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Summary 
 
A new type of analyzing wavelets which optimally match 
seismic wavelets (SW wavelets) is presented. It is proved 
that these wavelets are admissible. The advantages of the 
SW wavelets are shown for the seismic data processing and 
attributes analysis. By taking one of the SW wavelets as 
analyzing wavelet, a wavelet transform method (WT 
method) of calculating the instantaneous spectrum 
bandwidth (ISB) is given as an example of their 
applications. For a comparison between WT method and 
the commonly used Hilbert Transform (HT method), the 
ISB maps of a noisy synthetic data are calculated using 
both methods. The results demonstrated the advantages of 
WT method over HT method both in precision and in anti-
noise performance. The WT method was used for 
calculating the ISB map of a seismic recording from an 
oilfield; the map of the ISB distinctly displayed the position 
and pattern of an ancient subsurface ditch. 
 
Introduction 
 
There are different types of wavelet transforms (WT), 
among them is Continuous Wavelet Transform (CWT). The 
CWT has some good properties suitable for signal analysis, 
and the analyzing wavelet is only required to be admissible, 
which leads to great freedom in the choice of wavelet 
functions (Grossmann, et al, 1985, 1989 ). This study is 
only involved in CWT. 
 
The most generally used analyzing wavelet in CWT is the 
Morlet wavelet, the Paul wavelet, the Marr wavelet, etc. It 
is well known that the wavelet transforms of a signal are 
determined not only by the signal itself but also by the 
analyzing wavelet; therefore an appropriate choice of the 
analyzing wavelet is essential when the WT is used for 
signal processing and attributes analysis. In recent years, 
Kaiser developed a method of the construction of the basic 
wavelet (i.e. analyzing wavelet); in his method, the 
wavelets are subjected to some given physical laws (Kaiser, 
1996 ).  His work opened a new area for WT.  
 
Gao et al. made a study of the choice of basic wavelets for 
seismic data processing and attributes extraction. They 
concluded that using the wavelet which matches the 
seismic wavelet the best as analyzing wavelet is 
advantageous for the purpose of noise reduction (Gao et al., 

1996 ). A formula modeling seismic wavelets was proposed 
and corresponding analyzing wavelets (MS wavelets) were 
constructed (Gao et al., 1996 ). The MS wavelets were used 
for extraction of instantaneous frequency and good results 
were obtained (Gao et al., 1997; 1999). Unfortunately, for 
complex geological media, the MS wavelets may not well 
match the seismic wavelet or a given useful signal (such as 
a given reflected wave) because they have only two free 
parameters. This limits their applications. 
 
In this paper, we will further develop the method proposed 
by Gao et al. (Gao et al., 1996 ). First, the real and complex 
analyzing wavelets with four free parameters are 
constructed; these wavelets can best match seismic 
wavelets (BMS wavelets). The relationship between BMS 
wavelets and Morlet wavelet is given. Then a proposition is 
presented. Secondly, it is proved that these basic wavelets 
are admissible. The third part is devoted to the extraction of 
ISB via WT. The comparison between WT method and the 
HT counterpart are given in anti-noise performance. An 
example of field data is given, too.  
 
Analyzing wavelets and the extraction of the ISB 
 
In seismic data processing, a common formula modeling 
seismic wavelets is as follows:  
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where, C  is the amplitude of the seismic wavelet, τ is the 
attenuation coefficient of its energy, β  is the delay time of 

the energy of the wavelet, and 0ω is apparent frequency. 

Function )(tw  is not admissible. But by adding some 

correction terms to the )(tw , we can obtain a new basic 
wavelet as follows: 
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We can also get approximate analytic wavelet functions  
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Where 1−=i . The wavelet functions defined with Eqs 
(2-3) satisfy the following conditions:  
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(a) ∫
∞
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In fact, the )(tg , whether it is defined by Eq. (2) or Eq. (3), 

is of the products of the bounded function with ])(exp[ 2et−  
(e is a real number), therefore the condition (b) is obviously 
satisfied. We can also prove that )(tg  satisfy condition (a) 

(omitted here), so )(tg  is admissible ( Daubechies, 1992 ). 
 
As a generalization, we have the following fact:  
Proposition: If g(t) is admissible, the Fourier transform of 
f(t) is a bounded continuous function, let  

∫
∞
∞− −= τττψ dtgft )()()( .                                    (4)        

Then, )(tψ is admissible (the proof is omitted here).  
With the proposition, one can construct the analyzing 
wavelet of matching a given signal (such as seismic 
wavelet or a reflected wave). 
   
Note that Eq.3, letting 2/1=τ , 0=β , 1=C , result in 

Morlet wavelet. 
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Let ,1=C  ,0=β  2/2c=τ , we obtain 
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Eq. (6) is the modified Morlet wavelet (Gao et al., 1996). 

When )8/(2
0 τω  is large enough, the correction term in Eqs. 

(2) and (3)  can be ignored 
 
The ISB is very useful for seismic data interpretation 
(Barnes, 1993), it is defined as: 

)(//)()2/(1)( tedttdetd π= ,                            (7) 

where )(te  is the instantaneous amplitude of )(ts  given 

by: 

    )]([)()( 22 tsHtste += .                              (8) 

The commonly used method for ISB estimation is as 
follows (Barnes, 1993):  
(1). Find the analytic counterpart corresponding to the real-
valued signal via the Hilbert transform. 
(2) Calculate the ISB with the analytic signal by Eq (7).   
 But this method is sensitive to the noise because of the 
calculation of the derivative. 
 
Now we introduce the WT method for calculating the ISB. 
It is proved that the smaller the distance between the basic 

wavelet and the analyzed signal is (in a sense of ),(2 dtRL  

space), the more concentrated is its energy distribution in 
the time-scale domain (Gao et al., 1996 ). This property is 
very useful for seismic data processing. Let 

)()()( tntsty += . Where )(ts and )(tn  represent the 

useful signal and noise, respectively. When )(ty  is 
transformed into the time-scale domain by using the 
analyzing wavelet of best matching the )(ts , the energy of 

the )(ts  will be confined in a small close subspace v  of the 

time-scale domain. But the energy of the )(tn will disperse 

in a large close subspace v′ (even in the whole time-scale 
domain ). The two subspace, v and v′ , may be separated or 
partly overlapped. No matter how, it is obvious that when 
we calculate the instantaneous attributes with WT method 
in subspace v , instead of whole time-scale domain, the 
noise is suppressed and the S/N ratio will be improved. So 
we can get a better estimation of the instantaneous 
attributes of the noisy signal (Gao en al., 1999 ). 
 

For a given signal ),,()( 2 dtRLts ∈  the WT of )(ts  with 

respect to the basic wavelet )(tg is defined as 
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where ,, Rbt ∈  R  is the real number set and 0>a , )(tg is 

complex conjugate of )(tg , 2L  denotes a set of all the 
square inerrable functions. We have the following 
important result (Gao et al., 1997,1999): 
Theorem: if )(tg  is an analytic wavelet function with its 

real par ( )tgR  being even and ( ) ,)/ˆ(
0
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where ),( atS  is defined as (9), )]([ tsH  is the Hilbert 

transform of the )(ts , and v is a subspace that contains the 

all information of the useful signals. 
Eq. (10) offers a new approach of calculating the )]([ tsH  
in the time-scale domain as follows: 
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with { })(Im tf denoting the imagine part of the )(tf . 

When 0=β , )4/(2
0 τω is large enough, the wavelet 

function defined by Eq. (3) satisfies the theorem. 
 
The ISB may be extracted via WT as follows: 
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(1). Determine the parameters of the analyzing wavelet ( Eq.  
(3) ) by the seismic recordings near or at the well 
 location and the sequence of reflection coefficient made  
 from the sonic logging and the density logging. 

(2) Choose the typical seismic recording traces of the  
      seismogram, transform them into the time-scale domain, 
      and then define the range of the energy (i.e. the 
      subspace v ) of the useful signal for each trace to be  
      selected. 
(3). Determine the subspace v of every traces in the  
       seismogram  by interpolation . 
(4) Calculate the ISB by Eqs  (6-11) trace by trace. 
 
Examples 
 
Fig.1 is a geological model and Fig. 2 is a synthetic noisy 
seismic recording corresponding to Fig. 1. Fig. 3 is the ISB 
map of Fig.2. Because of the restriction of the seismic 
resolution, the etched surface cannot be interpreted in Fig.2, 
but in contrast, in the ISB map of Fig.2 (i.e. Fig.3), the 
position and the pattern of the etched surface can be seen 
clearly (marked A). As being expected, the position and 
pattern of the etched surface appear as a blur in the ISB 
map of the HT method due to the noise (the Figure is 
omitted here). 
 
Fig.4 is a horizontally stacked section for a certain line of 
an oil field. Fig. 5 is the ISB of Fig 4. via the WT method. 
T9 wave groups are distributed from 1600-1650ms (1900-
2080 CDP), the T9-2 reflector becomes depressed, and the 
waveforms become widened. The T10-1 reflector (1800-
2080CDP) also becomes depressed and branched. These 
geological events were interpreted as a suspicious ancient 
potential ditch. However, these anomalies on the time-
space domain section are weak and cannot be interpreted 
without ambiguity. The map of ISB in Fig. 5 enhances 
these anomalies significantly. The etched surface of the 
Ordovician period (marked A), on lap stuffing (B), and 
etching section (C) can be seen clearly from the map of ISB 
in Fig. 5. 
 
 Conclusions 
 
A new type of wavelet (defined by Eqs 2-4) best matching 
the seismic wavelets or a given signal  has been presented., 
By taking one of them as basic wavelets, a method for 
calculating the ISB is presented (WT method). The 
efficiency of the WT method has been demostrated by 
using the synthetic and field data. The new wavelets lead to 
good results for multi-dimensional de-noising and 
improving the resolution of seismic data. These wavelets 
are also very useful for studying seismic wave propagation 
in complex media. 
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Figure 1 Geological model. The sign “A” indicate the ancient 

subsurface ditch with maximum thickness being 5 meters. 
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Figure 5. The ISB map of Figure 4 

 
Figure 2                                                                                                            Figure 3   

 

Fig.2 is the synthetic seismic recording with Gaussian-distributed white moise of a peak-peak SNR of  5%, The seismic 

 wavelet dominat frequency is 30 Hz. Fig.3 is the ISB map of the synthetic seismic recording (Fig.2), the sign “A” indicates 

 the etched surface 

 

 

 
Figure 4:  A horizontally stacked section of a certain line from an oil field 
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