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SUMMARY 
 
We present an angular Hessian decomposition method 
based on the wave equation in the frequency domain in 
order to do the amplitude correction for the prestack depth 
migration. By the explicit and fast wave equation seismic 
forward modeling using either the one-way wave-equation 
or the full-wave equation, we can get the Green’s function. 
After the local angle domain decomposition, we introduce 
the angular Hessian directly produced by the angular 
components of the Green’s function. This implementation 
avoids the huge inversion calculation on the space-domain 
exact Hessian in the least-squares migration. Dip-angle 
domain common image gathers are produced by this 
method. We apply the angular Hessian operator to the 
SEG/EAGE salt2d data set, where better subsalt images 
with higher resolution and dip-angle domain common 
image gathers are obtained. We also compare the angular 
Hessians using the Green’s function generated by the one-
way wave equation method and the full-wave equation 
method using a simple salt model.  
 
INTRODUCTION 
 
Under the Born approximation, migration can be 
formulated as an adjoint of the forward Born modeling 
operator (Lailly, 1983). Therefore, amplitude attenuation in 
the prestack migration, caused by the limited acquisition 
geometry, frequency band, and complex overburden, can be 
formulated as an inversion problem based on the 
minimization of a least-squares (LS) functional.  
 
To solve the LS problem one needs to compute and invert 
the Hessian, the matrix of the second derivatives of the 
error functional with respect to the model parameters. 
However, the full space-domain Hessian of the LS 
functional is so big that we can not afford the cost of the 
inversion of the exact Hessian matrix for complex media. 
Therefore, diagonal inverted Hessian is widely used to 
approximate the exact one (Rickett, 2003; Plessix and 
Mulder, 2004; Symes, 2008). Under the assumption of the 
high-frequency approximation and infinite acquisition 
aperture, Hessian matrix is diagonal. However, for the true 
seismic acquisition, the Hessian is not diagonal and not 
even diagonally dominant (Pratt et al., 1998; Plessix and 
Mulder, 2004; Tang, 2009; Ren et al., 2009a). In many 
cases, the Hessian in the space domain for one point scatter 
is extended into an elliptic region.  

Several techniques have been developed to calculate the 
inverted Hessian in an approximation sense. Yu et al. (2006) 
do the inversion of the Hessian in the v(z) media. Lecomte 
(2008) compute the inverted Hessian using a ray-based 
approach. However, these approximations for the media or 
the acquisition systems may not fit the real seismic data. 
Plessix and Mulder (2004) introduced a wave-equation 
based approach to generate the Hessian matrix in the space 
domain. They give four different approximations for the 
Hessian, but still require huge storage and computation 
time. Tang (2009) developed the space domain Hessian 
calculation using phase-encoding techniques. This 
approach saves significant storage and computation time, 
but also introduces some crosstalk artifacts. 
 
Another way of generating the wave-equation based 
Hessian operator is to implement it in the phase-space or 
the local angle domain. Local exponential frame (Mao and 
Wu, 2007) beamlet decomposition can eliminate the 
directional ambiguity in the local cosine-basis (LCB) 
beamlets (Wu et al., 2008). Cao and Wu (2005) and Xie et 
al. (2006) use a local plane-wave decomposition method to 
generate the phase-space Hessian using a one-way wave-
equation approach. Ren et al. (2009a) further developed the 
phase-space Hessian. However, the calculation of angular 
Hessian is conducted after the space-domain Hessian 
computation. So the method is very time-consuming and 
some artifacts along sharp boundaries are also introduced.  
 
To develop a fast angular Hessian computation method, we 
compute the Hessian matrix in the local angle domain 
directly using the angular components of the Green’s 
function based on the beamlet migration in the frequency 
domain. Corresponding to different migration operators, the 
Green’s function used to calculate the angular Hessian can 
also be generated with both the one-way wave-equation 
propagator and the full-wave equation propagator. Taking 
stability into consideration, damping factors are used in the 
dip-angle domain Hessian operator. Another benefit using 
the angular Hessian is that the dip-angle domain common 
image gathers is improved in the imaging process. 
 
This paper is organized as follows. Firstly, we review the 
linear LS formulation and the Hessian matrix. Then, we 
derive the angular Hessian from the angular components of 
the Green’s function. Finally, we apply the angular Hessian 
to the migrated image of the SEG/EAGE salt model. We 
analyze the dip-angle domain common image gathers 
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generated from the compensation using the angular Hessian, 
and compare the different angular Hessian generated by the 
Green’s functions using the one-way wave equation 
method and the full-wave equation method. 
 
LEAST-SQUARES HESSIAN 
 
Under the Born approximation, the scatterings of the 
volume elements are independent of each other. Scattered 
field can be written as a superposition of the scattered 
waves from all the elements, 
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Where, ( , , )m s rd x x ω is the seismic data recorded at the 
receiver point 

rx  for the shot point 
sx  with the frequency 

ω . ( )im x  is the slowness perturbation function. 

( , , )s iG x x ω  and ( , , )i rG x x ω  are the Green’s functions from 

sx  to 
ix  and from 

ix  to 
rx  respectively. To invert ( )im x , 

an error functional is formulated as,  
 

( ) || ||J =0 0 obsm Lm - d                                                          (2) 
 
Where, ( , , ) ( , , )G Gω ω= s i i rL x x x x  is the forward 
modeling operator defined in equation (3), 

obsd is the 
observed data vector; 

0m  is the objective slowness 
perturbation, and || ||⋅  stands for the 

2L norm. Under the 
linear assumption of the Born model, the optimal slowness 
contrast 

0m  satisfies, 
 

=0Hm -g                                                                      (3) 
 
Where, g  is the gradient of J  evaluated at 0=0m . 

= -1H L L  is the second derivatives of the error functional, 
called the Hessian matrix. The gradient of the misfit 
functional for the imaging point 

ix  and the Hessian for 
each 

ix  and related point 
jx  can be written as (Plessix and 

Mulder, 2004), 
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where, ( , )i jH x x  is the Hessian matrix relating the imaging 

point 
ix  to the surrounding  points 

jx , *  stands for the 

complex conjugate. The Born approximation 0=0m  gives 

0=md . Based on equation (1)-(5), a one-iteration LS 
solution is given by, 
 

-1 -1
1 obsm = H L d                                                                    (6) 

 
-1

obsL d  is equivalent to the stack of the migrated shot 
sections (Lailly, 1983). Equation (6) can lead to an LS 
solution 

1m . 
 
ANGULAR HESSIAN 
 
From forward modeling in the frequency domain, we can 
obtain the Green’s function used in equation (4) and (5). 
However, we also wish to get information of the local angle 
from the Hessian matrix, which can be provided by the 
local angle domain decomposition method. Ren et al. 
(2009a) attempts to decompose the Hessian matrix and the 
image result from the space domain into the local angle 
domain. But there are two drawbacks in doing so: one is 
that it increases the computation time; and another is that 
the local de-convolution on both the post-migrated image 
and the space domain Hessian matrix do not balance well in 
the area with sharp velocity variation, which produces 
amplitude distortion near the salt boundary.  
 
In this study, we directly formulate the angular Hessian 
formula and implement it in the local angle domain.  
 
Using the local angle domain decomposition method, we 
can obtain the local angle domain components in the 
migration process (Mao and Wu, 2007). A Green’s function 
can be decomposed as the summation of the discrete 
angular components using the local exponential frame 
(LEF),  
 

( , ; , ) ( ( , , ))i i s sG x x LEF G xθ ω ω= ix                               (7) 
 

( ; , ) ( , ; , )
i

i s i i sG x x G x x
θ

ω θ ω= ∫                                             (8) 

 
where ( ; , )i sG x x ω is the space-domain Green’s function 
and ( , ; , )i i sG x xθ ω  is its local angle-domain component at 

ix with the propagating angle iθ  . The angular components 
of the Green’s function can be used in the back-propagating 
process for the migration and the Hessian matrix 
calculation. Substituting equation (8) into the equation (5), 
we get, 
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where ( , ; , )i s sG x xθ ω  and ( , ; , )i r rG x xθ ω are the local angle 
domain components of the back-propagating wave-field for 
the source and receiver respectively. The decomposition 
center is at the imaging point ix . ( ) / 2i s rθ θ θ= +  is the 
migration dip-angle (see Wu et al., 2004; Wu and Chen, 
2006). Note that this migration dip-angle is the same as the 
local reflector-normal angle if we use the local reflection 
model instead of the Born model.  
 
This formulation can be used to do the compensation on the 
dip-angle imaging gathers (Ren et al., 2009a), 
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Where, ( , )i iI x θ  is the dip-angle image gather and 

1( )iI x  is 
the compensated result, i.e. 

1m  in equation (8). ( )ixε  is the 
damping factor, which is used to avoid the singular values 
in the angular Hessian.  
 
So, the angular Hessian calculation scheme can be 
implemented as the following: 1) For each discrete 
frequency, calculate the Green’s function using the 
frequency domain forward modeling method, and do the 
local angle domain decomposition for each of the shot and 
receiver points. 2) For a given dip-angle, loop over 

sθ  and 

rθ . 3) For each pair of shot and receiver points, implement 
equation (9) to generate the angular Hessian.  
 
NUMERICAL EXAMPLES 
 
Amplitude correction with the angular Hessian  
 
To demonstrate the amplitude correction capability of the 
angular Hessian, we test the proposed method on the 
SEG/EAGE salt2d model. Because the subsalt areas are 
weakly and unevenly illuminated, standard one-way 
migration can not give balanced image amplitudes (Figure 
1). The angular Hessian estimates the point spreading as a 
function of the local angle which represents the directional 
effects of the acquisition system. From the compensation 
result shown in Figure 2, we can see the subsalt areas have 
higher resolution and the faults in the subsalt area are better 
imaged. This result can be compared to the previous works 
(Ren et al., 2009a, Plessix and Mulder 2004).  

 
Figure 1: Migration result of the SEG/EAGE salt2d model  
before the amplitude correction with the angular Hessian 
using the LCB beamlet migration.  
 

 
Figure 2: Migration result of the SEG/EAGE salt2d model  
after the amplitude correction with the angular Hessian. 
 

 
Figure 3: Dip-angle CIG of the subsalt horizontal reflector 
before the angular Hessian compensation.  
 

 
Figure 4: Dip-angle CIG of the subsalt horizontal reflector 
after the angular Hessian compensation.   
 
Common dip-angle image gathers 
 
When we perform the amplitude compensation in the local 
angle domain, the common image gathers (CIG) as a 
function of the local dip-angle will be available at each 
image point for the cases before and after the compensation. 
The dip-angle CIG carries the information about the local 
structure which may provide extra information, useful in 
interpreting and understanding the acquisition footprints. 
Figure 3 and Figure 4 shows the dip-angle CIG of the 
subsalt horizontal reflector before and after the angular 
Hessian compensation on the SEG/EAGE salt2d model. 
We see that after the compensation the CIG has extended 
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the angle range. This may provide extra information to help 
the further studies on the AVA analysis and interpretation. 
 
Angular Hessian comparison generated by one-way 
operator and full-wave operator 
 
We would like to point out that the Green’s function in 
equation (9) should be generated by different operators 
(one-way or full-wave), depending on which propagator is 
chosen to do the migration. For the full-wave cases, like 
reverse time migration, angular Hessian should be 
generated by the Green’s function calculated by the full-
wave operator. Here we would like to compare the angular 
Hessians generated by different operators. Shown in Figure 
5 is a simple velocity model used to do this test. The 
acquisition system is: uniform distributed 19 shots from 
3.6km to 14.4 km; 300 receivers with the offset from -3.6 
km to 3.576 km for every shot. For the full-wave modeling, 
we use the classic frequency-space domain modeling (FDM) 
method (Pratt et al., 1998), and implement a compressed 
storage scheme to save the memory (Ren et al., 2009b). 
The modeling results for different operators of one shot 
with a single frequency are shown in Figure 6. A horizontal 
line and a vertical line and their intersection point marked 
in Figure 5 are chosen to compare the angular Hessian. 
From Figure 7, we can see that for the full-wave case, the 
angular Hessian has a large angle distribution, which may 
give more accurate angular Hessian than the one-way case. 
However, since we decompose the wave-field along the 
horizontal line, the up- and down-going wave can not be 
separated. If we use a 2D angular decomposition in 
equation (7), the angular Hessian of one frequency for the 
intersection point can be plot in a polar coordinate system 
shown in Figure 8. The upper semicircle is from the up-
going wave of the full-wave Green’s function, which 
should be contributed by the turning waves (Figure 6). 
 
CONCLUSIONS 
 
We have introduced a method to correct the migration 
amplitude based on the angular Hessian compensation. The 
angular Hessian can be used as a pre-conditioners or 
migration weights in the local angle domain to improve the 
image amplitude especially in regions with complex 
overburden, such as in the subsalt areas. The 
implementation avoids huge storage and inversion of the 
Hessian matrix in the space domain. Through numerical 
examples on SEG/EAGE salt2d model, we have 
demonstrated that the method of the angular Hessian is 
effective in obtaining a more balanced and continuous 
subsalt images. The dip-angle common image gathers 
before and after the compensation may provide extra 
information to help the further studies on AVA analysis 
and interpretation. Comparisons of angular Hessian 
generated by different operators may allow us to extent the 

method into the amplitude correction to the full-wave 
migration process in further studies. 
 

 
Figure 5: A simple salt velocity model.  
 
(a)  

(b)  

Figure 6: Comparison of Green’s function between the one-
way frequency domain modeling method (a) and FDM 
method (b) for one shot with one frequency.  
 
 (a)  

 (b)  

Figure 7: Comparison of angular Hessians for the 
horizontal lime marked in Figure 5 calculated using the 
Green’s function generated by the one-way method (a) and 
the full-wave method (b).  
 
(a)                        (b)          

Figure 8: Comparison of angular Hessians in a polar 
coordinate system for the intersection point marked in 
Figure 5 calculated using the Green’s function generated by 
the one-way method (a) and the full-wave method (b). 
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