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ABSTRACT
We present a Gaussian packet migration method based on Gabor frame decom-
position and asymptotic propagation of Gaussian packets. A Gaussian packet has
both Gaussian-shaped time–frequency localization and space–direction localization.
Its evolution can be obtained by ray tracing and dynamic ray tracing. In this paper,
we first briefly review the concept of Gaussian packets. After discussing how initial
parameters affect the shape of a Gaussian packet, we then propose two Gabor-frame-
based Gaussian packet decomposition methods that can sparsely and accurately rep-
resent seismic data. One method is the dreamlet–Gaussian packet method. Dreamlets
are physical wavelets defined on an observation plane and can represent seismic data
efficiently in the local time–frequency space–wavenumber domain. After decompo-
sition, dreamlet coefficients can be easily converted to the corresponding Gaussian
packet coefficients. The other method is the Gabor-frame Gaussian beam method. In
this method, a local slant stack, which is widely used in Gaussian beam migration, is
combined with the Gabor frame decomposition to obtain uniform sampled horizontal
slowness for each local frequency. Based on these decomposition methods, we derive
a poststack depth migration method through the summation of the backpropagated
Gaussian packets and the application of the imaging condition. To demonstrate the
Gaussian packet evolution and migration/imaging in complex models, we show sev-
eral numerical examples. We first use the evolution of a single Gaussian packet in
media with different complexities to show the accuracy of Gaussian packet propaga-
tion. Then we test the point source responses in smoothed varying velocity models
to show the accuracy of Gaussian packet summation. Finally, using poststack syn-
thetic data sets of a four-layer model and the two-dimensional SEG/EAGE model, we
demonstrate the validity and accuracy of the migration method. Compared with the
more accurate but more time-consuming one-way wave-equation-based migration,
such as beamlet migration, the Gaussian packet method proposed in this paper can
correctly image the major structures of the complex model, especially in subsalt areas,
with much higher efficiency. This shows the application potential of Gaussian packet
migration in complicated areas.
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INTRODUCTIO N

There is a rich literature on the use of Gaussian beam sum-
mation in computing high-frequency seismic wavefields in
smoothly varying inhomogeneous media and on the success-
ful applications of Gaussian beams to seismic depth migration
(Červený, Popov, and Pšenčı́k 1982; Popov 1982; Nowack
and Aki 1984; Červený 1985; Babich and Popov 1989; Hill
1990, 2001; Nowack 2003; Gray 2005; Červený, Klimeš,
and Pšenčı́k 2007; Zhu, Gray, and Wang 2007; Gray and
Bleistein 2009; Popov et al. 2010). The beam solution is usu-
ally formed in the frequency domain, and it is used to de-
compose the space–frequency domain seismic data into Gaus-
sian beams that are localized both in position and direction.
In addition to space–direction localization, time–frequency
localization can also be applied to seismic data decomposi-
tion and imaging, such as in the wave packet solution or the
pulsed beam solution (Kaiser 2003). Time–frequency space–
direction localization for seismic data decomposition, propa-
gation, and imaging using dreamlets has been introduced and
further developed (Wu, Wu, and Geng 2008; Geng, Wu, and
Gao 2009; Wu and Wu 2010; Wu, Geng and Wu 2011; Wu,
Geng and Ye 2013). Curvelets (Starck, Candes, and Donoho
2002) were reported to be an efficient and sparse decomposi-
tion of both seismic wavefield and wave propagation operator
(Candes and Demanet 2005) and have been applied to seismic
data processing (Herrmann and Hennenfent 2008; Herrmann
et al. 2008), wavefield extrapolation (Lin and Herrmann
2007), map migration (Douma and de Hoop 2007), and mi-
gration and demigration (Chauris and Nguyen 2008).

As high-frequency asymptotic space–time particle-like so-
lutions of the wave equation, Gaussian packets were first
introduced by Babich and Ulin (1984). These solutions
are also called quasiphotons, space–time Gaussian beams
(Ralston 1983), Gaussian packets (Klimeš 1989a), and co-
herent states (Combescure, Ralston, and Robert 1999). Gaus-
sian wave packets are also discussed (Kiselev and Perel 1999;
Perel and Sidorenko 2007) as the exact local solutions of
the wave equation in homogeneous media, which can also
serve as mother wavelets with a fixed time parameter and be
used in wavefield decomposition. Similar to Gaussian beam
decomposition, a wavefield radiating from a seismic source
can be represented by a set of Gaussian packets. The de-
composition of seismic data using Gaussian packets was first
discussed by Žaček (2006a,b) and Klimeš (1989b), as well
as the related seismic migration in the common-shot do-
main (Žaček 2004, 2005). However, the dependence of a
Gaussian packet’s shape on the initial parameters makes the

decomposition of seismic data in their method time-
consuming, which prevents the method from being used in
practical applications. Nonetheless, as time–space localized
solutions of the wave equation, the advantages of Gaussian
packets continue to attract researchers. Duchkov, Andersson,
and Wendt (2010) discussed a sparse Gaussian wave packet
representation and seismic imaging method, in which seismic
data are decomposed into Gaussian wave packets by solving
a nonlinear optimization problem and each packet is moved
into a subsurface along the corresponding ray. Wavefield de-
compositions using Gaussian beam/wave packets were also
discussed by other authors in the space domain (Tanushev
2008; Tanushev, Engquist, and Tsai 2009; Qian and Ying
2010a,b; Ariel et al. 2011; Tanushev et al. 2011).

In this paper, we propose an efficient Gaussian packet
migration method based on the Gabor frame decomposition
(Appendix B). We first discuss how the Gaussian packets’
initial parameters affect the shape of the Gaussian pack-
ets during propagation. We then give the relationship be-
tween the Gaussian packets and the dreamlets, which are
obtained from the tensor product of two local windowed
harmonic atoms, e.g., Gabor frame atoms, based on the
causality relation (Wu et al. 2008; Geng et al. 2009; Wu
et al. 2011). Seismic data can then be represented by Gaussian
packets through dreamlet transform sparsely and accurately,
and the Gabor frame has a fast algorithm that assures the
stability and efficiency of this data decomposition. However,
because dreamlets represent seismic data in the local time–
frequency space–wavenumber domain, the slowness interval
is different for different frequencies. To get a uniform slow-
ness interval for every local frequency, a local slant stack can
be used, as in the case of the Gaussian beam method (Hill
1990). For each coefficient obtained from the decomposition,
the corresponding Gaussian packet is propagated to a certain
subsurface location by solving the kinematic and dynamic
ray tracing (DRT) equations (Appendix A). Finally, an imag-
ing condition is applied to the summation of backpropagated
Gaussian packets. We show numerical examples on poststack
data sets to demonstrate the validity of this migration method.

T H E O R Y O F G A U S S I A N P A C K E T

In the two-dimensional (2D) case, we consider that the scalar
wave equation describes a wavefield u (x, z, t)

∇2u (x, z, t) − 1
V2 (x, z)

∂2u (x, z, t)
∂t2

= 0, (1)
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where ∇2 = ∇ · ∇ = ∂2

∂x2 + ∂2

∂z2 , and V (x, z) is the velocity at
point (x, z). The asymptotic ray series uray (z, x, t) for wave
equation (1) is in the form of

uray (x, z, t) ∼ exp (iωτ (x, z, t))
∞∑
j=0

Aj (x, z, t)

(iω) j , (2)

where ω > 0 is a large frequency parameter, τ (x, z, t) is the
real-valued time function, and Aj (x, z, t) are the complex-
valued amplitude coefficients. According to Babich and Ulin
(1984), we can take the first term ( j = 0) of the asymptotic
ray series in equation (2) to obtain an expression of a Gaussian
packet (Klimeš 1989a)

ugp (x, z, t) = A(x, z, t) exp (iωτ (x, z, t)) , (3)

where ω can be understood as the central frequency of the
wave packet, and both time function τ (x, z, t) and amplitude
A(x, z, t) are complex-valued functions of space coordinates
(x, z) and time t. For simplicity, we use τ instead of τ (x, z, t)
and A instead of A(x, z, t) in the rest of this paper.

By inserting the Gaussian packet solution (3) into the
wave equation (1), we find out that the time function τ must
satisfy the space–time eikonal equation

(∇τ )2 − V−2 ∂2τ

∂t2
= 0, (4)

which can be solved using the method of characteristics. The
solution’s trajectory

(
xr , zr , tr ; px, pz, pt

)
determines a space–

time ray �, and here, px = ∂τ

∂x , pz = ∂τ

∂z , and pt = ∂τ

∂t are
the components of the space–time slowness vector along the
space–time ray. When the velocity model is time indepen-
dent, the space–time ray reduces to the space ray. By choosing
pt = −1 along the space–time ray, time tr is equivalent to the
corresponding travel time along the space–time ray, and the
space–time ray tracing is effectively reduced to the space ray
tracing with eikonal function (∇τ )2 = V−2.

The complex-valued time function τ must have a non-
negative imaginary part Im (τ ) ≥ 0 so that the Gaussian packet
can be concentrated close to the space–time ray. Using Taylor
expansion, the time function in the vicinity of a point (xr , zr , tr )
on the space–time ray can be approximated by its second-
order expansion

τ ≈ px (x − xr ) + pz (z − zr ) + pt (t − tr )
+ 1

2 Nxx (x − xr )
2 + 1

2 Nzz (z − zr )
2 + 1

2 Ntt (t − tr )
2

+ Nxz (x − xr ) (z − zr ) + Nxt (x − xr ) (t − tr )
+Nzt (z − zr ) (t − tr ) ,

(5)

where Nxx, Nzz, Ntt, Nxz = Nzx, Nxt = Ntx, and Nzt = Ntz are
the second space–time derivatives of the time function along
the space–time ray. The paraxial Gaussian packet is obtained
by substituting the time function τ with its second-order ex-
pansion (5) in Gaussian packet (3); thus, the point (xr , zr , tr )
can be treated as the central point of the paraxial Gaussian
packet, and the corresponding space–time ray � can be treated
as the central ray of the paraxial Gaussian packet. We will
simply use the term Gaussian packet to signify the paraxial
Gaussian packet in the rest of this paper. With pt = −1 along
the central ray, the sign related to the time term pt (t − tr ) will
be consistent with the definition of the corresponding Fourier
transform in the time domain. From equation (5), we can
see that, unlike the Gaussian beam, the time function τ here
is not only the function of space coordinate (x, z) but also
the function of time t, which contains the quadratic terms
related to both space and time, and the imaginary part of
these quadratic terms introduces Gaussian shape localization
in both time and space domains. Therefore, Gaussian packets
are “particle-like” solutions of the wave equation, which al-
ways concentrate in the vicinity of their central points in both
space and time.

Although we obtain Gaussian packets in the Cartesian
coordinate system (x, z, t), the propagation of Gaussian pack-
ets is usually obtained in the ray-centred coordinate sys-
tem (n, s)and related local ray-centred Cartesian coordinates
(n, y), where n is the perpendicular distance from the cen-
tral ray, s is the distance along the central ray, and y is the
tangent to the central ray as shown in Figure 1, and then trans-
formed back to the Cartesian coordinate system (Appendix A,
equation (A-7)). The evolution of the matrix M̂ (Appendix A,
equation (A-3)), which is the second-order derivative of the
time function with respect to the local ray-centred Cartesian
coordinates (n, y) and time t, can be solved through DRT (Ap-
pendix A). With the given initial components M0

nn, M0
nt, and

M0
tt of the matrix M̂, we can calculate Mnn, Mnt, and Mtt and

other quantities along the ray easily (Appendix A, equations
(A-9) to (A-14)). It also becomes obvious that, when the initial
values M0

nt and M0
tt are zero, Mnt, Myt, and Mtt will always be

zero during the propagation, and the matrix M (Appendix A,
equation (A-3)) will be identical to a Gaussian beam. In this
case, the time function of the Gaussian packet in equation
(5) will be reduced to the corresponding time function of a
Gaussian beam, and time localization will no longer exist.

The complex-valued amplitude evolves along the central
ray, and it must satisfy the transport equation. It is identical to
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Figure 1 Profiles of Gaussian packets in different planes. Green planes
stand for the (x, t) plane at different depths, and grey planes stand
for the (x, z) plane at different times. The dashed blue ellipses stand
for the x-t profile of the Gaussian packet on green plane 0 at depth
z = zr and green plane 1 at depth z = zr1, and the solid orange ellipse
stands for the x-z profile of the Gaussian packet on the grey plane
at time t = tr1. The red lines show the ray-centred coordinate system
(n, s) and the related local ray-centred Cartesian coordinates (n, y).

the amplitude discussed in the Gaussian beam method (Babich
and Ulin 1984)

A =
√

VQ0

V0 Q
=
√

V

V0
(
Q1 + Q2 M0

nn

) , (6)

where V0 is the velocity at s = n = 0, Q0 is the initial value for
DRT (Appendix A, equation (A-9)), and Q1 and Q2 are the
components of the ray propagator matrix (Appendix A, equa-
tion (A-15)). Here, as stated by Červený (2001), we use the ‘in-
dex of the ray trajectory’, which is also known as the KMAH
index, to calculate the phase shift when passing through the
caustic point. The Gouy phase anomaly discussed by Nowack
et al. (2011) is not considered here. However, we may pay
more attention in the further work especially when propagat-
ing the packets for a long distance or with a very short initial
width.

SE ISMIC D ATA R EPR ESEN T A T I ON USING
G A U S S I A N P A C K E T

Seismic records on the Earth’s surface form a special type of
data different from other types of data, e.g., digital images. For
example, a surface shot profile can be treated as a cross sec-

tion of a time–space wavefield. The data structure depends on
many factors, such as the acquisition configuration, the sub-
surface velocity structure, and the reflector distributions, but
must satisfy underlying physical laws, e.g., the causality and
dispersion relations for the wave equation, except for random
noise in the data. The key step to Gaussian packet migration
is finding an efficient way to decompose the recorded seismic
data into Gaussian packets.

Suppose a Gaussian packet travels along a central ray
� from one central point (xr , zr , tr ) to another central point
(xr1, zr1, tr1). Figure 1 shows the profiles of a Gaussian packet
centred at point (xr , zr , tr ) on the (x, t) plane with depth z = zr

and the profiles of a propagated Gaussian packet centred at
(xr1, zr1, tr1) on the (x, z) plane with time t = tr1 and on the
(x, t) plane with depth z = zr1. The profiles of the Gaussian
packets at depth z = zr = 0 are related to the representation
of seismic recorded data u (x, z = zr = 0, t)

ugp (x, z = zr = 0, t)

= Aexp
{
iω
[

px (x − xr ) − (t − tr ) + 1
2 Nxx (x − xr )

2

+ 1
2 Ntt (t − tr )

2 + Nxt (x − xr ) (t − tr )
]}

,

(7)

whereas the spatial profiles of the Gaussian packets centred
at point (xr1, zr1, tr1) are related to the propagated wavefield
u (x, z, t = tr1)

ugp(x, z, t = tr1)

= Aexp
{
iω
[
px (x − xr1) + pz (z − zr1)

+1
2

Nxx (x − xr1)2 + 1
2

Nzz (z − zr1)2

+Nxz (x − xr1) (z − zr1)
]}

. (8)

Although each initial Gaussian packet in equation (7)
can be used as the foundation to construct the seismic data,
directly decomposing the seismic data into these Gaussian
packets is time-consuming especially when the envelope of
each Gaussian packet is dependent on initial parameters, such
as frequency, propagation direction, and so on. By discussing
the Gaussian packets’ initial parameters, we will show how
to efficiently decompose seismic data into Gaussian packets
through dreamlets that are constructed by a tensor product of
Gabor frames, satisfying the causality relation. Dreamlets can
represent seismic data accurately and sparsely, and seismic
data can be well reconstructed by only a small percentage of
coefficients (Wu et al. 2008; Wu et al. 2013), which provides
us the possibility of achieving an efficient migration method
based on Gaussian packet summation.

C© 2014 European Association of Geoscientists & Engineers, Geophysical Prospecting, 62, 1432–1452
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The initial parameters of a Gaussian packet

The initial Gaussian packet (7) along surface z = 0 is deter-
mined by several parameters, such as xr , tr , ω, and px, which
stand for the space and time central position of the packet, the
central frequency of the packet, and the horizontal component
of the slowness vector, respectively; M0

nn, M0
nt, and M0

tt, which
determine the shape of the packet; and the parameters Nxx,
Nxt, and Ntt in equation (7). Before decomposing seismic data
into Gaussian packets, we first start with the choice of initial
parameters that controls the shape of each Gaussian packet.

The imaginary part of the initial value M0
nn has to be

positive definite, and it determines the Gaussian packet width
along the n direction in the ray-centred coordinate system,
which is also the plane perpendicular to the ray. On the other
hand, the real part of M0

nn determines the initial curvature of
the phase front, which is the same as in the case of a Gaussian
beam. As shown in Fig. 2, in a homogeneous media with veloc-
ity equal to 2 km/s, three rays are traced vertically at x = 2 km,
5 km, and 8 km from the surface, and then three packets’ space
profiles as in equation (8) with Re

(
M0

nn

)
< 0, Re

(
M0

nn

) = 0,
and Re

(
M0

nn

)
> 0 are propagated along the rays and shown

at times t = 0.3 s and 1.0 s, respectively. Other initial param-
eters are chosen as ωr = 20πrad/s, Im

(
M0

nn

) = 4.0 × 10−7,
M0

nt = 0, and M0
tt = 3i . If a purely imaginary number is cho-

sen as the initial value of M0
nn for a single Gaussian packet, the

packet’s spatial profile will have zero curvature at the begin-
ning position and spread less. On the other hand, a complex
initial value represents a curve front of the packet at the be-
ginning position, and the packet may focus on a certain depth
according to the value of Re

(
M0

nn

)
during the evolution, which

is similar to a focused beam (Nowack 2008). In this paper,
we choose Re

(
M0

nn

) = 0.
Similar to parameter M0

nn, the imaginary part of initial
value M0

tt determines the Gaussian packet width along the
t direction, and this also affects the Gaussian packet width
along the s direction on the central ray due to equation (A-
11). In addition, initial values M0

tt and M0
nt must be chosen

so that the imaginary part of the quadratic terms in the time
function (5) is positive, which maintains the Gaussian packet’s
localization properties in both time and space domains. Us-
ing the same velocity model and ray parameters as in Fig. 2,
the Gaussian packets’ space profiles as in equation (8) with
different M0

tt are shown in Fig. 3. Other initial parameters are
given as ωr = 20π rad/s, M0

nn = 4.0 × 10−7i , and M0
nt = 0. We

can see that, with the choice of M0
tt as purely imaginary, a

larger M0
tt produces a shorter Gaussian packet along the cen-

tral ray, and a smaller M0
tt produces a longer Gaussian packet

along the central ray. As M0
tt becomes small enough, the Gaus-

sian packet starts to lose its localization along the central ray
and looks like a harmonic Gaussian beam. In addition, the
real part of M0

tt allows for more complicated packet shapes
along the central ray. For Re

(
M0

tt

) 	= 0, the real part of M0
tt

affects the wavelength of the packet along the central ray as
shown in Fig. 4(c). When M0

nt 	= 0, the Gaussian packet even
shows asymmetrical properties with respect to the central ray
as shown in Fig. 4(a, b). In order to obtain symmetric Gaus-
sian packets with respect to the central ray, we choose M0

tt as
a purely imaginary number and M0

nt = 0 as the initial value
for Gaussian packets.

Gabor-frame-based Gaussian packet

By taking initial values M0
nt, M0

nn, and M0
tt as purely positive

imaginary, the parameters of the Gaussian packet in equation
(7) at the surface z = 0 can be written (Appendix A, equations
(A-1) and (A-7)) as

Im (Nxx) = cos2 θ M0
nn + sin2 θV−2 M0

tt − 2 cos θ sin θV−1 M0
nt,

Re (Nxx) = − sin2 θV−2 ∂V
∂s

− 2 cos θ sin θV−2 ∂V
∂n

,

Nxt = cos θ M0
nt − sin θ

V
M0

tt = cos θ M0
nt − pxM0

tt

Ntt = M0
tt, (9)

where θ is the ray emergence angle, and Ntt and Nxt are
purely imaginary quantities. With the parameters M0

nt = 0,
M0

nn = 6.0 × 10−7i , M0
tt = 3i , ω = 30π rad/s, and V = 2km/s,

Fig. 5 shows the real part of three Gaussian packets in the
space and time domains at the surface for different ray emer-
gent angles. We can see that Gaussian packets’ shapes changed
for different angles due to the non-zero term Nxt, and when
the angle θ approaches to 90◦, Gaussian packet’s localiza-
tion property became worst. Directly representing seismic
data with Gaussian packets is then very intricate and time-
consuming as discussed by Žaček (2004, 2006a). Therefore,
to get an efficient representing method, we need to keep Gaus-
sian packets’ localization property and shape unchanged for
every angle, which requires Nxt = 0 in equation (9).

By ignoring the cross term Nxt, the Gaussian packets in
equation (7) can be treated as a tensor product of two Gabor
functions gGabor (x) and gGabor (t) (Gabor 1946)

ugp (x, z = zr = 0, t) ≈ AgGabor (x) · gGabor (t) , (10)

C© 2014 European Association of Geoscientists & Engineers, Geophysical Prospecting, 62, 1432–1452
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Figure 2 Snapshot for Gaussian packets at t = 0.3 s and 1.0 s with different initial parameters M0
nn. From left to right: ReM0

nn < 0, ReM0
nn = 0,

and ReM0
nn > 0, respectively.
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Figure 3 Snapshot for Gaussian packets at t = 0.7 s with different initial values of M0
tt . From left to right: M0

tt equals 0.1i , 1i , and 3i , respectively.
The white line stands for the corresponding central ray.

with

gGabor (x) = exp
{

iω
[

px (x − xr ) + 1
2

Nxx (x − xr )
2
]}

= exp
{
i
[
ξ (x − xr ) + ω

2
Nxx (x − xr )

2
]}

,

gGabor (t) = exp
{

iω
[
− (t − tr ) + 1

2
Ntt (t − tr )

2
]}

, (11)

where ξ = ωpx is the horizontal wavenumber, and the terms
exp

[
iωNxx (x − xr )

2/2
]

and exp
[
iωNtt (t − tr )

2/2
]

are trans-
lated Gaussian windows. The real part of Nxx contains V−2

term, which is usually small enough to be ignored; therefore,
these Gaussian windows can be treated as real-valued win-
dows, and decomposing seismic data using Gabor functions
in equation (11) is equivalent to performing windowed Fourier
transforms, which can be discretized under frame theory and
performed by a fast algorithm (Appendix B). Using 	xr , 	tr ,
	ξ , and 	ω as the local space interval, local time interval,
local horizontal wavenumber interval, and local frequency in-
terval respectively, and γx and γt as the scale parameters for
the Gaussian window (see Appendix B, equations (B-7) and

(B-13)) in the space and time domains, respectively, these Ga-
bor functions become Gabor frames (Appendix B, equations
(B-3) and (B-11)) multiplied by a phase shift only when

	tr	ω = 	xr	ξ ≤ 2π,

γ 2
x = Im

(
1

ωNxx

)
, γ 2

t = Im
(

1
ωNtt

)
, (12)

and equation (9) becomes

Nxx ≈ cos2 θ M0
nn + sin2 θV−2 M0

tt − 2 cos θ sin θV−1 M0
nt,

Nxt ≈ 0,

Ntt = M0
tt, (13)

which determine the initial parameters for the Gaussian packet
in equation (10) as

M0
nn ≈ i

cos2 θ

(
1

ωγ 2
x

+ sin2 θV−2 1
ωγ 2

t

)
,

M0
tt = i

ωγ 2
t

, M0
nt = sin θ

V cos θ
M0

tt. (14)
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Figure 4 Snapshots for Gaussian packets at t = 0.3 s and 1.0 s with different initial values of M0
nt and M0

tt . From left to right:
(a) M0

nt = −i and M0
nt = i with M0

tt = 3i , (b) M0
nt = −1 and M0

nt = 1 with M0
tt = 3i , and (c) M0

tt = −3 + 3i and M0
tt = 3 + 3i with M0

nt = 0.

When using the symmetric Gaussian packets that require
M0

nt = 0, we can write the initial parameters as follows to
obtain the Gaussian packets with positive definiteIm

(
M0

nn

)
,

M0
nn ≈ i

ωγ 2
x cos2 θ

, M0
tt = i

ωγ 2
t

, M0
nt = 0. (15)

The Gaussian packets with initial parameters in equation
(14) or (15) can then be calculated under Gabor frame theory
as

ugp
m,q,k,l (x, z = zr = 0, t) ≈ Agm,q (x) exp (−im	ξq	xr )

gk,l (t) exp (ik	ω l	tr ) = Agm,q (x)
exp

(−i ξ̄mx̄q

)
gk,l (t) exp

(
iω̄kt̄l

)
,

(16)

where gm,q (x) and gk,l (t) are the Gabor frames in the space and
time domains, respectively, and ξ̄m = m	ξ = ωpx, x̄q = xr =

q	xr , t̄l = tr = l	tr , and ω̄k = ω = k	ω are the local horizon-
tal wavenumber, local space position, local time, and local fre-
quency with indexes m = 0, 1, ..., Nξ − 1, q = 0, 1, ..., Nx −
1, k = 0, 1, ..., Nω − 1, and l = 0, 1, ..., Nt − 1 (Appendix B,
equations (B-8), (B-9), (B-15), and (B-16)), which determine
the space–time central position, the central frequency, and the
local wavenumber of the packet, respectively. The horizontal
component of the slowness vector px is calculated as

pxm.k
= ξ̄m

ω̄k
= m	ξ

k	ω
. (17)

This is different from the Gaussian beam method, which
only has space localization, and the frequencies are related to
the global frequencies obtained by a global Fourier transform.
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Figure 5 Gaussian packets at the surface in the space and time domains with different emergency angles. (a) θ = 0◦. (b) θ = 41◦. (c) θ = 82◦.

According to equation (6), at the surface, the ampli-
tude A = 1; therefore, Gaussian packet in equation (16)
is actually a dreamlet (Wu et al. 2011) with phase shift
exp

(
iω̄kt̄l − i ξ̄mx̄q

)
. Here, a dreamlet is defined as a tensor

product of two Gabor frames, satisfying the causality
relation,

dm,q,k,l (x, t) = gm,q (x) gk,l (t)

= exp
(
i ξ̄mx − iω̄kt

)
g
(
x − x̄q

)
g
(
t − t̄l

)
, (18)

where g (x) and g (t) are Gaussian windows in the space and
time domains, respectively. To be consistent, we will use a
dreamlet–Gaussian packet instead of a Gaussian packet in
equation (16) in the rest of this paper. With the same velocity
and the same emergency angles as in Fig. 5, Fig. 6 shows
the real part of three dreamlets at local frequency ω̄ ≈ 30π

rad/s in the space and time domains, which are also the
dreamlet–Gaussian packets with t̄l = x̄q = 0. Compared with
Fig. 5, each atom in Fig. 6 is localized in both space and
time domains. The dreamlet–Gaussian packets with t̄l 	= 0 or
x̄q 	= 0will have the same localization properties, and they are
always localized in the area defined by the Gaussian windows
g
(
x − x̄q

)
g
(
t − t̄l

)
.

Decomposition of seismic data into Gaussian packets

Seismic data can then be easily decomposed into dreamlet–
Gaussian packets through dreamlet transform, which can rep-
resent seismic data efficiently and accurately even by using
only a small percentage of coefficients (Geng et al. 2009; Wu
et al. 2013). The time–space domain seismic data
u (x, z = 0, t) can be represented in the domain of time–
frequency space–wavenumber by dreamlets as

u (x, z = 0, t) = ∑
m,q,k,l

〈
u, d̃m,q,k,l

〉
dm,q,k,l (x, t)

= ∑
m,q,k,l

Cm,q,k,ldm,q,k,l (x, t) , (19)

where 〈, 〉 stands for the inner product (Appendix B, under
equation (B-1)), d̃m,q,k,l (x, t) = g̃m,q (x) g̃k,l (t) is the dual atoms
obtained by the tensor product of the dual frames (Appendix
B, equations (B-5) and (B-12)), and Cm,q,k,l is the coefficient. By
adding phase shift exp

(
iω̄kt̄l − i ξ̄mx̄q

)
to dreamlets dm,q,k,l (x, t)

in equation (19), seismic data can be represented by dreamlet–
Gaussian packets as

u (x, z = 0, t) = ∑
m,q,k,l

Cm,q,k,l exp
(−iω̄kt̄l + i ξ̄mx̄q

)
dm,q,k,l (x, t) exp

(
iω̄kt̄l − i ξ̄mx̄q

)
= ∑

m,q,k,l
Cgp

m,q,k,lu
gp
m,q,k,l (x, z = zr = 0, t) ,

(20)

where Cgp
m,q,k,l = Cm,q,k,l exp

(−iω̄kt̄l + i ξ̄mx̄q

)
is the coefficient

for each dreamlet–Gaussian packet.
The representation (20) can inherit the good properties

in dreamlet representation, e.g., efficiency and sparsity, which
make it an exact representation of the seismic data on the sur-
face. However, before ray tracing, we have to keep frequencies
larger than zero to get a valid horizontal slowness pxm,k

, so we
will take frequencies ω̄k with index k = 1, 2, ..., Nω − 1. From
the property of conjugate symmetric Fourier coefficients, only
the positive frequencies (half the amount of the frequencies)
are needed for the calculation. The reconstruction of the seis-
mic data can then be obtained from the real part of the
summation as

u (x, z = 0, t) ≈ Re

⎛
⎝ ∑

m,q,k,l

Cgp
m,q,k,lu

gp
m,q,k,l (x, z = zr = 0, t)

⎞
⎠ ,

(21)

with m = 0, 1, ..., Nξ − 1, q = 0, 1, ..., Nx − 1, k = 1, 2, ...

Nω

/
2, and l = 0, 1, ...Nt − 1.
It is obvious that, when propagating dreamlet–Gaussian

packets into a subsurface with given velocity, the horizontal
slowness pxm,k

depends on the frequency in equation (17), and
the uniform wavenumber interval ξ̄m will cause a different
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Figure 6 Dreamlets in space and time domains with different emergency angles. (a) θ = 0◦. (b) θ = 41◦. (c) θ = 82◦.

horizontal slowness interval 	pxm,k
= 	ξ

/
ω̄k for different fre-

quencies ω̄k. This means that a bigger horizontal slowness in-
terval is obtained for lower frequencies, and fewer rays will be
traced, which results in more computation for the tracing rays
at different frequencies. To obtain a uniform sampled hori-
zontal slowness px, interpolation may be needed to obtain the
corresponding Gaussian packet with the given emerging ray
parameter for different frequencies. Therefore, we can apply a
local slant stack as in Gaussian beam migration (Hill 1990) to
decompose the data along the space axis instead of a Gabor
frame decomposition. In this case, we first decompose each
trace of the seismic data into a local time–frequency domain
using a Gabor frame and its dual frame,

u (x, z = 0, t) =
∑
k,l

〈
u (x, z = 0) , g̃k,l

〉
gk,l (t)

=
∑
k,l

uk,l (x, z = 0) gk,l (t) . (22)

Then, for each local frequency ω̄k and local time t̄l , the lo-
cal slant stack can be applied to the coefficients uk,l (x, z = 0),

uq,k,l (x, z = 0) = uk,l

(
x + x̄q, z = 0

)
exp

(
− cos2 θ

∣∣∣∣ ω̄k

ωr

∣∣∣∣ x2

2w2
0

)
, (23)

where w0 = 2πVa

/
ωr is the beam initial width at reference

frequency ωr , Va is the average velocity, and x̄q is the cen-
tre of the frequency-dependent Gaussian window, to get the
coefficients,

�

C
gp

m,q,k,l = ψ

∣∣ω̄k

∣∣
2π

∫
dx exp

(
−iω̄k pxm

x
)

uq,k,l (x, z = 0) exp
(
iω̄kt̄l

)
, (24)

where horizontal slowness pxm
can be sampled uniformly with

interval 	px and

ψ = 	xr cos θ

w0

√
ω̄k

2πωr
. (25)

The related Gaussian packets can be written as

�u
gp

m,q,k,l (x, z = zr = 0, t) ≈ Aexp
(
iω̄k pxm

(x − x̄q)
)

exp
(

− cos2 θ

∣∣∣ ω̄k
ωr

∣∣∣ (x−x̄q)2

2w2
0

)
gk,l (t) exp

(
iω̄kt̄l

)
(26)

where space interval 	xr and horizontal slowness interval
	px are determined in the same way as in the Gaussian beam
method. The initial values of Gaussian packets in equation
(26) are

M0
nn = i

ωrw
2
0

,

P0 = i
V0

, Q0 = ωrw
2
0

V0
,

M0
tt = i

ωγ 2
t

, M0
nt = 0, (27)

where P0and Q0are the initial parameters for DRT. To be
distinguished from the dreamlet–Gaussian packet, we call the
Gaussian packet with initial parameters in equation (27) as
GFGB-Gaussian packet. The reconstruction of the seismic
data is

u (x, z = 0, t) ≈ Re

⎛
⎝ ∑

m,q,k,l

�

C
gp

m,q,k,l
�u

gp

m,q,k,l (x, z = zr = 0, t)

⎞
⎠ .

(28)

As discussed by Hill (1990), the reconstruction in equa-
tion (28) is only an approximation but with very small recon-
struction error. Since GFGB-Gaussian packet reconstruction
(28) is in the similar form as dreamlet–Gaussian packet re-
construction (21), we will continue the following discussion
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Figure 7 Evolution of an initial Gaussian packet through a linearly gradient medium. (a) Using the Gaussian packet method. (b) Using the finite
difference method.

only in the form of the dreamlet–Gaussian packet, and similar
equations can be applied to the GFGB-Gaussian packet.

Wavefield in the time domain and imaging condition

After propagating each dreamlet–Gaussian packet
ugp

m,q,k,l (x, z = zr = 0, t), we can obtain the propagated
wavefield at a point (x, z, t) by substituting the dreamlet–
Gaussian packets in equation (21) with backpropagated
Gaussian packet ugp

m,q,k,l (x, z, t),

u (x, z, t) ≈ Re

⎛
⎝ ∑

m,q,k,l

Cgp
m,q,k,lu

gp
m,q,k,l (x, z, t)

⎞
⎠ . (29)

The exploding reflector principle (Claerbout 1985) states
that the seismic image is equal to the downward-continued
poststack data evaluated at time zero, with the seismic veloc-
ities halved. In this case, after decomposing the record data
into dreamlet–Gaussian packets, the local time tr stands for
the time position of each Gaussian packet’s profile at the sur-
face, and it also stands for the corresponding travel time of
each Gaussian packet from the surface to the central point
(xr ′, zr ′, tr ′ = tr ). Based on the imaging principle at zero time,
the summation of the Gaussian packet backpropagated to its
central point (xr ′, zr ′, tr ′ = tr ) at time t = tr will be equivalent

to the image at zero time t′ = 0, and the contributions of the
Gaussian packets at the image point become

u
(
x, z, t′ = 0

) ≈ Re

⎛
⎝ ∑

m,q,k,l

Cgp
m,q,k,lu

gp
m,q,k,l (x, z, t = tr )

∣∣
tr ′ =tr

⎞
⎠ ,

(30)

where each packet can be written in the form of equation
(8), but with negative real part of time function τ due to the
backpropagation

ugp
m,q,k,l (x, z, t = tr ) = Aexp {iω [−Re (τ ) + iIm (τ )]} . (31)

Implementation procedure

In this section, we describe the implementation procedure for
Gaussian packet migration using the formulas of the previous
sections.

(i) Determine the initial parameters of each Gaussian packet.
We first set the redundancy of the Gabor frame, which is usu-
ally chosen to be larger than 4 (Appendix B, equation (B-6)).
For dreamlet–Gaussian packets, with given time and space in-
tervals (	tr and 	xr ), frequency and wavenumber intervals
(	ω and 	ξ ) are then determined from 	tr and 	xr accord-
ing to equations (B-6) and (B-14), and other initial parameters
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Figure 8 Evolution of Gaussian packets
through a smoothed SEG salt model. (a)
Smoothed velocity model. (b)–(d) Ray tracing
from three different shots locations at 3 km,
8 km, and 13 km, respectively. Correspond-
ing evolutions of Gaussian packets are shown
along a few central rays (black lines). (e)–(g)
Snapshots for Gaussian packets’ evolution us-
ing the finite difference method to compare
with the Gaussian packet solution in (b)–(d);
the white lines are the corresponding central
rays of the packets. The black stars stand for
the source locations, whereas the white dots
stand for the central points of the Gaussian
packets used for comparison.
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Figure 9 Comparison of impulses responses of poststack migration at t = 1.4 s in the 2D SEG/EAGE model. (a) Finite difference method.
(b) Gaussian packet method. The source location is x = 8550 m.

are calculated from equation (14) or (15). For GFGB-Gaussian
packets, time–frequency domain initial parameters are deter-
mined in the same way as in the dreamlet–Gaussian packet,
whereas space–wavenumber (angular) domain parameters are
determined by equation (27), which are in the same way as in
the Gaussian beam migration method.

(ii) Decompose the seismic data into dreamlet–Gaussian
packets (equation (21)) or GFGB-Gaussian packets (equation
(24)). Threshold can be determined by the distribution of co-
efficients’ absolute values.

(iii) After thresholding, propagate the Gaussian packets to
specific central points by DRT (Appendix A). For the
dreamlet–Gaussian packet, the ray emergent angle is deter-
mined for each local frequency and wavenumber pair. For the
GFGB-Gaussian packet, the ray emergent angle is determined
directly by the horizontal slowness for all local frequencies.

(iv) Apply the imaging condition using equation (30).

R E S U L T S OF NU M E R I C A L T E S T S

We first show the examples of a single Gaussian packet’s evo-
lution in different media. From a comparison with evolution
results obtained from the finite difference method, we can
better understand the behavior of a Gaussian packet during
propagation. We then show the impulse response in different

media to demonstrate the validity of Gaussian packet summa-
tion, especially for the subsalt area. By decomposing the seis-
mic data into dreamlet–Gaussian packets or GFGB-Gaussian
packets, we show the migration results of poststack data sets.
Here, we use smooth2 with very small parameters from the
package Seismic Un∗x (Cohen and Stockwell 2010) to slightly
smooth the velocity model and set 	tr = 8dt for all the exam-
ples (	xr = 8dx for dreamlet–Gaussian packets). These ex-
amples illustrate the good time–space localization property of
the Gaussian packet and show the validity of our migration
method.

Gaussian packet’s evolution in gradient media

The evolution of a Gaussian packet in a gradient medium is
similar to the case in a homogeneous medium. Figure 7(a)
shows the evolution of three Gaussian packets with a cen-
tral frequency of 10 Hz with different propagating directions
and the given parameters M0

nn = 4.0 × 10−7i , M0
tt = 1i , and

M0
nt = 0 in a vertical linearly varying medium, which has a

velocity of 2 km/s at the surface and 2.9 km/s at a depth of
3 km. The white lines are the 37 rays traced in the whole
media, and the black lines are the central rays for the cor-
responding Gaussian packets. For comparison, the evolution
results using a 2D fourth-order acoustic finite difference al-
gorithm are shown in Fig. 7(b). In this case, the propagated
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Figure 10 Comparison of impulse responses of poststack migration at t = 2.4 s in the 2D SEG/EAGE model. (a) Finite difference method.
(b) Gaussian packet method. The source location is x = 8550 m.

Gaussian packets retain their localization along the s and n

directions in the ray-centred coordinate system, and the Gaus-
sian packet evolution itself can provide fairly accurate phase
and amplitude information around the vicinity of the central
point in this case. However, the phase begins to be inaccurate
when it is too far from the central point especially after the
packet is propagated to a large distance.

Gaussian packet’s evolution in complex media

Now we examine the evolution of a Gaussian packet in
strongly inhomogeneous media. As an example, we show the
numerical results using a smoothed 2D SEG/EAGE velocity
model in Fig. 8. Since the Gaussian packet is obtained by a
high-frequency asymptotic approximation, it is only accurate
in the vicinity along a central ray. The validity region around
the ray and the deviation from the exact solution when mov-
ing away from the central ray will depend on the medium
velocity variation. For strongly heterogeneous media, such
as the irregular salt structures, the validity region may be
very limited. Figure 8(b–d) shows the snapshots of the Gaus-
sian packets with the same initial parameters, as in Fig. 7, in
different directions shot from the source location of 3 km,
8 km, and 13 km, respectively. The black lines stand for the
central rays of the Gaussian packet. Figure 8(e–g) shows the

snapshots of the Gaussian packets using the acoustic finite
difference algorithm at these three source locations, where
the white lines stand for their central rays. Through the com-
parison of the evolutions of Gaussian packets in Fig. 8(e–g)
computed by finite difference simulations to the correspond-
ing Gaussian packets in Fig. 8(b–d), we can see that, at large
propagation distance in a strongly varying medium, espe-
cially near the salt boundaries, the paraxial solution deviated
severely from the accurate solution especially in the region far
away from its central point. As shown in Fig. 8, the propa-
gated Gaussian packets can only retain its localization along
the ω direction in the ray-centred coordinate system, and we
shall limit the calculation of Gaussian packets only in the re-
gion near to their central points during the calculation of the
wavefield.

Impulse response in complex media

We next test the impulse response using the summation of
Gaussian packets in complex media, especially in media with
high-contrast inclusions. From these tests, we can better un-
derstand the performance of the Gaussian packet summation
method in seismic imaging.

We trace rays with the same initial time from the surface
for all the Gaussian packets centred at different times tr . The

C© 2014 European Association of Geoscientists & Engineers, Geophysical Prospecting, 62, 1432–1452



Gabor frame Gaussian packet migration 1445

0

1

2

3

4

5

D
ep

th
 (k

m
)

876543210 109
Distance (km)

3500

3600

3700

3800

3900

4000

4100

4200

4300

4400

4500

0

1

2

3

4

5

D
ep

th
 (k

m
)

876543210 109
Distance (km)

3500

3600

3700

3800

3900

4000

4100

4200

4300

4400

4500

(a)

(b)

Figure 11 Four-layer velocity model. (a)
Not smoothed. (b) Smoothed.

wavefield at time T in the subsurface can be approximated by
the summation of all Gaussian packets traveled to the point
(xr ′, zr ′) with travel time tr ′ = T + tr

u (x, z, t=T)≈Re

⎛
⎝ ∑

m,q,k,l

Cgp
m,q,k,lu

gp
m,q,k,l (x, z, t)

∣∣
tr ′ =T+tr

⎞
⎠ , (32)

and each packet is calculated only in the vicinity of its central
point (xr ′, zr ′, tr ′)

ugp
m,q,k,l (x, z, t = T) ≈ Aexp {iω [

px (x − xr ′ ) + pz (z − zr ′ ) + tr
+ 1

2 Nxx (x − xr ′ )2 + 1
2 Nzz (z − zr ′ )2 + 1

2 Nttt
2
r

+Nxz (x − xr ′ ) (z − zr ′ )−Nxt (x − xr ′ ) tr −Nzt (z − zr ′ ) tr
]}

.
(33)

The source time function used here is a Ricker wavelet
with a dominant frequency of 15 Hz. By decomposing the

source time function by the Gabor frame with a redun-
dancy R = 8 (Appendix B, equation (B-6)) and window length
Nω = 64, the Gaussian packets’ initial parameters M0

nt, M0
tt,

and M0
nn are determined by equation (27). The corresponding

Gaussian packets are propagated from the source point into
the subsurface, and the Gaussian packets with the 20% largest
coefficients are summed within a radius of 2 km of their lo-
cal positions. Figures 9 and 10 show the impulse responses
obtained from the finite difference method and summation
(32) in the smoothed 2D SEG/EAGE model. The comparison
shows that our method retains most of the prominent features
of the impulse response under the salt body compared with
the finite difference method. As shown in Fig. 9, after going
through the upper salt boundary, the wavefront obtained by
our method shows differences from that obtained by the finite
difference method due to the large gradient of velocity near
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Figure 12 Imaging results using Gaussian packets at different local
frequencies ω̄k. (a) ω̄k = 24.5 rad/s. (b) ω̄k = 122.7 rad/s. (c) ω̄k =
171.8 rad/s. Seismic data are decomposed into dreamlet–Gaussian
packets with Gabor frames’ redundancy of 8 and Nω = Nξ = 64.

the salt body. However, we can also see that the summation
method can provide nearly correct reconstructed wavefront in
the smoothed velocity especially in the subsalt area, as shown
in Fig. 10.

Poststack migration with a four-layer model

A four-layer velocity model with constant velocity in each
layer is shown in Fig. 11(a). The smoothed velocity for
migration is shown in Fig. 11(b). The corresponding post-
stack data are decomposed into dreamlet–Gaussian packets
with Gabor frames’ redundancy R = 8 and Nω = Nξ = 64.
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Figure 13 Imaging results by Gaussian packet migration. Seis-
mic data are decomposed into dreamlet–Gaussian packets
with (a) Gabor frames’ redundancy of 8 and Nω = Nξ = 64,
and (b) Gabor frames’ redundancy of 4 and Nω = Nξ = 32.
(c) Seismic data are decomposed into GFGB-Gaussian packets with
Gabor frame’s redundancy of 4 and Nω = 32.

The summation of Gaussian packets is done within a radius
of 0.5 km of their local positions. With 	ω = 24.5 rad/s,
Fig. 12(a–c) shows the three imaging results at different lo-
cal frequencies ω̄k = 24.5 rad/s, 122.7 rad/s, and 171.8rad/s
(when index k = 1, 5, 7), respectively. Figure 13(a) shows the
imaging result by summation of Gaussian packets with 1%
largest coefficients, compared with the imaging result of 5%
largest coefficients with Gabor frames’ redundancy R = 4 and
Nω = Nξ = 32 (Fig. 13(b)). The imaging result of the GFGB-
Gaussian packets is given in Fig. 13(c). In this example, they
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Figure 14 SEG/EAGE 2D velocity model. (a) Not smoothed. (b) Smoothed.

all give reasonable results, and when redundancy is 4, only 32
directions are obtained at each local space position. This insuf-
ficient directional information cannot provide effective packet
summation at all imaging points, resulting in some artefacts
around reflectors. Thus, comparing Fig. 13(a) and Fig. 13(b),
it can be found that using lower redundancy may cause image
artefacts, especially around curved reflectors, when a fixed
local time interval is applied. However, since fewer rays are
traced, less computation time is needed for a lower redun-
dancy case, and compared with the dreamlet–Gaussian packet
method, the GFGB-Gaussian packet method needs more com-
putation time for the local slant stack during the decompo-
sition, but it is more efficient during ray tracing and provide
clearer image results. Moreover, although we are using the
summation scheme to get the image results, in which the ef-
ficiency is affected by the thresholding of the coefficients, the
sparsely representation of the seismic data using dreamlet–
Gaussian packets or GFGB-Gaussian packets can always as-
sure the efficiency and accuracy for the migration even in a
higher redundancy case.

Poststack migration with the SEG/EAGE 2D salt model

We also test the performance of our method with the
2D SEG/EAGE poststack data set. In the original model
(Fig. 14(a)), the minimum velocity is 1.6 km/s (5000 ft/s),
the maximum velocity is 4.5 km/s (14700 ft/s), and the salt

body has a strong velocity contrast with the surrounding
medium. The smoothed velocity model for migration is shown
in Fig. 14(b). For comparison, the imaging result using a lo-
cal cosine beamlet migration method (Wu, Wang, and Luo
2008) is shown in Fig. 15(a). Using the dreamlet–Gaussian
packet decomposition with Gabor frames’ redundancy of 8
and Nω = Nξ = 64, Fig. 15(b) shows the corresponding post-
stack imaging results with 1% largest coefficients. With the
GFGB-Gaussian packet decomposition, the imaging results
are shown with Gabor frame’s redundancy of 8 and Nω = 64
(Fig. 15(c)), and redundancy of 4 and Nω = 32 (Fig. 15(d)).
The summation of Gaussian packets is done within a radius
of 0.5 km of their local positions. Compared with the local
cosine beamlet method, our method can image almost all the
important structures in the imaging results, such as the bound-
ary of the salt body, the steep faults, and most of the subsalt
structures. However, as discussed in the four-layer model,
using a smaller number of directions causes artefacts in the
result, and the GFGB-Gaussian packet method needs more
computation time during the decomposition compared with
the dreamlet–Gaussian packet method but provides clearer
imaging results. It is also clear that, in the subsalt area over-
burdened by severely irregular surfaces of the salt body, the
Gaussian packet method has weaker images due to the reduc-
tion of effective packets penetrating the salt body. Neverthe-
less, we can still correctly image the major structures of this
area.
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Figure 15 Imaging results of the 2D SEG/EAGE model. Imaging results using (a) local cosine beamlet migration method, (b) dreamlet–Gaussian
packets with Gabor frames’ redundancy of 8 andNω = Nξ = 64, (c) GFGB-Gaussian packets with Gabor frame’s redundancy of 8 and Nω = 64,
and (d) GFGB-Gaussian packets with Gabor frame’s redundancy of 4 and Nω = 32.

DISCUSS ION A N D C ON C LUSI ON

As an approximation solution, the Gaussian packet is accurate
in the vicinity of its central point. When the packet passes
through strong velocity variations, it is inaccurate away from
its central point on the central ray, and this is significant for

a single packet’s evolution, as shown in Fig. 8. Therefore,
calculations can be done only around a certain vicinity area
of the central point for each Gaussian packet, and this can help
in improving the efficiency of the method. Meanwhile, after
the wave packet summation, the migration usually produces
a good result, as shown in Fig. 15.
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Although the summation of Gaussian packets may be
carried out in the frequency domain in a similar way as the
summation of Gaussian beams, in this paper, we use dreamlet–
Gaussian packets or GFGB-Gaussian packets to represent seis-
mic data and to perform Gaussian packet migration in a local
time–frequency space–wavenumber domain. When the redun-
dancy of the Gabor frame is 4, only 16 local frequencies are
used for summation, and when the redundancy of the Gabor
frame is 8, only 32 local frequencies are used for summation.
In this Gaussian packet method, a global Fourier transform is
not needed to get the synthetic seismograms or the migration
results. Furthermore, each Gaussian packet is used for sum-
mation only at the space location that is determined by the
travel time after propagation. Moreover, we showed that the
dreamlet–Gaussian packet is a closely related dreamlet, which
can represent seismic data sparsely, and this provides the pos-
sibility to use only significant coefficients (e.g., coefficients
larger than some threshold) to obtain a good reconstruction
of the seismic data and the wavefield after propagation.

Another important feature of the Gaussian packet migra-
tion method is the relationship between each packet’s time
position and the travel time from the surface to the imag-
ing point, which makes the imaging using Gaussian packets
simple and easy to perform. However, this is also the disad-
vantage of Gaussian packets in this method since we have to
smooth the velocity model to perform ray tracing, and the
quality of the imaging results clearly depend on the smooth-
ing of the model. In this paper, we simply used smooth2 in the
packet Seismic Un∗x with very small parameters to minimize
the effect of smoothing to the travel time, but efforts are still
needed on this to provide more accurate travel time.

In this paper, we introduced and tested dreamlet–
Gaussian packet and GFGB-Gaussian packet decomposition
of seismic data and a Gaussian packet migration method
based on these decompositions, where Gaussian packets are
high-frequency approximate solutions of the wave equation.
Directly decomposing seismic data using Gaussian packets
was proved to be time-consuming. In this paper, we first dis-
cussed the relation between the dreamlet decomposition and
the Gaussian packet decomposition through the dreamlet–
Gaussian packet. We then provided a GFGB-Gaussian packet
decomposition method to obtain uniform sampled horizontal
slowness interval. These two decomposition methods benefit
from the Gabor frame, which has a fast algorithm and can
represent the seismic data accurately and efficiently. After de-
composition, the evolution of the related Gaussian packets can
be calculated using ray tracing and DRT, and the extrapolated
seismic data can be obtained by summation of all propagated

Gaussian packets. The numerical examples demonstrate the
accuracy and efficiency of these decomposition and migration
approaches using Gaussian packets.
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APPENDIX A

2D PROPAGATI ON OF GA USS I A N PA CKETS

Let H be the 2D transformation matrix from the ray-centred
coordinate system (n, s) to the Cartesian coordinate system, θ

be the ray emergence angle at the surface (Červený 2001),

H =
(

∂x
∂n

∂x
∂s

∂z
∂n

∂z
∂s

)
=
(

cos θ sin θ

− sin θ cos θ

)
, (A1)

and 3 × 3 symmetric matrix M̂ be the second-order covariant
derivatives of the time function with respect to (n, s, t), which
is defined with respect to the local ray-centred Cartesian co-
ordinates (n, y) and time t.

M̂ =

⎛
⎜⎝

∂2τ

∂n2
∂2τ

∂n∂y
∂2τ

∂n∂t
∂2τ

∂y∂n
∂2τ

∂y2
∂2τ

∂y∂t
∂2τ

∂t∂n
∂2τ

∂t∂y
∂2τ

∂t2

⎞
⎟⎠ =

⎛
⎜⎝Mnn Mny Mnt

Myn Myy Myt

Mtn Mty Mtt

⎞
⎟⎠ , (A2)

and the 2 × 2 matrix M can be written as

M =
(

Mnn Mny

Myn Myy

)
. (A3)

Correspondingly, the 3 × 3 symmetric matrix N̂ of the
second-order derivatives of the time function with respect
to(x, z, t) can be written as

N̂ =

⎛
⎜⎝

∂2τ

∂x2
∂2τ

∂x∂z
∂2τ

∂x∂t
∂2τ

∂z∂x
∂2τ

∂z2
∂2τ

∂z∂t
∂2τ

∂t∂x
∂2τ

∂t∂z
∂2τ

∂t2

⎞
⎟⎠ =

⎛
⎜⎝Nxx Nxz Nxt

Nzx Nzz Nzt

Ntx Ntz Ntt

⎞
⎟⎠ , (A4)

and the 2 × 2 matrix N can be written as

N =
(

Nxx Nxz

Nzx Nzz

)
. (A5)

The 2 × 2 matrix M and N are related by

N = HMHT
, (A6)

whereas 3 × 3 matrix N̂ can be calculated through

N̂ = ĤM̂Ĥ
T

(A7)

where Ĥ =

⎛
⎜⎝ H

0
0

0 0 1

⎞
⎟⎠ .

The derivation of the related Riccati equations for the
evolution of M in the ray-centred coordinate system can be
found in the work of Babich and Ulin (1984) and Norris
et al. (1987). The derivative Mnn of the time function can be
calculated using DRT in the same way as for Gaussian beams
(Červený et al. 2007),

Mnn = P Q−1, (A8)

where P and Q satisfy the DRT equations with initial values
P0 and Q0and velocity V,

dQ
ds

= VP,
dP
ds

= −V−2 ∂2V
∂n2

Q. (A9)

The other elements in matrix M̂ can be solved analytically
(Babich and Ulin 1984) as

Mny = −V−1 Mnt − V−2 ∂V
∂n

, (A10)

Myy = V−2[Mtt − ∂V
∂s

], (A11)

Myt = −V−1 Mtt. (A12)

where Mnt and Mtthave the following expressions (Babich and
Ulin 1984)

Mnt = (
Q1 + Q2 M0

nn

)−1
M0

nt, (A13)

Mtt = M0
tt − M0

nt

(
Q1 + Q2 M0

nn

)−1
Q2 M0

nt, (A14)

and Q1 and Q2 are the elements of the ray propagation matrix

(
Q1 Q2

P1 P2

)
. (A15)

APPENDIX B

GABOR FRAME R EPRESENTATION

In this appendix, we summarize the Gabor frame theory that
is used in our method. A detailed description of the Gabor
frame theory can be referred to Mallat (2009), Daubechies
(1990), and Han et al. (2007), and the calculation of the dual
frame can be found in the work of Qian and Chen (1996).
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A family of vectors
{
φn (t)

}
n∈�

is called a frame if there
exist two constants B ≥ A > 0 such that

A‖ f ‖2 ≤
∑
n∈�

∣∣〈 f, φn

〉∣∣2 ≤ B ‖ f ‖2 , (B1)

where index set � might be finite or infinite, f is an arbitrary
signal, ‖ f ‖2 = ∫ +∞

−∞ | f (t)|2dt < +∞,
〈
f, φn

〉 = ∫
f (t) φ∗

n (t)dt

is the inner product, and ∗ stands for the complex conju-
gate. When A = B, the frame is said to be tight. The frame
redundancy is measured by the frame bounds A and B.

The frame theory gives conditions for discretizing the
windowed Fourier transform while retaining a complete and
stable representation. A time-domain signal f (t) can be rep-
resented by a family of windowed Fourier frame vectors{
gk,l (t)

}
with k, l nonnegative integers and its dual frame vec-

tors
{
g̃k,l (t)

}
as

f (t) =
∑

k

∑
l

〈
f, g̃k,l

〉
gk,l (t) , (B2)

with

gk,l (t) = g (t − l	t) exp(−ik	ωt), (B3)

and∑
k

∑
l

gk,l (t) g̃∗
k.l

(
t′) = δ

(
t − t′) , (B4)

where 	t and 	ω are the time and frequency sampling inter-
vals for the window, and k and l are the indexes. It should be
noted that 	t is different from the signal’s time sampling in-
terval dt. Gabor originally represented signals with sampling
intervals 	t	ω = 2π . For this case, A = B = 1, and the frame
forms an orthogonal basis. However, the Balian–Low theo-
rem (Balian 1981) proves that g (t) is either non-smooth or
has slow time decay. When 	t	ω < 2π , Daubechies (1990)
showed that

{
gk,l (t)

}
is a frame. The dual frame is also a

windowed Fourier frame, which can be written as

g̃k,l (t) = g̃ (t − l	t) exp(−ik	ωt), (B5)

and g̃ (t) is the dual window calculated from Qian and Chen’s
method (1996). The redundancy can then be measured by the
redundancy ratio

R = 2π

	t	ω
, (B6)

which also measures the density of windowed Fourier atoms
in the time–frequency domain. When g (t) in equation (B-3) is
a Gaussian window with scale parameter γt

g (t) = (
γ 2

t π
)−1/4

exp
(

− t2

2γ 2
t

)
, γ 2

t = R	t2

2π
, (B7)

the frame
{
gk,l (t)

}
was called by Daubechies (1990) as a Weyl–

Heisenberg coherent state frame, whereas other authors also
call it simply as a Gabor frame (Feichtinger and Strohmer
1998). When 	t	ω = π/2, the frame is nearly tight, and A ≈
B ≈ 4, which verifies that the redundancy factor is 4. Since
the frame is nearly tight, the dual frame is approximately
equal to the original frame, and g (t) ≈ g̃ (t). If the length of
signal f (t) is Ls and the signal sampling interval dt is equal
to 1, then the number of windows used for the decomposition
is

Nt = Ls/	t, (B8)

and the number of frequencies in each window is

Nω = R	t. (B9)

Similarly, a space-domain signal f (x) can be represented
by the Gabor frame and its dual frame as

f (x) =
∑

m

∑
q

〈
f (x) , g̃m,q (x)

〉
gm,q (x) , (B10)

with

gm,q (x) = g (x − q	x) exp(im	ξx), (B11)

and

g̃m,q (x) = g̃ (x − q	x) exp(im	ξx), (B12)

where 	x and 	ξ are the space and wavenumber sampling
intervals for the window, q and mare the indexes, g (x) in
equation (B-11) is a Gaussian window with scale parameter
γx

g (x) = (
γ 2

x π
)−1/4

exp
(

− x2

2γ 2
x

)
, γ 2

x = R	x2

2π
, (B13)

and g̃ (x) is the dual window calculated from Qian and Chen’s
method (1996). The redundancy can be measured by the re-
dundancy ratio

R = 2π

	x	ξ
. (B14)

If the length of signal f (x) is Ls and the signal sampling
interval dx is equal to 1, then the number of windows used
for the decomposition is

Nx = Ls/	x, (B15)

and the number of wavenumber in each window is

Nξ = R	x. (B16)
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