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A method based on space-time wavelets is devel
oped for the migration problem in a smooth lay
ered medium. The problem is to restore reflec
tion boundaries inside the medium if signals emit
ted from the surface of the medium and reflected 
wavefield received on the same surface are known. 
Boundaries are determined as maxima of a function 
of sub-surface fields: a forward-propagated radiated 
field and a back-propagated received one. We rep
resent the subsurface fields in terms of localized so
lutions running in the medium. Initial amplitudes 
of these localized solutions are calculated by means 
of the continuous space-time wavelet analysis for 
the boundary value (seismic) data. An example 
with seismograms calculated by the finite differences 
method is presented. 

1 INTRODUCTION 

We present a new approach to the depth migra
tion problem. Our results are obtained for the case 
of a gradient medium but may be expanded to a 
more general case. To restore sub-surface reflection 
boundaries and other inhomogeneities, we should 
be able to reconstruct sub-surface fields if emit
ted and received fields are known on the surface. 
The interfaces inside the medium are determined 
by maxima of the image function, which controls 
the coherence of emitted and received fields (see, 
for example, [1]). 

There are two problems to perform a depth mi
gration. The first is the representation of the 
large amount of the boundary date, i.e., seismo
grams. The second is the propagation of the field 
to the subsurface area, i.e., we must solve the initial 
boundary value problem with those data. The aim 
of the work is to solve both of these problems. 

There are several known approaches to solve the 
initial boundary value problem: a method based on 
the Fourier integral and methods based on Kirch
hoff's formula and their modifications, which in
volve a Gaussian beam summation method. The 
last approach was suggested and developed by 
Babich and Pankratova [2], by Popov [3] and by 
other authors, see a review [4]. For seismic imag-

ing and depth migration, localized solutions (Gaus
sian beams) were applied by Hill [5, 6], the Gaus
sian beam summation by Popov et al [1, 7]. These 
methods does not care about data representation, 
but data may have a very large size, contain noise, 
measure errors, unwanted waves, or have a multi
scale structure. This forces one to apply filtering of 
the data and apply some preprocessing. The signal 
decomposition by means of the wavelet techniques 
is suitable for such kind of data [8], [9], particularly 
because such a representation contains a built-in fil
tering ability. Wu et. al. [10, 11, 12] decompose the 
boundary data by means of the wavelet techniques, 
i.e. surface fields are represented in terms of local
ized wavelets, the so-called beamlets and dreamlets. 
The propagation of each atom under the surface is 
computed numerically. The discrete wavelet analy
sis is used for the decomposition of initial data into 
atoms. 

Our contribution is in finding of such a repre
sentation of boundary data by means of space-time 
wavelet analysis which is convenient for calculations 
of sub-surface fields. Our representation of the field 
on the boundary is based on works [13] and [14]. 
The paper [13] contains the Poincare wavelet anal
ysis for the wave equation with a constant speed. It 
has an analogy with works [15], [16], [17] where the 
transformations of the similitude group were used 
for construction of elementary solutions. The pa
per [14] gives first implementations of the Poincare 
wavelets. Poincare wavelets are obtained from a 
mother wavelet by means of scaling, shifts, and the 
Lorentz transformations, and they have not a prop
erty of similarity. Our approach represents bound
ary data by means of an exact formula in a homo
geneous medium, and this fact gives us some ad
vantages. We can control errors of calculations and 
take into account the low-frequency components. 
The method represents data in a sparse way. 

Then we should solve the initial boundary value 
problem for forward-propagated radiated fields 
and back-propagated received fields. The back-
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propagated field in the medium is calculated by us
ing the reciprocity theorem. The solutions of the 
initial boundary value problem in a layered medium 
are represented as a superposition of localized solu
tions. Each localized solution is given as the Fourier 
integral in the longitudinal coordinate. Its Fourier 
transform dependence on the depth coordinate is 
obtained by the WKB method. The wavelet trans
form gives the excitation coefficients of the local
ized solutions. The well developed techniques of 
wavelet analysis for purposes of image processing 
is applied for reducing the amount of localized so
lutions, which is necessary for taking into account 
the main features of fields. 

We notice that the WKB formulas used in cal
culations of localized solutions are to be corrected 
near turning points which arise if the speed of 
wave propagation increases with the depth. We do 
not include the treatment of turning points in the 
present paper. 

The computer program is elaborated and an ex
ample of the boundary reconstruction is presented. 
The seismograms have been calculated by the fi
nite differences in time domain method by given 
medium and reflector properties. Results of the re
construction are in a good agreement with the given 
data for the model seismogram calculation. 

2 DEPTH MIGRATION 

The physical problem solved by depth migration 
process can be described as follows, see Fig. 1. 
There is a point source with known position and 
emitted wave. The source is located near the sur
face. There are receivers, geophones, located near 
the same surface. The waves from the source reflect 
and refract in the media and return to receivers. 

Reflector 

z 

Figure 1: Migration problem 
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Figure 2: Schematic seismogram 

An elementary receiver measures pressure at fixed 
point as time series. The whole set of these time se
ries (Fig. 2) is called the seismogram. The problem 
is to restore reflection boundaries if one knows the 
source parameters, the seismogram and the smooth 
velocity model of the medium. To obtain better 
results usually measurements are reproduced with 
different source and/or geophones locations. This 
enables one to illuminate reflectors that might be 
in the shadow area. 

The algorithm performing imaging (in general) 
consists of three steps: 

1. To calculate the direct field of pressure u(t, x, z) 
if parameters of sources are known, i.e., to solve 
the problem: 

1 6..u - c2(z) Utt = 5(T - TO)g(t), 
(1) 

u Iz=o = 0, u kso = 0, 

where c(z) is the wave speed in the medium 
dependent on the depth z, T (x, z), TO = 

(xo, zo) is the position of the point source and 
g(t) kso = ° is a time-dependent function of the 
source. 

2. To calculate the backward propagated field 
v(t,x,z): 

1 6..v - c2(z) Vtt = 0, 
(2) 

v Iz=o = f( -t, x), v It2:o = 0, 

where f(t, x) is a measured near surface field 
after reflections and refractions in the medium. 
In seismology this function is called the seismo-
gram. 

3. To calculate the image: 

J(x, z) = 1 dt u(x, z, t)v(x, z, -t), (3) 
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where maximums of J(x, z) correspond to re
flecting boundaries. The last relations (3) is 
known as the zero-offset imaging condition. 

Following the algorithm above, there are two prob
lems, which should be solved, to perform depth mi
gration: the data representation and the solution 
of the initial boundary value problem. 

The oldest method for the initial boundary value 
problem for the wave equation is the Fourier 
method, which leads to the following solution rep
resentation: 

v(t,x,z) = 11 dwdkx ( ��i�i:::�D l/4j(w,kx) 

. exp [ikx X + i laz 
d(Jk2(() � k� � iwt] , (4) 

where k(z) = wlc(z) and j(w, kx) is the Fourier 
transform of the boundary value both in time and 
in space. This method has the drawbacks that any 
changes in the boundary value f(t, x) cause the 
full recalculation of the field, and the method does 
not work when the wave speed depends not only 
on depth. Instead of the Fourier method and the 
WKB, one can use the integral representation based 
on Kirchhoff's one: 

v(t, r ) = �2 lat dts 1 dxsv(ts, xs, 0) 

. 8�,G(t�ts,x� Xs;z"z)lz'_HO' (5) 

The last representation requires the fundamental 
solution G(t � ts,x � xs; z',z) (more precisely, its 
normal derivative) for an inhomogeneous medium. 
This function can be found asymptotically by Gaus
sian beam B(}w summation [2], [3] as follows: 

G(t�ts, X�Xs; z', z) = Re laoodW 1 de <p(}we-iw(t-tsl 

. B(}w(x � xs; z', z), (6) 

where the initial amplitudes <p(}w of the Gaussian 
beams are found by comparison of the fundamen
tal solution ray asymptotics and the decomposi
tion. Using the expansion of the Green's function 
in Gaussian beams in (5), we obtain: 

v(t, r ) R; �2 1 de 1000 dw lot 
dts 1 dxs 

[<p(}w(xs)u(ts, xs, 0)] . B(}w(t � ts, x � xs, z ) , (7) 
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where 

B(}w(t � ts, x � xs, z) = 

Re �B(} (x�x z"z)e-iW(t-tsl l 
!) ,  w s" • 
uZ z'--++o 

3 POINCARE WAVELETS AND INTEGRAL REP
RESENTATION OF SOLUTIONS OF THE WAVE 
EQUATION 

Using the Poincare wavelet techniques, we can ob
tain the following representation of the field [13]: 

u(t,x,z) = 
C1 J7r/2 de roo d� JJ dtsd Xs -7r/2 Jo a 

. F(}a (ts, xs)w (}a (t � ts, x � Xs, z) , (8) 

where w(}a(t � ts, x � Xs, z ) is the elementary wave 
packet that is radiated from the point Xs on the 
boundary in ts time moment to the direction e. 
This elementary wave packet (the wavelet solution) 
can be obtained from the mother solution w(t, x, z ) 
as follows: 

w(}a(t, x, z) = �W (t'la, x'la, zla) , 
a 

(c�;') = A_¢ (c�t) , Co == c(O), 

A = ( cosh ¢ � sinh ¢ ) ¢ � sinh ¢ cosh ¢ 
, 

tan e = sinh ¢, 

(9) 

(10) 

(11) 

(12) 

where the parameter Co == c(O) is a wave speed on 
the surface. The matrix A¢ defines the Lorentz 
transformations for the parameter ¢ connected with 
the outgoing angle e by relation (12), see [18]. The 
central frequency of the packet is determined by the 
scaling parameter a. The formula (8) has analogy 
with the decomposition in Gaussian beams (7) from 
the work by Popov et al [1]. In our approach the 
mother solution can be taken from a wide class, but 
we take as solutions the Gaussian packets. The way 
of its construction and its properties are discussed 
below. 

The coefficient of the decomposition F in (8) is 
the Poincare wavelet transform 

F(}a(ts,xs) = ( dxdtf(t,x)w(},a(t�ts,x�xs,O). JlR2 (13) 
It is calculated with traces of elementary solutions 
on the surface WXs ots oa,¢(x, 0, t). The properties of 
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the wavelet transform for the case ¢ = 0 are well 
investigated (see, for example, [8]). For small a 
it detects singularities and discontinuities of the 
function f(x, t). If we intend to follow the prop
agation of discontinuities, it is sufficient to carry 
out calculations for a fixed small a. The wavelet 
transform (13) enables us to find such outgoing 
angles B which are necessary for reconstruction 
of the field. The discretization of the integral 
(8) is determined by given seismic data. It can 
be taken in various ways. To choose the best 
discretization step, i.e. the positions of geophones, 
we should carry out a special investigation. For 
the analysis of the boundary data, it is convenient 
to introduce a function which might be called 
diagram scale-angle( a similar function for wavelet 
analysis with a similitude group were used [8]): 

S(a, B) = :311 dtsdxs lFoa(ts,xs)12. (14) 

This function shows the density of energy of the 
investigated signal with an angle B and a scale a and 
therefore can be used to separate valuable parts of 
the signal. 

In what follows, we use the fact that the double 
integral in Xs and ts is a convolution. Therefore the 
integral (8) can be written in a Fourier domain in 
terms of a frequency and the horizontal component 
of the wave vector. We obtain 

v(t,x, z) = � l dB 100 �� 11 dwdkx 
. Foa(kx, w)WOa(W, kx, z)ei(k�x-wt). (15) 

Therefore, for the field reconstruction we need 
the Fourier transform of the mother solution 
W (kx, z, w). This function can be found by the 
WKB method: 

We choose (/J(k, kx), which is the Fourier transform 
of the trace of the solution on the boundary, as 
follows: 

(/J(k, kx) = exp ( _ 
(k - ;)2(j2 

_ 
k;;i ) . (17) 

The obtained solution w(t, x, z) is localized. The 
variable c(O)x > 0 is the central frequency of the so
lution, (j, (j 1- govern the longitudinal and transver
sal sizes of the packet, respectively. 
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4 POINCARE WAVELETS AND DEPTH MIGRATION 

The formulas from the previous section enable one 
to implement the imaging algorithm, i.e., to solve 
problems (1) , (2) and to calculate the image (3). 
Below we consider a model example for single shot 
(point source) and plane wave source migration. 
Model seismograms were calculated by the finite 
differences method in time domain by given veloc
ity model and by given reflection boundaries. Let 
there be a point source at x = Xo = 2000 m and 
the depth Zo = o. There are 251 geophones from 
x = 0 m to x = 2500 m placed every 10 m. At the 
time to = 0.3 s, the source is switched on with the 
source function g(t) shown in Fig. 3. The medium 
has the linear velocity model: 

c(z) = Co + cz(z - zo), z > zo, (18) 
here Co = 2000 mls is the wave speed near the 
surface, Zo = 100 m, and the velocity gradient is 
Cz = 1 s-1. The reflection boundary is a thin 
layer(see below) with wave speed 4000 m/s. 

The model seismogram as the function f(t, x) is 
shown in Fig. 4. The direction from black to white 

o.s 

o.� __ 

-0 . 1 

-o.s 

-1S0-100 -so 0 so 100 

Figure 3: Emitted wavelet g(t) and W used for 
the imaging 

Figure 4: The model seismogram for a point 
source at x = 2000 m on the surface 
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Figure 5: The function 8(8) for a = canst. 
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Figure 6: Imaging result using single 
shot (point source) at x = 2000 m 

corresponds to the direction from negative to pos
itive. The scale-angle diagrams for direct and re
ceived fields are shown in Fig. 5. As expected, the 
scale-angle diagram of the source field does not de
pend on the angle except for the angles near 7r /2. 
This dependence at angle approaching to 7r /2 might 
be explained as an effect of discretization. The an
gle dependance of the receiver wavefield is due to 
the scattering by the model. The image, i.e., the 
function (3) is shown in Fig. 6. 

The dashed line is the true reflection boundary. 
The left part of the boundary is not restored be
cause rays from the source cannot be reflected to 
the receivers by the left part of the reflector. If we 
look at the zoomed and thresholded image at level 
0.1 in Fig. 7 and compare the width of the imaged 
border (about 400 m) with the width of the emitted 
wavelet in Fig. 3 (about 280 m at depth zero and 
will be about 400 m at depth 1000 m) , then we see, 
that the reconstruction accuracy corresponds to the 
width of the emitted wavelet. This case is an ex
ample of point source migration, i.e. every source 
is considered separately. If the received fields from 
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Figure 7: Imaging result using single shot 
(point source) at x = 2000 m, thresholded at 
0.1 

Figure 8: Plane wave source: the seismogram 

sources, placed in different locations, are summed 
up before propagation and imaging, then this cor
responds to a plane wave source migration. Let the 
medium and each source parameters be the same, 
except for location. If there are 251 source located 
near the surface with interval 10 m from x = 0 to 
x = 2500 m, then the resulting seismogram is shown 
in Fig. 8. The scale-angle diagram Fig. 9 has peaks 
both for a radiated and a received fields at zero an-
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0.4 

0.2 

8 
-�O -60 -30 0 30 60 90 

Figure 9: The function 8(a,8) for a = canst 
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Figure 10: Plane wave source case: imaging 
result 

gle as was expected; because the resulting emitted 
wave of sources is a down-propagated plane wave, 
the reflected waves are mainly plane waves from the 
reflector. The terrace in the diagram corresponds 
to waves reflected from the inclined part of the re
flector. The imaging result is shown in Fig. 10 and 
in Fig. 11. The quality of plane wave source imag
ing is better than the point source case due to the 
stack of seismograms from all the point sources. 

5 CONCLUSIONS 

We propose a new method for depth migration and 
imaging which is based on analytical representa
tion of subsurface fields in vertically inhomogeneous 
media. We present the fields as integral super
positions of localized elementary solutions, there
fore our method has a similarity with the Gaussian 
beam summation method. We use the Poincare 
wavelet analysis for the boundary data represen
tation and for the determination of the excitation 
coefficients of elementary solutions. Traces of the 
elementary solutions on the boundary (the Earth 
surface) are used as Poincare wavelets for the data 
representation. Representations obtained by means 
of wavelet techniques are known to be efficient es
pecially for large, multiscaled and/or noisy data 
[8], because the method contains built-in filter
ing. Such representations allow one to select neces
sary /interesting part of the data. 

The representation of the solution for a homoge
neous medium is exact[13]. 
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