient on the boundary elements. As shown in 
Figure 1, we treat the right segment of the boundary 1S , 
which separates the thin-slab into two regions (domains), 
Ω1 (exterior) and Ω2 (interior). In the spirit of one-way, 
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one-return approximation, we write the integral equation 
system for the boundary between Ω1 and Ω2 as  
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where 1 / 2a = for flat boundary, rp and rq and are the 
pressure and its normal gradient of reflected field, i.e. the 
scattered fields, 1G , 1Γ are the Green’s functions in Ω1, and 

2G , 2Γ are those in 2Ω . Here 1̂n and 2n̂ are the outward 
normals in domains 1 and 2, respectively.  The total field 
(incident field plus the scattered field) ( ')p r and ( ')q r are 
equal to the transmitted fields in Ω2 in this case. The above 
equation can be solved by simple algebraic equation once 
the Green's functions are calculated. Although the Green's 
functions used within the thin-slab is the background ones 
(here homogeneous medium), but the thin-slab propagator 
with boundary scattering included serves as the Green's 
functions in heterogeneous media. 
 
The scattered wave of boundary scattering for the current 
thin-slab is calculated as the summation of contributions 
from individual boundary elements in the domain i of the 
current thin-slab. This is a single-scattering approximation 
within the thin-slab, and is consistent with the one-way, 
one-return approximation. The boundary-scattered field can 
be calculated 
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where ( ) ( )i
BE mp r and ( ) ˆ( , )i

BE m mq nr are the pressure and its 
normal derivative fields on the mth element based on the 
match of boundary conditions between the neighboring two 
regions. In equation (4), ( ; )i mG r r and ˆ( ; , )i m mnΓ r r are the 
space-domain Green’s functions. An alternative and more 
convenient way is to calculate the boundary scattered field 
in the wavenumber domain by using the wavenumber 
domain Green's functions, 
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The above equation can be considered as superposition in 
the wavenumber domain. On the other hand, the interaction 
with volume perturbations is more efficient in the space-
domain, 

 
Volume Scattering 
The scattering by volume perturbations can be calculated 
by the perturbation-based thin-slab propagator (or 
generalized screen propagator). 
 
Numerical Examples  
 
We compare the modeling accuracy of one-way BEM with 
the full BEM for some simple models and for the SEG 2D 
salt model to demonstrate the concept and the usefulness. 
Figure 2 is the test results for an oblique interface of 
strong-contrast. The upper half medium has a velocity of 
2.0km, and the lower half-space is a high-velocity medium 
with velocity of 4.5km/s. The densities of each space are 
2.0kg/m3 and 2.1kg/m3 respectively. For comparison, we 
plot the snapshots of both the one-way BEM (on the left) 
and the full BEM (on the right) in parallel. In the examples 
in this paper, we calculate only the forward transmitted 
field for one-way BEM, so no reflected waves are seen. 
The primary reflections can be easily added to the 
calculation and will be reported in the future. 
 

 
(a)                                                      (b) 

Figure 2 The snapshot of (a) the one-way BEM and (b) the full 
BEM at 1.65s. 
 
The second example is for an elliptic disk embedded in a 
homogeneous background (shown in Figure 3). The elliptic 
disk has a velocity of 4.5km/s and density of 2.1 kg/m3, and 
the background has a velocity of 2.0km/s and density of 2.0 
kg/m3. 
 
Finally, we apply the method to a more complicated model, 
the modified SEG 2D salt model. The salt has a velocity of 
4.5km/s and density of 2.1kg/m3, and the background has a 
velocity of 2.0km/s and density of 2.0kg/m3. We see that 
the transmitted waves inside the salt body and in the subsalt 
region are correctly modeled by the hybrid one-way 
propagator, which is mainly due the realization of accurate 
boundary condition by the one-way BEM method.  
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(a)                                                      (b) 

 
(c)                                                      (d) 

Figure 3 The snapshot of  the one-way BEM (on the left) at (a) 
0.55s and (c) 1.10s, and the snapshot of the full BEM (on the right) 
at (b)0.55s and (d) 1.10s. 
 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4 The snapshot comparisons of the one-way BEM 
(a), (c) and the full BEM (b), (d) at 1.4s and 1.7s, 
respectively. 
 
Conclusion 
 
We developed the theory and algorithm of an acoustic one-
way boundary element method and a corresponding hybrid  
thin-slab propagator for blocked media with strong-contrast. 
The new hybrid one-way and one-return operator built 
upon the boundary element approach can overcome the 
limitation and difficulty of the traditional perturbation 
method, and has great potential in applying to imaging, 
inversion and separation of internal multiples in strong-
contrast media. 
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