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Summary 
 
Local slant stack is a useful method in extracting angle 
domain information. However, it’s rather expensive to use 
in 3D illumination analysis. Here, we present an efficient 
method of directional illumination analysis for 3D case 
using local exponential frames. To get the local angle 
information, the wave field is decomposed by 2D local 
exponential frames, which form a tight frame of 
redundancy 4 in this 3D geometry, implemented by the 
combinations of local cosine and sine transforms. As the 
local cosine/sine transforms have fast algorithms, this 
method provides an efficient tool of illumination analysis, 
which is much faster than formally used local slant stack 
method. We calculated the directional illumination (DI) 
maps and the acquisition dip responses (ADR) for the 3D 
SEG/EAGE salt model to demonstrate the validity of our 
method. 
 
Introduction 
 
Seismic illumination analysis is a useful tool that estimates 
the potential detecting power of a specific acquisition 
system for a given velocity structure of the medium. 
Traditionally, illumination analysis is based on the ray 
tracing technique (Schneider, 1999; Bear et al., 2000; 
Muerdter et al., 2001abc). The ray-based methods can 
provide both the intensity and direction information carried 
in the wavefield. However, the high frequency asymptotic 
approximation and the singularity problem of the ray theory 
may severely limit its accuracy in complex regions 
(Hoffmann, 2001). Full-wave finite-difference method is 
widely used for wave propagation simulation. But it usually 
provides only the total illumination, and it’s too expensive 
for practical application for illumination analysis. 
 
Recently, techniques to obtain the localized angle domain 
information for the frequency domain wave field based on 
beamlet decomposition or local slant stack have been 
developed  and applied to directional illumination analysis 
(Wu and Chen, 2002, 2003, 2006; Xie and Wu, 2002; Xie 
et al., 2006). The Gabor-Daubechies frame decomposition 
is complete but not orthogonal, and therefore has 
redundancy in the representation. Local slant stacks for 
wavefield decomposition are computation demanding. The 
local cosine basis (LCB) decomposition, on the other hand, 
is orthogonal. Fast algorithms of local cosine/sine 
transforms exist. However, local cosine beamlets have 
always two lobes in symmetry with respect to the vertical 
axis. This lack of uniquely defined direction-localization 

prevents its use for directional illumination analysis. To 
overcome this shortcoming, a local exponential frame (LEF) 
method (Mao and Wu, 2007) have been successfully 
developed for 2D directional illumination analysis with 
high efficiency.  
 
In this paper, we extend this method to the 3D case. First 
we introduce the 2D local exponential frames (LEF) and its 
application to wavefield decomposition in 3D case, and 
then give a brief description on how to calculate the 
directional energy fluxes from the wavefield and apply 
them to the illumination analysis. To demonstrate the 
potential applications of this method, illumination 
examples are calculated for the 3D SEG/EAGE Salt model.  
 
2D local exponential frames 
 
The local cosine basis constructed by Coiffman and Meyer 
(1991) (see also Mallat, 1999) can be characterized by 
position nx , the nominal length of window 

 1n n nL x x+= − , and wavenumber index m 
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where ( )nB x  is a bell function which is smooth and 

supported in the compact interval 1[ , ]n nx xε ε+ ′− +  for 

1n nx xε ε+ ′+ ≤ − , with ε , ε ′  as the left and right 
overlapping radius, respectively. In the same manner, the 
local sine transform can be defined. In order to have 
uniquely specified direction in wave propagation, we 
extend the local exponential frame (Mao and Wu, 2007) to 
the   2D case as follows  
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LEF can also be written as ( ) ( , )mnpq x y++g , ( ) ( , )mnpq x y+−g , 
( ) ( , )mnpq x y−+g  and ( ) ( , )mnpq x y−−g , where the superscripts ( )++ , 

( )+− , ( )−+  and ( )−−  denote the different azimuthal directions 
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(for the four quadrants) in the 2D decomposition plan. Take 
( ) ( , )mnpq x y+−g  as example 

( ) ( ) ( )( ) ( )( )( ) 4( , ) exp expmnpq n q m n p q
n q

x y B x B y i x x i y y
L L

ξ η+− = − − −g
,             

(3) 
The 2D LEF is a tight frame with redundancy 4, which can 
be implemented by linear combinations of 2D local 
trigonometric bases.  
 
Wave field decomposition into local wavenumber 
domain 
 
The frequency domain wave field ( , , , )u x y z ω  at depth z  
can be decomposed into local exponential beamlets with 
windows along the x-y plane 

ˆ( , , , ) ( , , , , ) ( , )z n q m p mnpq
n m q p
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(4) 
where ˆ ( , , , , )z n q m pu x y ξ ξ ω is the coefficients of the local 
exponential frame decomposition, located at space window 

( ),n qx y  and wavenumber window ( ),m pξ ξ . The 

coefficients corresponding to local exponential beamlets 
can be calculated by fast local cosine/sine transforms.  

 

 
Figure 1. Definition of of incident angle ( ),θ ϕ=θ  for 3D 

case 
 

For the local plane wave of local horizontal wavenumber 
vector ( ),m pξ ξ=ξ , the corresponding propagating angle 

is  
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Where mθ  and pϕ  are the local incident angle with respect 
to the z-axis and x-axis respectively (shown in Figure 1). 

mθ  is from 00 to 090 , and pϕ  is from 0180−  to 0180 .   

( ),k v z
ω= x  is the local wavenumber  and ( ),v zx  is 

the velocity at (x, z), where x=(x, y).  
 
Illumination analysis in the local angle domain 
 
For a given acquisition geometry, the frequency-space 
Green’s function from source s to subsurface point (x, z) 
can be decomposed in the image region to a summation of 
local angle components 

( ) ( ), , , , , , ,
s

sG z s G z sω ω=∑
θ

x x θ ,             (6) 

where ( ), , , ,sG z s ωx θ  is its local-angle-component of sθ . 
Similarly, the frequency-space Green’s function from 
subsurface point (x, z) to receiver r can be decomposed as 

( ) ( ), , , , , , ,
r

rG z r G z rω ω=∑
θ

x x θ ,            (7) 

where ( ), , , ,rG z r ωx θ  is its local-angle-component of 

rθ . The directional illumination (DI) energy distribution in 
local angle domain is a summation of the contributions 
from all the sources at the image point for each local angle  

( ) ( ) 2
, , , , , , ,a s s

s
D z G z sω ω=∑x θ x θ .       (8)  

In order to evaluate the aperture and propagation effects of 
the given acquisition geometry on energy distribution for a 
specific pair of incident/receiving angles, we use unit 
impulse as source at both source and receiver points for the 
entire acquisition configuration and assume a unit 
scattering coefficient at each space point. Similar to the 
procedure of DI mapping, we sum up contribution of the 
Green’s functions for each incident/receiving pair to get the 
acquisition aperture efficacy (AAE) matrix at each image 
point, which neglects the detailed wave interface pattern 
and considers only the energy distribution in space and 
angle of the acquisition configuration. Then the AAE 
matrix at point (x, z) is defined as  

( ) ( ) ( ) 22
, , , , , , , , , , , ,s g s g

s r
E z G z s G z rω ω ω=∑ ∑x θ θ x θ x θ .    

(9)  
We can further reduce the acquisition efficacy matrix at 
each point to a acquisition dip response (ADR) vector 
which is a function of reflector dip only. To get ADR, we 
first transfer the source-receiver angle pairs to the dip-
reflection angle pairs by a coordinate rotation. Then we 
sum up all the reflected energy for each reflector-dip. 

( ) ( ), , , , , , ,
r

d n n rA z E zω ω=∑
θ

x θ x θ θ ,          (10)  

where ( ), , ,d nA z ωx θ  is the ADR vector for point (x, z), 

and  nθ  is the assumed reflector normal angle (same as 
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migration-dip angle) (with respect to z-axis) and rθ  is the 
reflection angle with respect to the normal. The value of the 
ADR map measures the dip-angle response of the 
acquisition system, including the source and receiver 
apertures, and propagation effects. In our examples, we 
calculate only the ADR for the central frequency and make 
the algorithm very efficient. 
 
Numerical examples 
 

 
(a)                                          (b) 

Figure 2. (a) location of the 45 shots (b) location of the 
slices for comparison 

 
To demonstrate the application of the illumination analysis, 
we calculated a number of numerical examples using the 
3D SEG/EAGE salt velocity model. This example 
simulates the illumination condition of the 45 shot data set. 
This represents a land type acquisition geometry. The 
locations of those 45 shots are shown in the Figure 2(a). 
Figure 3 shows the vertical and horizontal slices of the 
velocity model and prestack depth migration image. The 
locations of the slices are marked in Figure 2(b). 
 

 
(a) 

 
(b) 

 
(c)                                       (d)  

Figure 3. Vertical and horizontal slices of velocity model 
and the corresponding prestack depth migration images 

 
Figure 4 is the result of DI maps with different incident 
angles θ for the given vertical and horizontal slices, which 
are ( )0 030 , 90s sθ ϕ= − = − , ( )00 ,s sθ ϕ= ∀  and 

( )0 030 , 90s sθ ϕ= =  respectively. From the DI maps we 

can see the energy flux of different local angle clearly, 
especially for the subsalt area. 
 

 
(a)                                            (b) 

 
(c)                                            (d) 

 
(e)                                            (f) 

Figure 4. Directional illumination (DI) maps using LEF:  
(a)(b)DI for angle ( )0 030 , 90s sθ ϕ= = − ; (c)(d)DI for angle 

( )00 ,s sθ ϕ= ∀ ; (e)(f) DI for angle ( )0 030 , 90s sθ ϕ= =  

 
For ADR calculation, to get each receiver’s Green’s 
function needs a large amount of computation and storage, 
and then we calculate only some results of partially 
integrated over certain angle range. Figure 5 shows the 
ADR maps calculated by the LEF method, the dip angle are 
( )0 0 00 90 , 90θ ϕ< < = − ( )00 ,s sθ ϕ= ∀  and 
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( )0 0 00 90 , 90θ ϕ< < = , that represent negative, zero and 

positive dip response respectively. These figures show the 
different response for different dip angles, which is due to 
the salt structure and the acquisition system. From figure 4, 
we see that the illumination with negative azimuthal angles 
is much poorer than that of positive azimuthal angles. 
Correspondingly, in figure 5, the dip responses for 
reflectors with negative dips are weaker than that with 
positive dips. From these illumination results, we can also 
explain the poor image quality of the subsalt area for 
reflectors with certain dip angles.  

 

 
(a)                                            (b) 

 
(c)                                            (d) 

 
(e)                                            (f) 

Figure 5. Acquisition dip response (ADR) maps using LEF:  
(a)(b) ADR for dip angle ( )0 0 00 90 , 90θ ϕ< < = − ; (c)(d) 

ADR for dip angle ( )00 ,s sθ ϕ= ∀ ; (e)(f)ADR for dip angle 

( )0 0 00 90 , 90θ ϕ< < =  

 
Then let’s briefly discuss the computation efficiency of the 
method. We compare this method with the time-consuming 
local slant stack method. First, we consider 1D 
decomposition and assume the same window length winL  

for Gaussian window and bell window, which correspond 
to the local slant stack and local exponential beamlet 
decompositions respectively. For local slant stack method, 
a slant stack computation with ( )*win winO L L  is required 
for each sample point, which result in a total computation 
with ( )* *win winO N L L , where N is the total number of 
the sample points. However, for local exponential beamlets 
decomposition, we only need a LCT and a LST 

computation with 2log
4
win

win
L

O L⎛ ⎞
⎜ ⎟
⎝ ⎠

 (due to the use of 

folding technique in fast LCT and LST). Therefore the LEF 
method need a total computation with 

22* *log
4
winL

O N⎛ ⎞
⎜ ⎟
⎝ ⎠

. For example, if 16winL = , the 

local slant stack and the local exponential frame method 
need ( )256*O N  and ( )4*O N  computation 
respectively. The other advantage of using the local 
exponential beamlets is the availability of LCB coefficients 
during the propagation, which saves some computation 
time for local exponential decomposition. As we know, the 
computation order of 2D decomposition is squared, so the 
LEF method saves a lot of computation time on angle 
decomposition.  In summary, the analysis using local 
exponential frame in 3D case is much more efficient than 
using local slant stack method. 
 
Conclusions 
 
We developed an efficient method of 3D directional 
illumination analysis in the local angle domain using 2D 
local exponential frames, which form a tight-frame of 
redundancy 4. As the local cosine/sine transforms have fast 
algorithms, this method has much better efficiency than the 
local slant stack method. Numerical examples of directional 
illumination (DI) maps and the acquisition dip responses 
(ADR) for the 3D SEG/EAGE salt model illustrated the 
validity and efficiency of the new method. For the further 
work, we will develop some amplitude correction method 
in local angle domain based on the directional illumination 
analysis to improve the image quality. 
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