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Summary

The success of wavelet transforms for seismic data compres-
sion leads naturally to the idea of “compressing” numerical
wavefield propagators. In spite of numerous efforts (i.e. Bey-
lkin, 1992, Dessing and Wapenaar, 1995, Mosher, Foster, and
Wu, 1996) application of orthogonal wavelet bases to wave-
field propagation has had limited success. In this work, we
examine implementations of phase shift migration using
orthogonal wavelet transforms as an illustration of the limita-
tions that orthogonality places on wavelet domain propagators.
Since wave propagation has a simple representation in the fre-
quency domain, frequency domain wavelet transforms provide
a useful framework for studying wave propagation. In particu-
lar, we describe phase shift extrapolators for 2-dimensional
wavefields that have been Fourier transformed over time and
wavelet transformed over space. The wavelet transform over
the space axis is implemented in the wavenumber-frequency
domain by complex multiplication of low and high pass wave-
number filter functions to form wave packet trees. Space-
wavenumber-frequency transforms are usually referred to as
‘beamlet transforms’ (Wu and Chen 2001), and are closely
related to Gaussian beams (Hill, 2001, Albertin et al, 2001).
The interaction of beamlet transform filter banks and phase
shift wavefield extrapolators are simple complex multiplica-
tions. Wavefield propagation in the beamlet domain is compli-
cated, however, by the digital implementation of decimation
and upsampling operators used in orthogonal wavelet trans-
forms. Unlike the filter functions, which can be viewed as
diagonal matrix operators, the decimation and upsampling
operators have significant off-diagonal terms. Since these
operators do not commute with the filter and phase shift opera-
tors, the effects of the off-diagonal terms must be accounted
for in the application of wave propagation operators. Use of
filters designed for simple shape and compact support in the
wavenumber domain reduces the domain of the interactions,
resulting in implementations of phase shift extrapolators that
have computational complexity comparable to traditional Fou-
rier approaches. Compact support in the wavenumber domain,
however, corresponds to poor localization in the space domain.
Use of orthogonal wavelet bases for beam-based wavefield
propagators results in a trade-off between computational com-
plexity when the wavelet transform filters overlap, and poor
localization in space when the overlap is limited. These results
suggest that non-orthogonal transforms may provide a better
domain for wave propagation.

Introduction

A considerable number of efforts are currently underway to
study the interactions of beam-based transforms and wave
propagation. These efforts are primarily focussed on operator
compression (i.e. Beylkin, 1992, Dessing and Wapenaar,
1995), exploitation of compact support in the space-time
domain (Wu and McMechan, 1995; Albetin et al, 2001), or on
Gaussian beam representations (Hill, 2001). Much of the cur-
rent efforts are based on non-orthogonal transforms. In this
work, we examine the use of orthogonal wavelet transforms
and the constraints that orthogonality places on wavefield
propagators in the wavelet transform domain. Since both wave
propagation and wavelet transforms have simple representa-
tions in the frequency domain, frequency domain wavelet
transforms provide a useful framework for studying the nature
of wave propagation in the wavelet domain. In particular, we
examine phase shift migration in the space-wavenumber-fre-
quency (beamlet) domain. This work builds on the frequency
domain representations of wavelet transforms studied by
Mosher and Foster, 1995, and Mosher, Foster, and Wu, 1996,
where filter convolutions are replaced by linear filter operators
in the Fourier domain:. 

In this representation, p(k,ω) is the input signal in the wave-
number-frequency domain, pl,h(k,ω) are the Fourier trans-
forms of the filter bank outputs, L and H are Fourier domain
filters, and D and U are Fourier representations of decimation
and upsampling operators. Decimation and upsampling in
space is accomplished in the wavenumber domain with the
folding operator:

(1)

In digital form, the folding operator takes the form:
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(2)

where n is the Fourier transform length in the space direction.
The decimation operator D is composed of the first n/2 rows of
F. Application of the operator D results in an aliased (folded)
Fourier transform that is half the length of the original, repre-
senting a space series with odd samples discarded.The upsam-
pling operator is the first n/2 columns of F, or the transpose of
the decimation operator:

(3)

Application of U results in an unfolded transform that is twice
the length of the original, representing a space series with
zeros inserted between each input sample. Compositing the
decimation and upsampling operators returns the original fold-
ing operator in equation 1: 

(4)

Using the matrix notation described above, forward and
inverse wavelet (or beamlet) transforms in the frequency (or
wavenumber) domain can be expressed as:

(5)

, (6)

where the filter operators H and L satisfy the wavelet trans-
form orthogonality constraints (Daubchies, 1992; Foster,
Mosher and Wu, 1997). The forward transform operates on a
vector of length n and produces two vectors of length n/2, the
inverse transform combines two vectors of length n/2 and pro-
duces a single vector of length n. Wave packet trees are con-
structed by repeated application of the forward operator  to
the decimated output vectors (Wickerhauser, 1991). A stan-
dard wavelet basis is constructed by repeated application of
the forward operator to the low pass vector only (Vetterli and
Herley, 1992; Meyer, 1993). Inverse transforms proceed anal-
ogously with repeated application of the inverse operator

.

Beamlet Phase Shift Migration

After 2D Fourier transformation over space and time, a zero
offset seismic wavefield recorded at the surface of the earth
can be extrapolated using the phase shift extrapolator:

(7)

(8)
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where  is propagation velocity (Stolt and Benson, 1986, p.
90).

In the beamlet framework, we perform extrapolation by apply-
ing the digital operator E to wavenumber column vectors

 at each discrete frequency:

(9)

Where  is the extrapolated wavefield at . If we
define

(10)

extrapolation in the beamlet domain can be examined by trans-
forming Equation 9:

(11)

We see that  is the wave extrapolator in the beamlet
domain. In terms of the filter and decimation operators:

(12)

(13)

Interpretation of the beamlet phase shift extrapolator is com-
plicated by the presence of the cross-coupling operators 
and . These terms arise from the overlap of the filters L
and H in the wavenumber domain. For wavelets with compact
support in the space domain, the filters have infinite support in
the wavenumber domain. Equation 12 then requires that 4
extrapolations need to be performed. Examination of the
nature of the operators in Equation 13 shows that only two
extrapolations need to be performed, which are then high and
low pass filtered. The result is two times the computational
effort of a wavenumber-frequency extrapolation. For more
interesting wavelet representations, for example the best-level
wavelet basis, the required computations increase by a factor
of 2 for every additional level of the transform.

Phase shift migration is implemented in the beamlet domain
by repeated application of the phase shift operator for upgoing
waves:
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Êhh Êhl
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(14)
Examples

The domain of interaction for the cross coupling operators is
determined by the range of overlap in the filters L and H. For
wavelet bases with compact support in the space domain, the
filters have infinite support in the wavenumber domain, and
there is complete overlap of the filters. An alternative imple-
mentation is to use filters with compact support in the wave-
number domain. This makes it possible to limit the filter
overlap. In the limiting case, the filters have flat response out
to Nyquist, and have no overlap. In the space domain, the con-
volutional operators are sync functions with infinite support,
and are referred to as Shannon wavelets (Mosher and Foster,
1996).

Figure 2 shows the result of applying a beamlet transform
(Equation 5) using Shannon wavelets to a point diffractor. The
low pass beamlet retains the low wavenumber energy at the
top of the diffractor, and the high pass beamlet retains the
limbs. Repeated application of the filters to generate a “level
3” beam packet transform is illustrated in Figure 3a. There are
23 = 8 wave packets with dominant wavenumber increasing
from left to right.

Figure 3b shows the result of applying the beamlet migration
operator (Equation 8) to the point diffractor. Figure 4 shows
the inverse beam packet transform of the migrated point dif-
fractor. For comparison, a conventional phase shift migration
of the same point diffractor is shown in Figure 4. As expected,
the results are identical.

The complete localization of wavenumbers provided by the
Shannon wavelet allows for a simple, efficient implementation
of phase shift migration. The space localization is poor, since
the corresponding sync functions decay slowly in the space
domain. The choice of an orthogonal wavelet transform limits
the flexibility to a trade-off between computational complexity
when the filters overlap, and poor space localization when the
filters have compact support in the wavenumber domain.

Conclusions

The success of orthogonal wavelet transforms for seismic data
compression has motivated a number of efforts to implement
seismic wavefield propagation in the “compressed” domain.
Analysis of phase shift migration using orthogonal wavelet
transforms over the space coordinate (beamlet transforms)
shows that orthogonality results in cross-coupling between

p̂h

p̂l z ∆z+

Êhh Êhl

Êlh Êll ∆z
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wave or beam packets. The effects of cross-coupling can be
accounted for, but at the cost of increased computational com-
plexity or poor space localization. The example of phase shift
migration shows why non-orthogonal transforms such as
Gaussian beam and Gabor-Daubchies decompositions may be
a better choice for wave propagation.
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Figure 2: Low and high pass beam packets
for a point diffractor

Figure 3: (a) Level 3 beam packet transform of a point diffractor (8 beam packets),
(b) Migrated point diffract in the beamlet domain

Figure 4: Beamlet phase shift migration of a point diffractor compared
to conventional Fourier phase shift migration 
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