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A one-way dual-domain propagator for scalar qP-waves in VTI media

Qiyu Han1 and Ru-Shan Wu1

ABSTRACT

In this paper, we present an anisotropic one-way
propagator for modeling and imaging quasi-P (qP)
waves in transversely isotropic media with a vertically
symmetric axis (VTI media). We derive the disper-
sion relation for a scalar qP-wave using elastic wave
equations for anisotropic media. By applying a rational
approximation to the dispersion relation, we obtain a
one-way, dual-domain, scalar qP-wave propagator for
heterogeneous VTI media. The propagator includes a
phase-shift term and both phase-screen and large-angle
correction terms. The phase-shift term is implemented
in the wavenumber domain, while the other terms are
implemented in the space domain. Fourier transfor-
mations are used to shuttle the wavefield between the
two domains. This propagator can be used to propa-
gate qP-wavefields within an isotropic or a VTI medium,
with either medium containing lateral heterogeneities.
Error analysis of the impulse response and dispersion
relations demonstrates that the propagator is accurate
and stable and has a wide-angle capability. The applica-
tion of the propagator to the imaging of qP-wave data
with VTI models which contain complex structures and
large perturbations of velocity and anisotropy results in
excellent image quality. This demonstrates the potential
value of the propagator for use in modeling and imag-
ing qP-wavefields within strongly heterogeneous VTI
media.

INTRODUCTION

Isotropic algorithms applied to modeling and imaging in
transversely isotropic (TI) media produce mispositioning of
structures (Martin et al., 1992; Larner and Cohen, 1993;
Isaac and Lawton, 1999). In response to this shortcom-
ing, many imaging methods for TI media have been devel-
oped (Meadows et al., 1987; Uren et al., 1990; Gonzalez
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et al., 1991; Kitchenside, 1991; Sena and Toksoz, 1993;
Meadows and Abriel, 1994; Uzcategui, 1995; Le Rousseau,
1997; Le Rousseau and de Hoop, 2001; Ferguson and
Margrave, 2002). Anisotropic models commonly use trans-
versely isotropic media with a vertically symmetric axis (VTI
media) (Krey and Helbig, 1956; Thomsen, 1986; Schoenberg
and de Hoop, 2000), and much effort has been devoted
to developing one-way wave propagation methods for these
media (Uren et al., 1990; Kitchenside, 1991; Meadows and
Abriel, 1994; Uzcategui, 1995; Le Rousseau, 1997; Ristow and
Ruhl, 1997; Le Rousseau and de Hoop, 2001; Ferguson and
Margrave, 2002).

For wave equation-based methods, a one-way propagator is
usually derived from the exact dispersion relation by use of a
rational approximation. The dispersion relation in anisotropic
media can be expressed as a function of phase angle and
anisotropy parameters. This type of dispersion relation can be
implemented in the wavenumber domain. Lateral heterogene-
ity can be treated using phase shift plus interpolation (PSPI)
(Le Rousseau, 1997). This method requires substantial com-
putation time, especially with anisotropic media. As an al-
ternative, the dispersion relation for a one-way propagator
can be expressed in the dual domain (wavenumber–space do-
main) and successfully applied to weakly heterogeneous VTI
media with a dual-domain implementation (Le Rousseau and
de Hoop, 2001). Accurate one-way propagators are preferable
with strongly heterogeneous VTI media.

In this paper, we first derive the dispersion relation for a
scalar qP-wave using the generalized screen approximation.
We then develop the one-way propagator for VTI media. The
angular dependence of the propagator is analyzed using the
dispersion relation and impulse responses. Finally, we demon-
strate the utility of the propagator by applying it to synthetic
data sets simulated using complex VTI models.

THE qP-WAVE DISPERSION
RELATION FOR 2D VTI MEDIA

Ray-tracing and wave equation methods are frequently
used for wave propagation within anisotropic media.
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Ray-tracing methods require the use of either slowness or ve-
locity as a basic parameter. With the asymptotic expansion of
the ray series for elastic-wave propagation in anisotropic me-
dia, the velocities of qP-, quasi-SV (qSV), and quasi-SH (qSH)
waves can be obtained from the characteristic equation of the
elastic-wave equation (Červený, 1972; Daley and Hron, 1977).
For one-way wave equation methods, rational representation
of the relation between the vertical and horizontal wavenum-
bers is necessary. In this section, we derive the scalar qP-wave
dispersion relation in the angular frequency–wavenumber
(ω–k) domain from the full elastic-wave equation for a gen-
eral anisotropic medium.

To obtain the dispersion relation of the pure qP-wave, we
introduce the wave potentials to the elastic-wave equation.
This decouples the qP-wave from the qSV- and qSH-waves.
In a homogeneous VTI medium, the potential of the qSH-
mode is independent of the qP- and qSV-potentials. If the
z-direction is taken as the unique axis, the equations for
qP- and qSV-waves are represented in terms of the potential
functions as
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∂x2
+ ∂2

∂z2
[c44φ + (c13 + c44)ψ] = ρ
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∂2
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∂2ψ
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, (1)

where φ is the potential of the qP-wave and ψ is the potential
of the qSV-wave. The coefficients in these equations represent
the density and anisotropic elasticity of the medium (Daley
and Hron, 1977; Thomsen, 1986).

In an infinite homogeneous VTI solid, scalar qP- and qSV-
wave equations in the ω–k domain are obtained by apply-
ing Fourier transforms to equation 1. The vector equation of
plane-wave motion in the ω–k domain is

du = 0, (2)

with

u =
(
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�

)
,
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where � and � are the qP- and qSV-wave potentials after
Fourier transformation and where kx and kz are the wavenum-
bers along the x- and z-directions. Setting the determinant of
the Christoffel matrix to zero gives the dispersion equation

a4k
4
z + a2k

2
z + a0 = 0, (4)

with
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4
x − ρω2(c11 + c44)k2

x + ρ2ω4,

a2 = (
c11c33 − c2

13 − 2c13c44
)
k2
x − ρω2(c33 + c44),

a4 = c33c44. (5)

The elastic constants in formulae 5 may be written in terms
of the isotropic compressional velocity α, the shear velocity β,
and the Thomsen parameters δ and ε (Thomsen, 1986). The

coefficients of equation 4 then become

a0 = ρ2α2β2(1 + 2ε)k4
x − ρ2ω2(β2 + (1 + 2ε)α2)k2

x + ρ2ω4,
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x − ρ2ω2(α2 +β2),

a4 = ρ2α2β2, (6)

where
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Generally, equation 4 has four vertical wavenumber so-
lutions corresponding to forward and backward qP-waves
±(1/4a4){{−2a4[a2 + (a2

2 − 4a4a0)1/2]}}1/2 and forward and
backward qSV-waves ±(1/4a4){{−2a4[a2 − (a2

2 − 4a4a0)1/2]}}1/2.
In homogeneous isotropic media, it is well known that
the P-wave and S-wave vertical wavenumbers are inde-
pendent of each other. The above solutions show that in
homogeneous VTI media, the qP- and qSV-waves are cou-
pled. Vertical wavenumber kz of the qP-mode is a function
of the qSV-velocity, and kz of the qSV-mode is a function of
the qP-velocity. Decoupled dispersion relations for the qP-
and qSV-modes can be derived by mathematical methods
such as rational approximation (Schoenberg and de Hoop,
2000). However, our numerical experiments show that the
qSV-velocity makes an insignificant contribution to the ver-
tical wavenumber for the qP-mode.

From the above solutions, we also note that qP- and qSV-
waves do not exist when the qSV-wave velocity is set equal to
zero. To obtain the vertical wavenumber of the qP-mode, we
set the qSV-wave velocity equal to zero (Alkhalifah, 1998) in
equation 4. The qP-wave dispersion relation is represented as

â2k
2
z + â0 = 0, (8)

where

â0 = ρ2ω4 − α2ρ2ω2(1 + 2ε)k2
x,

â2 = (α4ρ2(1 + 2ε) − α4ρ2(1 + 2δ))k2
x − ρ2α2ω2. (9)

The vertical wavenumber in dispersion relation 8 is

kz = ±
(

s4ω4 − ω2s2ξk2
x

s2ω2 − ηk2
x

)1/2

, (10)

with ξ = 1 + 2ε, η = 2(ε − δ), and s = 1/α. Equation 10 gives
the vertical wavenumber for the qP-mode in general homoge-
neous VTI media. For elliptical anisotropic media, ξ �= 1 and
η = 0. For isotropic media, ξ = 1 and η = 0.

ONE-WAY PROPAGATOR IN VTI MEDIA

An accurate one-way propagator is required for high-
quality seismic modeling and imaging in VTI media. As one
step in the derivation of this propagator, we will apply the
GSP (generalized screen propagator) approximation to the
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square root operator for one-way wave propagation. One-way
propagation of the wavefield in the wavenumber domain from
depths zj to zj+1 in a homogeneous VTI thin slab, normal to
the z-direction, can be written as

φ̃j+1(kx, z) = p̃j (kx, z)φ̃j (kx, z), (11)

where φ̃j+1(kx, z) is the wavefield at zj+1, φ̃j (kx, z) is the wave-
field at zj , and p̃j (kx, z) is a propagator, such that

p̃j (kx, z) = A(kx, z) exp[i�̃(kx, z)�z], (12)

with �̃(kx, z) representing the approximate vertical wavenum-
ber, A(kx, z) representing the WKBJ amplitude, i = √−1, and
�z = zj+1 − zj . Positive values of �̃(kx, z) describe forward
wave movement, while negative values correspond to back-
ward wave movement. We decompose the VTI medium into
a homogeneous background medium and perturbation com-
ponents. We also decompose the vertical wavenumber into a
wavenumber for the background medium and a wavenumber
correction, so that

�̃(kx, z) = �̃b(kx, z) + �̃c(kx, z), (13)

where �̃b(kx, z) is the vertical wavenumber for the homoge-
neous background and �̃c(kx, z) is the vertical wavenumber
correction for the perturbation components. The wavenumber
correction plays a central role in improving the large-angle ac-
curacy of the wavefield. The propagator p̃j (kx, z) is then rep-
resented with two subpropagators as

p̃j (kx, z) = p̃b(kx, z)p̃c(kx, z), (14)

where

p̃b(kx, z) = A(kx, z) exp[i�̃b(kx, z)�z] (15)

is the subpropagator for the background wavefield and

p̃c(kx, z) = exp[i�̃c(kx, z)�z] (16)

is the subpropagator for the deviation component of the wave-
field, which is a wavefield correction for perturbations of the
medium. In the wavenumber domain, the WKBJ amplitude
is written as A(kx, z) =

√
kz0(kx, z)/kz(kx, z), with kz0(kx, z)

representing the vertical wavenumber for the homogeneous
background medium.

By expanding the square root of the dispersion relation
10 using the GSP approximation (Wu, 1994, 2003; Xie and
Wu, 1998), the vertical wavenumbers �̃b(kx, z) and �̃c(kx, z)
in equation 13 can be represented as (see Appendix A)

�̃b(kx, z) = kz0(kx, z) (17)

and

�̃c(kx, z) = w0 + w1k
2
x + w2k

2
x

w3 + w4k2
x

, (18)

where the coefficients wl , (l = 0, 1, 2, 3, or 4), are functions of
the perturbations.

The subpropagators p̃b(kx, z) and p̃c(kx, z) propagate the
wavefield from one thin-slab to another. According to equa-
tions 11 and 14, the equation for wave propagation in the ho-
mogeneous medium is then written as

φ̃j+1(kx, z) = p̃c(kx, z)φ̃b
j+1(kx, z), (19)

with φ̃b
j+1(kx, z) = p̃b(kx, z)φ̃j (kx, z). In the wavenumber do-

main, the propagation operation is global. For each wavenum-
ber, the wavefield data in the thin slab must be processed to-
gether. If the medium is heterogeneous, the expression of the
propagator will be complex, resulting in low computational ef-
ficiency. This deficiency is removed in the spatial domain. Ap-
plying the inverse Fourier transform to equation 18, we repre-
sent �̃c(kx, z) in the spatial domain as

�c(x, z) = �s
c(x, z) + �f

c (x, z), (20)

where �s
c(x, z) is the phase-screen correction and �s

c(x, z) =
w0 and where �f

c (x, z) is the finite-difference correction and
�f

c (x, z) = w1∂
2
x + w2∂

2
x /(w3 + w4∂

2
x ). The phase-screen cor-

rection for the phase-shifted wavefield is represented as

φj+1(x, z) = ps
c(x, z)φb

j+1(x, z), (21)

where ps
c(x, z) = exp[i�s

c(x, z)�z], and φb
j+1(x, z) =

FT −1{φ̃b
j+1(kx, z)}. The term FT −1{·} is the 1D inverse Fourier

transform in the thin slab. The finite-difference correction for
the phase-screen–corrected wavefield is written as

∂zφj+1(x, z) = �f
c (x, z)φj+1(x, z). (22)

Note that expressions 21 and 22 are derived by assuming a
homogeneous medium. The variations of their coefficients in
local regions should be small in comparison with the variations
of the wavefield. Since they perform local corrections in the
spatial domain, these expressions are appropriate within such
regions of heterogeneous media.

If perturbations exist, the propagator includes both
the wavenumber- and spatial-domain subpropagators; if
no perturbations exist, the propagator includes only the
wavenumber-domain subpropagator p̃b(kx, z), which is the
well-known phase-shift propagator for homogeneous VTI me-
dia (Gonzalez et al., 1991; Kitchenside, 1991; Meadows and
Abriel, 1994). The spatial domain subpropagators correct the
local wavefield for local perturbations. Therefore, the local-
ized operation works even if the thin slab is heterogeneous,
i.e., the perturbations are not equal at all locations within the
thin slab. The propagator can be used for complex VTI solids.
For example, if � s �= 0, η0 = 0, ξ0 = 1, and �η = �ξ = 0, then
the wave propagates in an isotropic background with isotropic
velocity perturbations; if �s �= 0, η0 = 0, ξ0 = 1, �η �= 0, and
�ξ �= 0, then the wave propagates in an isotropic background
with isotropic velocity perturbation and anisotropy perturba-
tions. The most general case is �s �= 0, η0 �= 0, ξ0 �= 1, �η �=
0, and �ξ �= 0, in which case the wave propagates in a VTI
background with slowness and anisotropy perturbations.

ERROR ANALYSIS

In this section, the accuracy of the propagator is discussed.
We first calculate the error caused by the dispersion relation
approximation using different anisotropy and perturbation
values in the ω–k domain. We then calculate the impulse re-
sponse using the dual-domain propagator with different back-
ground media and perturbation components and compare it to
an accurate impulse response calculated with the phase-shift
method for true homogeneous VTI media.
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Accuracy of dispersion relation

To test the approximate dispersion relation for different
anisotropy and velocity perturbations, we consider four VTI
models as shown in Table 1. We use very strong anisotropy
(the third and fourth models, which might be unrealistic) to
show the mathematical flexibility of equation 13.

Figure 1 shows the approximate and exact dispersion rela-
tions for a frequency of 20 Hz. The solid curves, computed
with equation 10, are exact dispersion relations in VTI me-
dia; the short-dashed curves, computed with equation 13, are
their corresponding approximations. To see the degree of
anisotropy, we also show the exact isotropic dispersion rela-
tions (the dotted curves). The percentage perturbation is de-
fined as �ν/ν0 × 100%, with ν0 representing either δ0, ε0, or α0

and with �ν representing either �δ, �ε, or �α.
Figure 1a describes the dispersion for weak anisotropy and

moderate constant perturbation (100%). The parameters of
the background medium are δ0 = 0.025, ε0 = 0.0005, and
α0 = 2500 m/s. The approximate dispersion relation has nearly
perfect agreement with the accurate dispersion. Figure 1b is
the dispersion in a strong VTI medium (δ0 = 0.100, ε0 = 0.075,
and α0 = 1250 m/s, and perturbations are 300%). This shows
that the propagator has fairly good accuracy. Figures 1c and
1d show two cases of very strong anisotropy with very large
perturbations (δ0 = 0.043, ε0 = 0.114, α0 = 714 m/s and δ0 =
0.082, ε0 = 0.064, α0 = 455 m/s and perturbations are 600%
and 1000%). The approximations have a nearly perfect match
with the exact dispersion relations, even for strong perturba-
tions of the anisotropy and velocity.

Figure 2 presents corresponding relative errors for the four
cases in Figure 1 at different propagation angles. The relative
error is defined in the ω–k domain as Ekz(θ) = {{[kz(θ) − �(θ)]/
kz(θ)}}×100, where θ is a propagation angle calculated accord-
ing to the accurate dispersion relation. From Figure 2 we see
that the dispersion relation is exact in the vertical direction
(θ = 0◦), which is the feature of phase-screen approximation.
The error is usually less than 1% for propagation angles less
than 45◦, and the error is less than 10% at the largest propa-
gation angle. This proves that dispersion equation 13 closely
approximates the exact dispersion relation 10 in the ω–k
domain.

Accuracy of impulse response

The propagator for wavefield modeling and imaging is im-
plemented in the ω–k domain and in the angular frequency-
spatial (ω–x) domain. The phase shift is implemented in
ω–k, and the phase-screen and large-angle corrections are in
ω–x. The large-angle corrections are implemented with im-
plicit finite-difference procedures. In contrast to the compu-
tation of the dispersion relation, the implementation in the

Table 1. Model parameters for Figure 1.

δ0 ε0 α0 (m/s) Perturbation (%)

0.025 0.0005 2500 100
0.100 0.0750 1250 300
0.043 0.1140 714 600
0.082 0.0640 455 1000

dual domain introduces artifacts due to the use of the finite-
difference method. Figure 3a shows artifacts occurring at large
angles. These artifacts are suppressed by tapering in the ω–
k domain, although the procedure causes some distortion of

Figure 1. Approximate and exact dispersion relations for ho-
mogeneous media with different background media and per-
turbation values shown in Table 1. The solid curves show the
exact dispersion relations, the short-dashed curves show their
corresponding approximations, and the dotted curves show
their corresponding exact isotropic dispersion relations. Per-
turbations are (a) 100%, (b) 300%, (c) 600%, and (d) 1000%.
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amplitudes at very large angles. Figure 3b is the impulse re-
sponse after tapering.

To analyze the accuracy of the propagator, we made tests
several times with different perturbation values. The qP-wave
velocity of the model is 5000 m/s and δ = 0.3, ε = 0.2. The per-
turbations are 100%, 200%, 300%, 400%, respectively. Spatial
samples are 280 in the x-direction and 140 in the z-direction,
and dx = dz = 15 m. The number of time samples is 512, and
the sample interval is 4 ms. The peak frequency of the Ricker
wavelet is 20 Hz. Figure 4 shows corresponding responses at
300 ms computed with the propagator. The responses with

Figure 2. The relative errors of the propagator for different an-
gles in a weakly anisotropic medium with moderate constant
perturbations (dotted curve), a strongly anisotropic medium
with large constant perturbations (dot-dashed curve), and two
very strongly anisotropic media with two larger perturbation
values (dashed curve and solid curve).

Figure 3. Large-angle corrections introduce artifacts (a),
which can be suppressed by tapering in the ω–k domain (b).

solid lines are computed with the phase-shift method in ac-
tual media, while the responses with dotted lines are com-
puted with the approximate propagator. The propagation at
large angles is tapered for the approximate propagator, while

Figure 4. Responses in a homogeneous VTI medium. The
responses with solid lines are computed with a phase-shift
method in actual media. The responses with dotted lines are
computed with the approximate propagator that propagates
in a VTI background with constant percentage perturbations
of (a) 100%, (b) 200%, (c) 300%, and (d) 400%.
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we do not apply any taper for the phase-shift propagator. As
shown in the last section, in a medium without any horizon-
tal perturbations, the wavefield computed with the phase-shift
propagator is accurate.

Figure 4 demonstrates that the results from our propagator
in media with different perturbations agree closely with those
from the phase-shift method in the true media. The propaga-
tor has a good degree of accuracy, even for large perturbations
and at large propagation angles.

Figure 5 describes relative errors corresponding to the ap-
proximate responses in Figure 4. The errors of the dispersion
relation and those of the dual-domain propagator exhibit sim-
ilar behavior. From Figure 4 we see that with increasing levels
of perturbation, the relative error seems to increase slowly at
large angles.

EXAMPLES OF APPLICATION TO IMAGING

This propagator can be used for both seismic modeling and
imaging. In this paper, we test its imaging performance with
two synthetic data sets. One data set is for testing its ability to
image steeply inclined reflectors embedded in a VTI medium
with strong perturbations. Another data set is for testing its
ability to image highly heterogeneous VTI media with com-
plex structures and faults.

Imaging reflectors with different angles

As shown in Figure 6, the model has reflectors with dips of
0◦, 15◦, 30◦, 45◦, 60◦, 75◦, and 90◦. The grid dimensions of the

Figure 5. The relative errors of the approximate propaga-
tor with constant percentage perturbations of 100% (dotted
curve), 200% (dot-dashed curve), 300% (dashed curve), and
400% (solid curve).

Figure 6. A VTI model with strong lateral velocity variations
and steeply inclined reflectors with dip angles of 0◦, 15◦, 30◦,
45◦, 60◦, 75◦, and 90◦.

model are 100 gridlines in depth and 700 gridlines in the hori-
zontal, with dx = dz = 12.19 m. A similar model is used by Le
Rousseau (1997). The anisotropy of the model is characterized
by ε = 0.2 and δ = 0.3. The qP-wave velocity model is com-
posed of the background velocity of 701.04 m/s and vertical
and lateral gradients of ∂xα = 0.6 s−1 and ∂zα = 1.0 s−1. The
largest velocity perturbation at the model surface (the first
thin slab) is 730%; the largest perturbation at the model bot-
tom (the last thin slab) is 267%. A Kirchhoff modeling method
for a factorized TI medium (Alkhalifah, 1995) is used to gen-
erate a zero-offset section with the central frequency of 8.5 Hz.
As shown in Figure 7, the synthetic section has 700 traces and
401 samples per trace. The sampling interval is 10 ms.

Imaging results are shown in Figure 8. Figure 8a shows that
when the anisotropy of the model is ignored, the isotropic
propagator gives a poor image. The steep reflectors are seri-
ously undermigrated, and the energy at the diffraction points
of the structures is unfocused. The reflectors are well imaged
when the propagator takes the anisotropy into account (Fig-
ure 8b). This example demonstrates that the one-way prop-
agator in VTI media developed in this paper has excellent
performance for imaging steep reflectors in strongly hetero-
geneous VTI media.

Imaging a modified SEG/EAEG salt model

We modified the SEG/EAEG salt model, which has strong
velocity perturbations, complex structure, and faults. First, we
transformed it into an anisotropic model by adding anisotropic

Figure 7. A zero-offset section simulated with the model
shown in Figure 6, using a Kirchhoff modeling method for
a factorized TI medium. The section had 700 traces and 401
samples per trace. The sampling interval is 10 ms.
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components to the original isotropic representation. Then
we compared the imaging results with the Kirchhoff imaging
method for anisotropic media based on a zero-offset section.

The grid dimensions of the SEG/EAEG model are 300 grid-
lines in depth and 1290 gridlines in the horizontal, with spac-
ing dx = dz = 12.19 m. Figure 9 shows the compressional ve-
locity distribution of the original model. While keeping the
original distribution of compressional velocities, we introduce
Thomsen’s parameters to the model to construct a VTI model.
We modify the surrounding sediment and faults into a VTI
representation. The anisotropy parameters of the model are
linear functions of perturbation of the compressional veloc-
ity, i.e., δ(x, z) = 0.80 (α(x, z) − αmin)/αmax + 0.005, ε(x, z) =
0.64(α(x, z) − αmin)/αmax + 0.005. The maximum values of ε

and δ are 0.32 and 0.40, respectively, while their minimum val-
ues are each 0.005. It might be more reasonable to keep the

Figure 8. Depth images of the section shown in Figure 7 mi-
grated with (a) an isotropic propagator and with (b) the true
anisotropic propagator.

Figure 9. Compressional velocity distribution of the modified
anisotropic SEG/EAEG salt model.

salt body isotropic by separating it from its surroundings. In
this case, traveltime continuation would be necessary for the
traveltime table computation with the anisotropic Kirchhoff
method. Unfortunately, it would be difficult for such an irreg-
ular boundary. In this paper, for simplicity, we make the salt
body weakly anisotropic (ε = 0.002, δ = 0.001) to avoid ex-
plicitly dealing with the irregular boundary of the salt body.
The ray-tracing method based on a finite-element technique
(Han and Shen, 2002a, b) was applied for the traveltime table
computation. This ray-tracing method is efficient, especially
for complex models with shadow zones.

A zero-offset section generated by exploding-reflector mod-
eling with our anisotropic propagator is shown in Figure 10.
The peak frequency of the Ricker wavelet is 8 Hz. The sam-
pling interval is 8 ms, and the number of samples per trace
is 626. The CMP number is 1290, and the CMP spacing is
12.19 m.

Figure 11 shows poststack depth imaging results using both
the one-way propagator and the anisotropic Kirchhoff imag-
ing method. Figure 11a is the image migrated with an isotropic
propagator, in which the anisotropy parameters of the propa-
gator in equation 14 were ignored. Compared with the model
in Figure 9, the reflections in Figure 11a are not well imaged
by the isotropic propagator because the anisotropy is ignored.
Although the energy is well focused, the image has artifacts
and the steep structures are mispositioned. Figure 11b is im-
aged with a true VTI propagator. In contrast to Figure 11a,
this image has fewer artifacts, and the structures and faults are
imaged correctly. Figure 11c is the imaging result using the
Kirchhoff method. Shallow reflections, including the upper
boundary of the salt body, are well imaged. However, artifacts

Figure 10. Zero-offset section for the modified anisotropic
SEG/EAEG salt model. Peak frequency of the Richer wavelet
is 8 Hz. The sampling interval is 8 ms. The number of traces is
1290, and the number of samples per trace is 626.
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Figure 11. Images from the poststack depth migration of the
section in Figure 10. (a) Imaging with the isotropic propagator
(ε = δ = 0.0), (b) imaging with the true anisotropic propagator,
and (c) imaging with the anisotropic Kirchhoff method.

are produced within the deep part of the image, including the
interior of the salt body. The traveltime table is not accurate
enough for such a complex model with strong perturbations
because the sharp contrasts of the model are smoothed for
tracing rays. The Kirchhoff imaging method needs a smooth
model, while the one-way propagator can use a true model.

DISCUSSION AND CONCLUSIONS

The scalar qP-wave propagator for a VTI medium was de-
rived by introducing wave potentials into the full elastic-wave
equations and applying the generalized screen approximation.
The propagation in the background medium is accomplished
in the wavenumber domain, while the interaction with hetero-
geneities, including application of the phase-screen correction

and the wide-angle correction, is implemented in the space do-
main. The propagator can be used for complex VTI media.
Results show that the propagator is accurate for strong per-
turbations of velocity and anisotropy parameters even at large
propagation angles. The propagator can be used for qP-wave
field simulation and imaging/migration. In this paper we only
derived the propagator for a scalar qP-wave in 2D VTI media;
the propagator for 3D media may be derived easily from the
2D case. With successive application in several directions, the
2D propagator may be used for a 3D medium. This applica-
tion of the 2D propagator substantially reduces computation
time and memory requirement over use of the 3D propagator.
We intend to describe this procedure in the future.
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APPENDIX A

CONSTRUCTION OF THE APPROXIMATE
ONE-WAY PROPAGATOR

The one-way phase-shift propagator is accurate in hor-
izontally homogeneous VTI media (Meadows et al., 1987;
Kitchenside, 1991; Meadows and Abriel, 1994). This propa-
gator is inaccurate at large angles in laterally heterogeneous
media, especially for large perturbations of anisotropy and ve-
locity. Extensions such as PSPI (Le Rousseau, 1997) and GSP
series (Le Rousseau and de Hoop, 2001) have been devel-
oped to accommodate lateral variations of the model parame-
ters. The finite-difference technique is an efficient method for
the application of large-angle corrections in isotropic media
(Ristow and Ruhl, 1994; Jin et al., 1998; Xie and Wu, 1998;
Wu, 2003). In this paper, we develop a correction with finite-
difference terms using the generalized screen (GS) approxi-
mation.

To improve the wide-angle accuracy of the GS method in
the presence of a large velocity contrast, a two-term correc-
tion is often used to reduce the angle-dependent propagation
error from the dispersion relation approximations (Jin et al.,
1998; Xie and Wu, 1998, 1999; Wu, 2003). Our numerical ex-
periments demonstrate that wave propagation in the presence
of anisotropy requires additional correction. This occurs be-
cause in VTI media the angle-dependent errors resulting from
approximation of the dispersion relation have similar effects
to variations in anisotropy. If the heterogeneity of the medium
is strong enough, we cannot distinguish angle-dependent er-
ror from the effect of anisotropy when we simulate, im-
age, or analyze the anisotropic wavefield with this propaga-
tor. For example, we may misinterpret the approximation er-
rors as anisotropy effects when we make the migration-based
anisotropy analysis. Here, we derive a three-term correction
for the dispersion relation approximation, which is more ac-
curate than the two-term correction.
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According to the dispersion relation 10, the vertical
wavenumber of the correction term is

�̃c(kx, z) = kz − kz0 = ω

[
s

(
1 + (η − ξ)k2

x

s2ω2 − ηk2
x

)1/2

− s0

(
1 + (η0 − ξ0)k2

x

s2
0ω

2 − η0k2
x

)1/2
]

. (A-1)

Using Taylor expansions for kz and kz0 and keeping up to
the sixth-order term of the series, we obtain the approximate
phase correction

�̃c(kx, z) = γ0 + γ1k
2
x + γ2k

4
x + γ3k

6
x, (A-2)

where the coefficients are defined with perturbations of the
media, �κl, (l = 0, 1, 2, 3), and γ0 = −ω�κ0, γ1 = (1/2ω)�κ1,

γ2 = (1/8ω3)�κ2, γ3 = (1/16ω5)�κ3. The perturbations of the
media are defined as �κ0 = κ0 − κ̄0, �κ1 = κ1 − κ̄1, �κ2 =
κ2 − κ̄2, �κ3 = κ3 − κ̄3. The parameters with a bar represent
the homogeneous background terms, and the parameters
without a bar pertain to the true media. These parameters are
written as κ0 = s, κ̄0 = s0, κ1 = (η − ξ)/s, κ̄1 = (η0 − ξ0)/s0,

κ2 = [(η − ξ)(3η + ξ)]/s3, κ̄2 = [(η0 − ξ0)(3η0 + ξ0)]/s3
0 , κ3 =

[(η − ξ)(ξ 2 + 5η2 + 2ξη)]/s5, κ̄3 = [(η0 − ξ0)(ξ 2
0 + 5η2

0 + 2ξ0η0)]/
s5

0 , where s0 and s are the slowness of the background and
the true media, respectively. The values ξ0 and η0 are the
anisotropy parameters of the VTI background, and ξ and η

are the anisotropy parameters of the true VTI medium, which
are defined using the Thomsen parameters ε and δ (Thomsen,
1986), so that η0 = 2(ε0 − δ0), ξ0 = 1 + 2ε0, η = 2(ε − δ), and
ξ = 1 + 2ε.

We now construct rational terms w0 + w1k
2
x + w2k

2
x/

(w3 + w4k
2
x), where the unknown coefficients wl, (l = 0, 1,

2, 3, 4), are determined through A-1. With a Taylor expan-
sion of w2k

2
x/(w3 + w4k

2
x) up to the sixth order in kx , we com-

pare the coefficients of A-1 and obtain the five coefficients
w0 = γ0, w1 = (γ1γ3 − γ 2

2 )/γ3, w2 = γ 3
2 , w3 = γ2γ3, and

w4 = γ 2
3 . We may then rewrite equation A-2 in the form

�̃c(kx, z) = w0 + w1k
2
x + w2k

2
x

w3 + w4k2
x

. (A-3)

Note that the first term of equation A-3, w0, is the phase-
screen term in a GS expansion, while w1k

2
x and w2k

2
x/

(w3 + w4k
2
x) are the wide-angle correction terms.

REFERENCES

Alkhalifah, T., 1995, Efficient synthetic-seismogram generation in
transversely isotropic, inhomogeneous media: Geophysics, 60,
1139–1150.

———, 1998, Acoustic approximations for processing in transversely
isotropic media: Geophysics, 63, 623–631.
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