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Summary 

 

Coda-Q is a stochastic parameter depending on the 

heterogeneities of a medium in which seismic waves travel 

through. Coda-Q is calculated from attenuation ratio of a 

coda wave. Seismic waves are attenuated by three causes; 

i.e., geometric spreading, scattering and intrinsic 

attenuation. The coda-Q is affected by both scattering 

attenuation and intrinsic attenuation. In this study we 

examine the coda-Q change due to the change in crack 

condition in an inelastic model. We simply assume an 

inelastic medium which has uniform background intrinsic 

attenuation and cracks which scatter a seismic wave. The 

cracks make scattering attenuation. We change the 

condition of the cracks (i.e., density and orientation angle 

of the cracks), and observe the change in the coda-Q. 

Through numerical experiments, it is revealed that the 

change in the crack condition can be detected from the 

coda-Q if the intrinsic attenuation is relatively small. We 

conclude that temporal change in a state of cracks during 

the hydraulic fracturing for shale gas, stress accumulation 

process for earthquake, etc. can be detected through coda-Q, 

given the intrinsic attenuation is relatively small and 

constant. 

 

Introduction 

 

Amplitude of a seismic wave attenuates due to three causes. 

One is geometrical spreading. The seismic wave diffuses as 

it travels, and attenuates according with the distance along 

the wave path. The other causes of attenuation are 

scattering and intrinsic attenuations. The scattering 

attenuation is due to scattering of the seismic wave at 

heterogeneity such as cracks, fracture, discontinuity, etc. 

The energy in the seismic wave redistributes geometrically 

by scattering. On the other hand, a mechanism of the 

intrinsic attenuation is still under discussion. Various 

mechanisms that convert vibration into heat have been 

proposed (Sato and Fehler, 2002). Separation of the 

scattering and intrinsic attenuations is very important 

because three kinds of attenuation reflect different 

mechanisms respectively. Okamoto et al. (2011) pointed 

out that if we can know temporal variation in scattering 

attenuation, it is possible to estimate varying state of cracks, 

fracture, etc. The geometrical attenuation can be easily 

separated from the total attenuation as mentioned. However 

separation of the scattering and the intrinsic attenuation is 

still difficult because the underground geometry of crack, 

fracture, etc. is unknown in many cases, moreover the 

detailed mechanism of the intrinsic attenuation is unknown. 

The previous papers discussed the separation of them (e.g., 

Wu and Aki, 1988; Fehler et al., 1992), but the results of 

the separation depend on adopted approximations or 

methods of numerical simulation for wave propagation. 

Also adequate number of stations distributed widely and 

earthquakes are needed for the accurate separation. Thus 

the estimation of change in both scattering and intrinsic 

attenuation is difficult although the scattering attenuation 

includes significant information of subsurface medium. 

 

In this study, we examine whether a change in scattering 

attenuation can be observed from coda-Q without 

separation of the scattering and the intrinsic attenuation or 

not. Concretely, we examine how much changes in the 

scattering attenuation affect to the coda-Q in an inelastic 

medium (e.g., the medium including intrinsic attenuation), 

using numerical simulations. We employ a 2-D Finite 

Difference Method (FDM) to model the crack scattering in 

heterogeneous media (Saenger et al., 2000). The amplitude 

of scattering attenuation is changed by modifying the 

distribution of cracks (i.e., density and angle of the cracks). 

 

If the estimation of change in scattering attenuation without 

separation of the scattering and the intrinsic attenuation is 

possible, it would be a practical method to monitor crack 

condition during hydraulic fracturing, tunnel drilling, etc as 

indicated in Okamoto et al. (2011). We also mentioned that 

scattering Q can indicate stress condition under the ground 

in that paper. The estimation will be not restricted by the 

observational conditions such as number of stations, 

earthquakes, model of wave propagation, etc.  

 

Estimation of coda-Q from coda wave 
 

Coda-Q is a parameter reflecting the heterogeneities of 

subsurface medium. Coda-Q is derived from attenuation 

ratio of a coda wave. When the envelope of the coda wave 

e(t) is assumed by Eq. 1, the coda-Q (written as Qc in the 

equation) is obtained as a part of the attenuation parameter. 

   0 exp
2

n

c

e t A t t
Q

  
  

 
 (1) 

where A0 is initial amplitude, t the time from explosion of 

the source, and  an angular frequency. The term of t-n 

represents the geometrical spreading. Power n is from 1 to 

2 depending on the dominance wave, i.e., surface, diffusive 

or body waves, in practice for a spherically emanating 

wave (Sato and Fehler, 1997). In this study we set n = 1. To 

fit the envelope, several steps of data processing are applied 

to the coda wave. At first the Butterworth band pass filter, 

whose band range is 4-8 Hz, is applied to a synthetic 

seismic wave. Then the Hilbert transform is applied to the 
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band-passed seismogram to obtain the instantaneous 

envelope of the wave. In next step, the seismogram is 

smoothed using a root-mean-square (RMS) technique 

(Roecker et al., 1982; Zelt et al., 1999; Kumar et al., 2005). 

Then this envelope seismogram is taken the logarithm and 

Eq. 2 is fitted using the least-square method. 

   0log log
2 c

e t t A
Q


    (2) 

Twice the travel time of the incident wave has been used 

empirically as the initial time to fit Eq. 2, (Aki and Chouet, 

1975; Rautian and Khalturin, 1978). Because the early 

portion of coda wave is largely affected by a source 

function, fault direction, etc., twice the travel time has been 

used as the initial time of a coda time window to avoid 

these effects. However in this study, we use same seismic 

source for all cases. So it is better to use longer time 

window for the coda wave to stabilize the estimation of Qc
-

1 rather than shorten the coda time window using twice the 

travel time as initial time of the coda time window. So we 

set 1.5 times the travel time as the initial time of the coda 

time window. The end time of the coda time window is 

after 42.0 (sec) from the arrival of the S wave.  

 

Numerical simulation using a 2-D FDM 
 

We employ a 2-D FDM to simulate propagating and 

scattering elastic waves in the crust. Equation of motion 

(Eq. 3) and equations of stress-strain relation (Eq. 4 and Eq. 

5) for 2-D P-SV wave are discretized by a rotated staggered 

grid (Saenger et al., 2000). 
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where  is density, u is displacement,  is stress, and 

are the Lame’s constant, t is time and x, y and z are spatial 

coordinates. Figure 1 shows a simulation model. The model 

parameters are below: Vp = 6300 m/sec, Vs = 3600 m/sec,  

= 2.6 g/cm3. We use the Ricker wavelet as a source whose 

center frequency is 6 Hz. A Perfectly Matched Layer 

(PML) boundary (Drossaert and Giannopoulos, 2007) is 

introduced to remove reflection from the boundaries of the 

model. Intrinsic attenuation is introduced to the model by 

reducing the original amplitude A0 (Eq. 8) at all grid points. 
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 (8) 

A(t, x, z) is the reduced amplitude. Qi(x, z) is value of 

intrinsic Q at location (x, z). Qi are same value at all the 

grid points in our study. We change density (number of 

cracks in a volume) or angle of the cracks in the model, and 

examine if the change in the condition of the cracks affects 

the coda-Q observed at the surface. Angle of the cracks is 

random when density of the cracks is changed. On the other 

hand, all the cracks have same angle and the angle is 

changed simultaneously with density of the cracks fixed. 

The relationship between Coda-Q (Qc, observed apparent 

Q), intrinsic Q (Qi) and scattering Q (Qs) are 

 
1 1 1

c i sQ Q Q
   (9) 

Briefly, the scattering Q varies by changing condition of the 

cracks, and the coda-Q is affected by the change. We use 

an apparent seismic albedo (Eq. 10) to quantify the 

influence of the scattering Q on the coda-Q. 
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 (10) 

Apparent seismic albedo B is ratio of scattering Q-1 

(calculated from Eq.9) against coda-Q-1 which is sum of 

scattering and intrinsic Q-1. 

 

Result and Discussion 

 

Figure 2 shows the coda-Q variation as a function of 

intrinsic Q when number density of the cracks is fixed at 

different values. Lower lines are obtained at higher number 

density values. The seismic albedo decreases as the 

 
Figure 1: Simulation model to examine effect of change 

in the crack property on coda-Q. The source and the 
receiver locate on the surface. Distance between the 

source and the receivers are from 8.4 km to 21km. 

Constant intrinsic attenuation is added to this model. 

x 

z 
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intrinsic Q-1 increases for all the cases. The apparent 

seismic albedo decreases exponentially against the intrinsic 

Q-1. This is because intrinsic Q-1 affects to amplitude of the 

wave exponentially (see Eq. 8). Also the apparent seismic 

albedo marks lower value when number density of the 

cracks is higher for the fixed intrinsic Q-1 (Figure 3). This 

means the apparent coda-Q-1 decreases as number density 

of the cracks increases. When the cracks distribute densely, 

energy in the incident wave well transfers to the coda wave 

by frequent scattering. It makes coda wave envelope last 

linger, resulting in smaller apparent attenuation of the coda 

wave. This decrease in the seismic albedo against number 

density of the cracks is difficult to see when intrinsic Q-1 is 

large (the cases of lower lines in Figure 3).  

 

Figure 4 is a result when angle of the cracks is fixed at 

different values. Higher line is obtained when the angle of 

the cracks is closer to the x axis. For all the cases, the 

 
Figure 2: Relationship between apparent seismic albedo 
calculated from the observed coda-Q and intrinsic Q for different 

number density of the cracks. The horizontal axis shows value of 

intrinsic Q-1 and the vertical axis shows apparent seismic albedo. 
The lines are obtained by fixing the number density of the cracks 

from 5.4×10-5 to 1.0×10-3 in steps. Lower line shows the result 

when number density is higher. Distance between the source and 
the receiver is 12km. 

 

 
 
Figure 3: Relationship between apparent seismic albedo 

calculated from the observed coda-Q and number of the cracks 

for various intrinsic Q. The horizontal axis shows number of the 
cracks and the vertical axis shows apparent seismic albedo. The 

lines are obtained by fixing value of intrinsic attenuation from 1.0

×10-4 to 1.4×10-2 in steps. Higher lines are the results of lower 

intrinsic attenuation. Distance between the source and the receiver 

is 12km. 

 
Figure 4: Relationship between seismic albedo and intrinsic Q 

for different angle of the cracks. The lines are obtained changing 

angle of the cracks. In each case, all cracks face to same 
direction. Lower line shows the result when the angle is more 

perpendicular (along z axis). Distance between the source and 
the receiver is 12km. 

 

 
 

Figure 5: Variation in seismic albedo against distance between 
the source and the receiver. The horizontal axis shows the 

distance and the vertical axis shows variation in the seismic 

albedo in percentage. The distance is changed from 8.4km to 

21km. The seismic albedo when the distance is 8.4km is set as a 

standard. Angle of the cracks is random. Intrinsic Q-1 changes 

from 1.0×10-4 to 1.4×10-2 and number density of the cracks 

from 5.4×10-5 to 1.0×10-3. The graph shown above is the 

average of all the results. 
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apparent seismic albedo decreases when the intrinsic Q-1 

increases. For the fixed intrinsic Q-1, the seismic albedo is 

smaller when direction of the cracks is closer to the z axis 

(lower lines). It means waves are scattered efficiently and 

longer coda wave is formed when the vertical crack is 

dominant. Therefore the apparent seismic albedo becomes 

smaller. 

 

We also examine a relationship between the apparent 

seismic albedo and the distance between the source and the 

receiver. Moving the receiver away from the source, coda-

Q is observed repeatedly. From the result, it is found that 

the farther the distance is, the smaller the seismic albedo is 

(Figure 5). In this study, we fix the value of the intrinsic Q-1, 

so the seismic albedo decreases because of the decrease in 

the scattering Q-1. Energy in the incident wave is 

transferred to the coda wave due to scattering by the cracks 

locating between the source and the receiver. When 

distance between the source and the receiver is longer, the 

larger portion of energy in the incident wave is transferred 

to the coda wave. It makes longer coda wave, so coda-Q-1 

becomes smaller. 

 

Discussion 
 

Monitoring of the change in coda-Q-1 is very useful to 

understand crack condition in the subsurface. One possible 

application is to monitor hydraulic fracturing. To predict 

crack generation, propagation and closing, many studies 

have been proceeded using computer simulations (e.g., 

Adachi et al., 2007; Wang et al., 2009). Wang et al. (2009) 

pointed out that the process of hydraulic fracturing can be 

divided into four processes (Figure 6). Density of the 

cracks changes during these processes and we consider it 

can be detected using the coda-Q monitoring. Also they 

pointed out that the direction of crack propagation could 

change during the injection. This change also can be 

detected using the coda-Q monitoring since value of the 

coda-Q depending on the direction between the incident 

wave and the cracks. 

 

Conclusion 
 

It is found that changes in crack condition, which is 

reflected in scattering attenuation, can be detected from 

coda-Q-1 change. When number density of cracks increases 

or angle of cracks is perpendicular to ray path, energy in 

incident waves transfers to coda wave more efficiently. It 

results in low scattering Q-1 and affects coda-Q-1. This 

change in the coda-Q-1 can be detected if intrinsic Q-1 is 

small. Large intrinsic Q-1 makes the change in the 

scattering attenuation difficult to see. Distance between the 

source and the receiver is also an important factor. 

Apparent seismic albedo decreases when the wave 

propagates long distance since intrinsic attenuation 

constantly attenuates amplitude of the wave during its 

propagation. 
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Figure 6: Relation between injection pressure and AE rate, 
which indicates crack condition. The entire process of 

hydraulic fracturing can be divided into four stages. Stress 
concentration, induced fracture initiation, fracture stable 

propagation and fracture closing (Wang et al., 2009). 
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