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[1] Transmission fluctuations of log-amplitude and phase
can be used to construct coherence functions to infer the
statistical characteristics of crustal and mantle small-scale
heterogeneities. Recent numerical simulations of wave
propagation in random media have revealed an apparent
discrepancy between simulations and theory for phase
coherence functions. In this paper, we show that the
reported discrepancy is a result of the inappropriate phase
estimates adopted in some literature. Using unwrapped
phase fluctuations, instead of estimates of the fluctuations
obtained by picking first arrivals by the threshold method,
we find that the theory and the results derived from finite
difference simulations are consistent. The method of first
arrival picking does not yield adequate estimates of phase
fluctuation due to the scattering dispersion of waves in the
random medium. Phase unwrapping is viable and allows
correct inference of medium properties. Citation: Zheng, Y.,

and R.-S. Wu (2005), Measurement of phase fluctuations for

transmitted waves in random media, Geophys. Res. Lett., 32,

L14314, doi:10.1029/2005GL023179.

1. Introduction

[2] With the advent of modern global seismology [e.g.,
Lay and Wallace, 1995], the deterministic approach of
global seismic tomography [e.g., Grand et al., 1997]
revealed large-scale heterogeneities (�a few hundred
kilometers) in Earth’s interior but failed to detect the
small-scale heterogeneities (�1 to 100 km) that are impor-
tant in geochemistry and magma genesis [Anderson, 2005].
Coherence function studies for phase and amplitude fluctu-
ations of transmitted teleseismic waves, on the other hand,
provide a statistical approach that can be used to infer
the statistical characteristics of the mantle and crustal
small-scale heterogeneities. Aki [1973] pioneered the study
of this type by employing Chernov’s Transverse Coherence
Function (TCF) theory [see Chernov, 1960] of wave prop-
agation in media with Gaussian heterogeneity spectra to
study the structure under the seismic array LASA. Subse-
quently, Flatté and Wu [1988] introduced the Angular
Coherence Functions (ACF) and derived a two-random-layer
model for lithosphere heterogeneities using data observed at
NORSAR.
[3] By recognizing the non-Gaussian nature of the

spectra of the heterogeneities [Sato, 1979; Wu, 1982; Wu
et al., 1994; Jones and Holliger, 1997; Goff and Holliger,
1999], Wu and Flatté [1990] extended Chernov’s TCF
theory to general multi-scale random media using the Rytov

approximation and they further developed the general
theory of Joint Transverse-Angular Coherence Function
(JTACF) that uses teleseismic waves with different incident
angles to characterize the depth-dependent medium spectra.
Using the Born approximation, Chen and Aki [1991]
derived similar results. Wu and Xie [1991] conducted
numerical experiments to obtain the depth-dependent
spectra of the random medium using the JTACFs. However,
this theory has been challenged by some recent numerical
simulations for wave propagation in random media [e.g.,
Line et al., 1998; Hong et al., 2005], which reported
discrepancies between simulations and theoretical predic-
tions for the phase coherence functions across an array by
using wavelet-based or finite difference methods.
[4] These discrepancies motivated us to make a close

inspection of the theory and the simulation techniques. We
analyzed this problem in the context of well-established
TCF theory because it is simpler, but illustrative. Previous
theoretical developments regarding wave transmission
fluctuation problems have largely been in the context of
acoustic waves in random media. Using data derived
from teleseismic P waves, acoustic theory still has great
applicability in seismology especially for the case of trans-
mission fluctuations, which only use the waveform in the
first P arrival window. In this window, the particle motion is
primarily compressional and conversion from P to S wave is
negligible [Knopoff and Hudson, 1966] at high frequencies.

2. Theory and Data Acquisition Techniques in
Numerical Simulations

[5] In studies of wave propagation in an inhomogeneous
medium, it is common practice to separate the velocity field
into a constant background velocity and a perturbation field
[e.g., Wu and Aki, 1989]. For transmission fluctuation
problems, only the forward scattering is considered. Due
to the weak scattering limitation of the Born approximation,
which is unable to treat the phase accumulation for long
range propagation, often the Rytov approximation is
invoked in theory. In Rytov approximation, the total wave-
field p is expressed as p = exp (Yt), where Yt is complex
phase field. In this expression, the effect of forward
scattering is represented by a perturbation in the complex
phase term Yt = Y0 + YS, where Y0 is the background
phase field, and YS is the scattered phase field. p = A(w)
exp[ift(w)], where A(w) and ft(w) are amplitude and phase
as functions of angular frequency w. Therefore Yt = log A +
ift and Y0 = log A0 + if0. The perturbed phase field can be
written as YS = log (A/A0) + i(ft � f0). Considering a layer
of thickness, L, with random velocity heterogeneity being
excited by a vertically incident harmonic plane wave at the
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bottom (Figure 1), the log-amplitude log A(w) and the
unwrapped phase ft(w) can be measured from the signal
at the receivers. The fluctuation functions u = log (A/A0) and
f = (ft � f0) are then used to form the auto- (and cross-)
coherence functions to infer the statistical properties of the
random media. The TCF (transverse coherence function)
theory predicts little variation of the phase TCF as a
function of propagation distance at small correlation lags
(Figure 2a), which contrasts with the results presented by
Hong et al. [2005] (as in Figure 2c).
[6] If the theory and the synthetic data are correct,

the only factors that could produce the discrepancy are
associated with the phase/amplitude measurement techni-
ques. Obviously, the correct method to obtain A(w) is to
compute the Fourier spectral amplitude at the desired
frequency for the synthetic data around a limited time
window that covers the first arrival. The criterion to
determine the time window is that the energy in the window
should be dominated by single forward scattering as
required in the theory above. The window length can be
inferred by comparing waveforms computed by full wave
Finite Difference (FD) method and by one-way method.
Empirically, our extensive modeling results show that two
periods of the source wavelet are adequate for such window.
Phase measurement is more complex in many ways and
there are several approaches: waveform cross-correlation
[VanDecar and Crosson, 1990], direct first-arrival picking
by using a threshold-type method [e.g., Line et al., 1998;
Hong et al., 2005] and the phase unwrapping method
[e.g., Tribolet, 1977]. The cross-correlation method works
best when the first-arrival waveforms are highly similar,
however, this is not the case for waves propagating large
distances in an inhomogeneous medium whose characteris-
tic scale a is comparable to the wavelength. Strong focusing
and defocusing, wave diffraction and interference are likely
to change the waveform of the first arrival. Phase fluctua-
tion estimation from the first arrivals (e.g., f = wDt, Dt the
traveltime differences between seismograms) using the
threshold method is applied to the synthetic data assuming
that the phase fluctuation is a linear function of frequency.
However, this assumption is not valid in the case of random
media. To get the phase fluctuation by unwrapping method,
we first Fourier transform the windowed time series from N
receivers to frequency domain. The receivers are uniformly
placed in the horizontal direction x at same propagation
distance from the plane wave source. The horizontal spatial
spacing between the receivers is Dx. We took N wrapped

phase values (2p ambiguity exists) at certain frequency
from N receivers and unwrap the phase along the horizontal
direction by assigning appropriate integers to receivers to
minimize the phase discontinuities along x. The receiver
spacing Dx should be small enough to avoid aliasing
between adjacent receivers. In our case, due to the vertical
incidence of the waves, the apparent wavelength is very
large compared to the actual wavelength. The determination
of Dx may be more related the heterogeneity sizes to be
resolved.

3. Numerical Example

[7] We use an acoustic two-dimensional full wave FD
method (4th and 2nd order accuracy in spatial and time
derivatives, respectively) to calculate waveforms passing
through random media and compare the seismograms
computed by the FD method and those by the Rytov
approximation. We found that the results by the two
numerical methods have very little difference, implying a
negligible multiple scattering in this case (i.e., weak and
smooth velocity perturbation field) and indicating that our
numerical condition is in the right regime required by the

Figure 1. Schematic showing a vertically incident plane
wave propagating through a layer of thickness, L, with
random inhomogeneities. The receivers (inverted triangles)
are at the surface. See color version of this figure in the
HTML.

Figure 2. Theoretical predictions and the measured from
numerical simulations of (left) phase and (right) logA TCFs
from a Gaussian random medium. Each panel shows curves
for increasing vertical propagation distance, d, in the
inhomogeneous medium (a) TCF theory; (b) results
obtained from the phase estimates based on unwrapped
phase; and (c) results obtained using phase fluctuations
derived from the first arrival’s traveltimes. In Figures 2b and
2c, the logA measurement methods are the same.
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theory. We use a 40 km by 40 km model with a background
velocity of 2.5 km/s. The number of model grid points in the
horizontal direction is 1024. Plane waves impinge at the
bottom of the model at z = 0 km and receiver arrays
are placed at 10 different depths, zi = i � d, i = 1. . .10,
d = 2.42 km. At each of the 10 depths, 1024 receivers are
uniformly distributed in horizontal direction. We use FD
method to simulate the wavefield and results are shown here
for a random medium with a Gaussian correlation function
with root-mean-square velocity perturbations of 1% and
characteristic scale length a = 0.5 km. The upgoing plane
wave has a Ricker source time function of central frequency
f0 = 4.5 Hz and the time step in FD calculation is 0.004
seconds. The wavelength and the characteristic scale of
the random medium are comparable. Figure 2a shows
the theoretical curves for the phase and logA coherence
functions at different propagation distances. It is clear that at
small spatial correlation lags, the phase coherence functions
are independent of propagation distance. This is because the
factors that control the correlation length of the phase
fluctuation are dominated by the scale of the heterogeneities
[e.g., Tatarskii, 1971; Wu and Flatté, 1990]. However, the
correlation lengths for logA fluctuation increase with
propagation distances due to the increasing Fresnel radius.
In the synthetic data, the onset of the first arrival is not
difficult to pick because no noise is present.
[8] The estimated TCFs calculated from phase unwrap-

ping and spectral amplitudes (Figure 2b) agree very well
with the theory. This supports the validity of the theory as
long as multiple scattering is not important. Figure 2c is the
estimated TCF using first arrival times to estimate the phase
fluctuations. The discrepancy with Figure 2a is typical of
that reported in earlier studies, although in this case we are
also careful to ensure we are in a valid domain for applying
the TCF theory. Because of the body wave scattering
dispersion [e.g., McLaughlin and Anderson, 1987], the
first-arrival onset inherently indicates the fastest group
velocity (i.e., source-receiver distance/onset traveltime).
The longer the source-receiver distance, the larger is the
discrepancy from the phase velocity (i.e., unwrapped phase/
angular frequency). The estimated phase coherence func-
tions in Figure 2c thus represent the group velocity fluctu-
ation of the dispersed waveforms, not the phase fluctuation,
and this is inconsistent with the basic theory. We conducted
many similar simulations that all corroborate these findings.
In all cases, use of unwrapped phase rather that arrival
onsets yields good agreement with TCF theory.

4. Conclusions

[9] Examination of a reported discrepancy between
theory and numerical simulations for wave propagation in
random media indicates that the discrepancy originates
from the assumption that first-arrival traveltimes provide
adequate estimates of phase for the early part in the
waveform. We demonstrated that a method of phase
unwrapping is required to obtain valid phase fluctuations.
The correct TCF’s estimation enables the applications of

this approach to the estimation of crustal and mantle random
heterogeneity, as long as digital waveforms are available for
analysis.
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