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Abstract 

Beamlet propagation and imaging using Gabor-Daubechies frame (G-D frame) 
decomposition with local perturbation theory is developed and tested. The method is 
formulated with a local background velocity and local perturbations for each window of the 
wave field decomposition. The propagators and phase-correction operators are obtained 
analytically or semi-analytically by one-way operator decomposition and screen 
approximation in beamlet domain. The numerical tests on point-spreading responses in 
homogeneous and laterally varying media and the imaging example for the SEG-EAGE salt 
model demonstrate the validity and the great potential of this approach applied to seismic 
wave propagation and imaging. 
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Introduction 

Steinberg (1993), Steinberg and Birman (1995) derived the localized propagators 
using the WFT (windowed Fourier transform) and a perturbation approach for wave 
propagation and imaging. These studies represent the effort of developing localized 
propagators instead of the traditional global propagator methods. The localized 
propagators are mainly controlled by the local properties of the heterogeneous media and 
therefore are much easier to make good approximations than the global propagators. 
However, the decomposition and reconstruction using WFT and inverse WFT are very 
expensive, so that the method is difficult to adopt for practical use. In addition, the 
method of Steinberg and Birman is formulated with a global perturbation to the partial 
differential wave equation. It may be inaccurate at sharply varying velocity areas. Wu et 
al. (2000a) developed a formulation with local background and local perturbations and 
derived the localized propagators in discrete representations. In this work we use a tight 
or nearly tight frame with the Gabor elementary function (Gabor-Daubechies frame) to 
decompose both the propagator and wave field. Beamlet propagator in heterogeneous 
media is split into a local free-propagator and a local phase-correction operator. The free 
propagator and the perturbation operator are obtained analytically or semi-analytically by 
one-way operator decomposition and screen approximation in beamlet domain. Point 
spreading responses (impulse responses) are tested for both homogeneous and laterally 
varying media. Finally, the SEG-EAGE salt model post-stack data are used to test the 
validity of the approach. The obtained image is shown in comparison with that of the 
traditional Kirchhoff migration and the global hybrid pseudo-screen method. The 
excellent results demonstrate the feasibility of the approach. 
 

Windowed Fourier Transform (WFT) 

For a function f(x), its windowed Fourier transform (WFT) can be defined as 

( ) ( ) ( )∫ −∗ −= xiexxwxdxfxf ξξ,                                             (1) 

where x  and ξ  are the localized space and wavenumber parameters, respectively. w(x) 
is a square integratable window function centered at x = 0, and "*" denotes the complex 
conjugate. We call the phase-space parameterized by ( ξ,x ) the beamlet domain. The 
inverse WFT (reconstruction) is given by 
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( ) ( ) ( )∫∫ −= xiexxwxfxdd
N

xf ξξξ
π

,
2

1
2

                                      (2) 

where N is the L2 norm of the window, 

( )∫== dxxwwN
222                                                   (3) 

For a Gaussian window, 

( ) ( )2
4

1
2exp xxg −= −π                                                     (4) 

1
22 == gN . 

 

Gabor-Daubechies Frames 

Since the WFT reconstruction is very time-consuming, many studies have been 
performed to obtain sparsely sampled, but still accurate reconstruction schemes. For the 
Gaussian window function, which is closely related to the canonical coherent states in 
physics, Gabor (1946) proposed a phase-space decomposition using the critical sampling 
∆x∆ξ = 2π in the phase-space (time-frequency) domain, where ∆x and ∆ξ are the space and 
wavenumber sampling intervals, respectively. However, Daubechies (1990) has proved 
that the reconstruction using critical sampling is unstable. Daubechies showed that for 
stable reconstruction oversampling ∆x∆ξ < 2π must hold, ∆x∆ξ measures the size of 
windowed Fourier atoms (Latticed coherent states). Daubechies gave the necessary and 
sufficient conditions for the stable reconstruction based on the frame theory. The 
Windowed Fourier Frames with Gaussian window is called by Daubechies the Weyl-
Heisenberg coherent states frame, since it is associated with the Weyl-Heisenberg Group.  

If the windowed Fourier atoms 

( ) ( )x

xim

mn nxgexg ∆−= ∆ξ                                                   (5) 

constitute a frame, where g(x) is a window function and ∆x∆ξ < 2π, then frame 
coefficients of a function f(x) can be calculated as 

( ) ( )∫ ∆−= ∗∆−
x

xim
mn nxgexdxfgf ξ,                                          (6) 

The function f(x) can be reconstructed from the so-obtained frame coefficients: 

∑∑=
m n

mnmn ggff ~,                                                      (7) 

where mng~  is the dual frame vectors, 

( ) ( )x

xim

mn nxgexg ∆−= ∆ ~~ ξ                                                  (8) 

It has been proved that the dual frame is also a windowed Fourier frame. That means that 
the dual frame vectors are time and frequency translations of a new window. In the case 
of the dual frame equal to the original frame, the frame is then called tight frame. There 
have been various methods and algorithms developed to construct dual frames, such as 
the conjugate gradient iterations or pseudo inverse method (Daubechies, 1992; Mallat, 
1998, Qian and Chen, 1996).  
Compared to the critical sampling case (∆x∆ξ = 2π), frame decomposition is 
overcomplete. The representation by its coefficients contains redundant information. The 
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moderate redundancy results in a robust and stable reconstruction. From wave 
propagation point of view, the tight frame representation with moderate redundancy leads 
to good localizations in both time and frequency (or space and wavenumber), a very 
desirable feature for efficient extrapolation of wavefield. However, even if the dual frame 
is very close to the original frame in the nearly tight case, the error accumulation during 
wave propagation is still noticeable if the dual frame is approximated by the original 
frame. Moreover, at oversampling cases, frame decomposition is redundant, therefore the 
dual frame is not unique. In this work, we select the dual frame window whose shape is 
the closest to the original frame in the sense of the least square error and precompute it 
for each application using the method of Qian and Chen (Qian and Chen, 1996). 

For simplicity, we call the above-described Windowed Fourier Frames with 
Gaussian window as Gabor-Daubechies (G-D) frame. Gaussian window and its dual 
frame window with different redundant ratios are plotted in Fig.1. The higher the 
redundant ratio, the closer the dual frame window function is to the original window 
function. G-D frame has many desirable properties compared to other orthogonal 
decompositions, especially for wave field related problems: 

1. Good time-frequency localization as we mentioned before. 
2. Commutabilities for x and ξ translations. This leads to the convenience in 

theoretical treatment, and some analytical or semi-analytical expressions for wave 
propagation can be obtained. 

3. Familiarity and similarity. Applications of windowed Fourier transform in wave 
phenomena have been well studied and the wave behavior under such a 
representation bears more similarities than other orthogonal wavelet 
representations. 

4. Simple construction of frame vectors. 
 
 

 
Fig.1  Gaussian window (dotted lines) and its dual frame window (solid lines) 

(a) redundant ratio = 2; (b) redundant ratio = 4 
 
 

Local Perturbation Theory and the beamlet migration 

For the purpose of demonstration, we limit our derivation to the 2-D (x, z) case. The 
generalization to the 3-D case should be straightforward.  In frequency-space (f - x) 
domain, the scalar wave equation can be written as 
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( ) ( ) ( ) ( )02

2
22 ,

,
xxfzxu

zxvzx −−=







+∂+∂ δωω

                                   (9) 

where ( )zxv ,  is the velocity field in space domain, and ( )ωf  is the source function. 
The field at depth z can be decomposed into beamlets (basis vectors or frame 

vectors) with windows along the x-axis: 

( ) ( ) ( ) ( )

( )zxggu

zxgxuxuzxu

mn
n m

mn

n m
mnmnzz

,~,           

,~,,

∑∑
∑∑

=

== ξ
                                    (10) 

where mng~  are the synthesis (reconstruction) vectors (atoms) which are the dual vectors 

of the decomposition vectors gmn, ( )mnz xu ξ,  are the coefficients of the decomposition 

atoms located at nx (space locus) and mξ (wavenumber locus): 

xnm nxm ∆=∆=          ,ξξ                                                 (11) 

For a local beam 
( ) ( )∑=

m
mnmnn zxgguzxg ,~,,                                               (12) 

which is the summation of all the local Fourier components. 
We can introduce a local perturbation to reduce the strength of perturbation. Let 

( ) ( ) ( ) ( )[ ]zxkzxkzxkzxk nn ,,,, 2
0

22
0

2 −+=                                    (13) 

where the first term in the right-hand-side is the local background (reference) 
wavenumber, and the second term is the local perturbations. Upon substituting the field 
decomposition (12) and local perturbation (15) into equation (11), we obtain the wave 
equation in beamlet domain (dropping the force term): 

( ) ( ) ( ) 0,~,22 =+∂∑ ∑
n m

mnmnznz zxgxuA ξ                                       (14) 

where An is the square-root operators (pseudo-differential operators) 

( ) ( ) ( )[ ]
( ) ( )zxxkzxk

zxkzxkzxkA

ndnx

nnxn

,,,      

,,,

22
0

2

2
0

22
0

2

++∂=

−++∂≡
                                 (15) 

Beamlets have significant values only within their local windows and their spreads are 
small for short propagation distance. For a local beam evolution problem, invoking the 
one-way wave approximation, i.e. neglecting interactions between the forward-scattered 
and backscattered waves, we can write a formal solution for the evolution of beamlets 

( ) ( )zxgeGxzzxG mn
ziA

mnmn
n ,~,;, ∆±==∆+ ξ                                   (16) 

Here, Gmn is the Green’s function in the mixed domain describing the evolution of 
( )xgmn

~  in the heterogeneous medium. The exp(±iAn∆z) is a thin-slab propagator for the 

beamlets with an assumption of vertical homogeneity of the thin slab. The propagator 
matrix in beamlet domain is 

( ) ( ) ( )xgxGxx jlmnmnjlmnjl
~,,;,, =Ρ=Ρ ξξ                                   (17) 
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The field at z+∆z can be obtained as the superposition of contribution from all the 
beamlets: 

( ) ( ) ( )

( ) ( )∑∑
∑∑

∆+

∆+

=

=

l j
jljlzz

n m
mnmnzzz

xgxu

xGxuxu

~,             

,

ξ

ξ
                                        (18)                         

where 
( ) ( ) ( )∑∑Ρ=∆+

n m
mnzmnjljlzz xuxxxu ξξξξ ,,;,,                              (19) 

The beamlet propagator matrix represents the beamlet propagation and cross-coupling. 
The square-root operator An, which is a pseudo-differential operator, can be 

expanded into perturbation series (De Hoop et al., 2000) or Padé series (Xie and Wu, 
1998). Because a local perturbation scheme is adopted in which the reference velocities 
vary with each window, ( ) ( )nxkxk 2

0
2 −  can be treated as small perturbations. In 

Hamilton path integral formulation, ziAne ∆  can be considered as a thin-slab Green’s 
function (Wu and De Hoop, 1996; De Hoop et al., 2000). The left symbol for the square-
root operator An can be decomposed into background and perturbation parts and different 
approximations can be applied to the operator (see Wu et al., 2000b). In this way the 
beamlet propagator can be decomposed into a free-propagatior for the local homogeneous 
media and a perturbation operator to account for the phase-correction by local 
perturbations. 

The G-D (Gabor-Daubechies) frame free-propagator can be calculated as 

( ) ( ) ( ) ( )∫ ∆−−− −−=Ρ zixxi
jm

xxi
mnjl

nnlnmlj eeggde ζξξξ ξξξξξ
π

~
2

10
,                    (20) 

where ζn is the local vertical wavenumber, ( )( ) 22 ξωζ −= nn xc . Fig.2 shows the free-

propagators with different redundancies in case of low frequency and high frequency, 
respectively. We can see that they are all highly sparse matrices. For calculation of 
perturbation operator, two approaches are tested. One is the approximation of weak 
coupling between windows; the other is the beam summation in the mixed domain. In the 
following we present the results of beam summation approach. 
 
Numerical tests on point spreading responses of beamlet propagators 

Considering a point source located on the surface of the media with a ricker wavelet 
time function, we calculated the point spreading responses for a homogeneous medium 
(Fig.3) and a three-layered heterogeneous medium (Fig.4). The latter is a model with a 
laterally varying layer (Gaussian profile) embedded in a homogeneous medium (Fig.4a). 
In Fig.3, as expected, the wavefront of the point spreading response is a semi-circle; 
while in the layered medium, the wavefront is distorted after passing through the second 
layer as shown in Fig.4b. 
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Fig.2  Free propagators in beamlet domain with Gabor-Daubechies frame in case of low 

and high frequencies, respectively. (a) redundant ratio = 2; (b) redundant ratio = 4 

 
Fig.3  Point spreading response for homogeneous medium 
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Fig.4  (a) A three-layered medium; (b) Point spreading response of the layered medium 

 

Numerical Tests Using SEG-EAGE Salt Model Data 

In this section we show a preliminary test result using the poststack data of the 
SEG-EAGE model. Fig.5a shows the velocity model of the A-A' profile from the salt 
model. The salt body has a strong velocity contrast with the surrounding medium and an 
erratic top surface. Fig.5b is the image obtained by beamlet domain G-D frame 
propagator. In comparison, we also plot the same part of the image migrated by the 
traditional Kirchhoff migration (Fig.5c). Apparently, the former has a superior quality 
compared with the latter, especially for the sharp irregular boundary of the salt body and 
the subsalt faults. In Fig.6, we show the comparison between the image obtained by the 
G-D beamlet propagator (Fig.6a) and that by the hybrid pseudo-screen propagator (Jin et 
al., 1999) (Fig.6b). We can see that all the main features including the boundaries of the 
salt body, the steep faults and sharp edges are correctly imaged with beamlet method. The 
overall image quality is comparable with that of the screen method. This demonstrates the 
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potential of application of beamlet propagators with local perturbation theory to seismic 
imaging. 

 

 
 

 
 

 

 

 

 

 

 

 
Fig.5  (a) velocity model of A-A’ profile of the SEG-EAGE salt model; (b) image by 

beamlet migration; (c) image by Kirchhoff migration 
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(b) 

(c) 
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Fig.6  Images of  the A-A’ profile of the SEG-EAGE salt model. 
(a) by beamlet migration; (b) by hybrid pseudo-screen migration 

 
 

Conclusions 

Beamlet propagation and imaging using G-D (Gabor-Daubechies) frame propagator 
with local perturbation theory has been developed and tested. The use of local 
background velocity and local perturbations allows to optimize the local beamlet 
propagators and easily to handle the strong lateral velocity variations. We have obtained 
the analytical form of G-D frame propagator and phase-correction operator based on the 
one-way operator decomposition and screen approximation. The examples shown here 
for the point spreading responses and SEG-EAGE salt model image demonstrated the 
potential of this approach. Further study is needed for improving both the accuracy and 
eff iciency. 
 

Acknowledgements 

The support from the WTOPI (Wavelet Transform On Propagation and Imaging for 
seismic exploration) Project at University of Cali fornia, Santa Cruz is acknowledged. 
 

(a) 

(b) 



 

 11 

References 

Daubechies, I., 1990, The wavelet transform, time-frequency localization and signal 
analysis, IEEE Trans. Inform. Theory, 36, 961-1005. 

Daubechies, I., 1992, Ten Lectures on Wavelets, Philadephia, Pennsylvania: Society for 
Industrial and Applied Mathematics. 

De Hoop, M., Rousseau, J. and Wu, R.S., 2000, Generalization of the phase-screen 
approximation for the scattering of acoustic waves, Wave Motion, 31, 43-70. 

Gabor, D., 1946, Theory of Communication, J. Inst. Electr. Eng., London, 93(III), 429-
457.  

Jin, S., Wu, R.S., and Peng, C., 1999, Seismic depth migration with screen propagators: 
Computational Geosciences, 3, 321-335. 

Mallat, S., 1998, A Wavelet Tour of Signal Processing, Academic Press. 
Qian, S. and Chen, D.P., 1996, Joint Time-Frequency Analysis, Methods and 

Applications, Prentice-Hall Inc.. 
Steinberg, B.Z., 1993, Evolution of local spectra in smoothly varying nonhomogeneous 

environments-Local canonization and marching algorithms, J. Acoust. Soc. Am. 93, 
2566-2580. 

Steinberg, B.Z. and R. Birman, 1995, Phase-space marching algorithm in the presence of 
a planar wave velocity discontinuity-A Qualitative study, J. Acoust. Soc. Am. 98, 
484-494. 

Wu, R.S., Wang, Y. and Gao, J.H., 2000a, Beamlet migration based on local perturbation 
theory, Expanded abstracts, SEG 70th Annual Meeting, 1008-1011. 

Wu, R.S., Jin, S., Xie, X.B. and Moster, C.C., 2000b, 2D and 3D generalized screen 
migration, Expanded Abstract, EAGE 62nd Annual Meeting, B-15. 

Xie, X.B. and Wu, R.S., 1998, Improve the wide angle accuracy of screen method under 
large contrast, Expanded abstracts, SEG 68th Annual Meeting, 1811-1814. 

 


