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Abstract. We point out first the inadequacy of •o __ Aeikox (1) 
the two widely used approaches in calculating the 
amplitude attenuation of seismic waves in a random incident normally on an infinite slab of thickness 
medium, the formulation of mean field attenuation 
and that of the scattering coefficient under the 
single-scattering approximation. Then we calcu- 
late the average amplitude attenuation due to 
scattering in an infinite random slab. We slice 
the random slab into layers of thickness a corre- 
lation length and use the Born approximation for 
each slice to calculate the scattered field. To 

X o made of random medium with correlation length 
a. We divide the random medium into slices of 

thickness a (Figure 1). Consider a thin plate 
with side-length • in the first slice. Let the 
total field be 

include the effect of multiple scattering, we take where •' is the scattered field, which satisfies 
the back-halfspace integration of the scattered the following equation under the Born approxima- 
energy as the energy loss and do energy correction tion, 
for each successive slice. Taking scalar wave 

approximation for seismic waves, we get a formula Lo•' -- - Li• ø , (2) 
for average amplitude attenuation essentially 
valid for high frequency range (ka>>l). The where L o is the linear operator of wave equation 
attenuation depends strongly on the form of corre- for the homogeneous case and L 1 is the random 
lation function of the random inhomogeneities. We operator (or scattering operator). Therefore 
derive. the formulas for Gaussian, exponential and 
Von wmrman correlation functions. The frequency 
dependence of attenuation by our formulation 
agrees well with experiments. 

There have been two main approaches in treat- 
ing the attenuation of seismic waves due to scat- 
tering. One is the use of mean field attenuation 
in a random medium (e.g., Beaudet 1970, Varadan et 
al. 1978, Varadan and Varadan lq79, Sato 1980). 
Many authors, however, failed to recognize the 
differences between the attenuation of "mean field" 

and the attenuation of the actual field. It can 

be shown (Wu 1981) that the attenuation of mean 
field in fact is only a statistical effect that 
measured the rate of randomization for waves 

passing through a random medium. In practice, 
what is actually measured is not the amplitude of 
mean field, and there is little work done on ob- 
serving the "mean field." Therefore, the usual 
comparison between the measured attenuation of 
amplitude and the calculated mean field attenua- 
tions cannot produce meaningful results. 

The other approach to studying the attenuation 
due to scattering is to use the energy scattering 

,P' = - GoL 1)• , (3) 

where G o -- Lg 1 is the homogeneous unbounded Green 
function operator. Multiplying (3) by the conju- 
gate scattered wave and taking the average, we get 
the mean intensity 

, •o•o, [2> = <CoCo, L1L1 > 
* •o ) •ø a -- [Coco* <L1L1 > e (Xl-X2 ] [ [ 

= •[,o[• , (4) 

where the stars stand for the complex conjugate, 
and B is the directional scattering ratio. 

The scattered energy is proportiontol to the 
integral of <[)'[2> over all directions. Under 
the single-scattering approximation, the total 
scattered energy is considered to be lost, and all 
the thin plates within the random medium scatter 
the same amount of energy, while the primary wave 
remains unchanged after Passing the random medium. 
Therefore, the energy conservation law is violated 
and the net scattered energy wil be overestimated. 

coefficient under the single-scattering approxima- When Xo>>a and the forward scattering is dominant 
tion, based on Chernov's work (chernov 1960). (ka>>l), the single scattering assumption becomes 
However, it can be shown (Wu 1981) that when the 
travel distance is short, this leads to the same 
result as that obtained by the mean field formu- 
lation under bilocal approximation for Dysons's 
equation. Since the single-scattering approxima- 
tion neglects the multiple-scattering, which is 

intolerable for the attenuation calculation based 

on scattered energy loss. The multiple scattering 
must be taken into account and the energy correc- 
tion has to be done. For the infinite slab, the 
forward scattered energy will hit upon other inho- 
mogeneities (multiple-scattering), so the related 

important for attenuation calculation, this equiv- energy can be assumed as not lost for the first- 
alence is not totally unexpected. order correction. The back-scattered energy can 

'We will find the average amplitude attenuation be considered totally lost, because there are no 
for short period seismic waves passing through a . inhomogeneities in the .back space. Thus the energy 
random medium using a simple model. First let us loss AI will be proportional to the integral of 
derive the general solution for a scalar wave. back-scattered energy, 

Cons i de r a s ca la r p lane wave 

= SdS (5) Copyright 1982 by the American Geophysical Union. AI = D• <[,,[a> dS D[,ø]2•. b b ' 
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Fig. 1. The coordinate system of the random slab. 

where fb indicates the integration is over the 
back half-space, D is constant, and dS is the 
surface element of integration. 

The incident energy flow upon the thin plate is 

then 

whe re 

•o = D•:zI• ø12 , (6) Q-• 

AI = fb B dS = •a , 

I 0 
AI = •b B dS 
Ioa a% 2 

(7) 

(8) 

When the wave falls tipon the next slice, the 
energy correctton will be done for the incident 
energy flow 

I1 = Io - bI = I o(1-•a) . (9) 

Under local Born approximations, we can calculate 
the scattered energy loss by the second slice and 
so forth. Here we will neglect the second back- 
scattering by the first slice toward the second 
slice. In the case of ka>>l, the back scattering 
is small, the second back-scattering wil be a 

second order small quantity. Suppose X o -- na. 
When n is large, it can be approximated by 

I = Lim I n = I 0 Lim (1-•a)X0/a = I0e-•x0. (10) 
n+• a +0 
a+0 

We recognize • to be the energy attenuation coef- 
ficient. 

Now we calculate • for a linear elastic isotro- 
pic weakly random medium. When the wave conversion 
between P and S waves as well as the coupling 
between different polarizations can be neglected, 
for example in the case of ka>>l (Knopoff and 
Hudson, 1967), we need only solve a scalar equa- 
tion for scattering of the corresponding wave 
component. That is the scalar wave approximation. 
We know the pertinent scalar equation is 

[• a2 _ v•] •, -- •(•) , 
where C O is the unperturbed wave velocity and f(F) 
is a scalar function of F, which is the equivalent 
body force for the secondary source due to inhomo- 
geneities. When the scattering effects of the 
space gradients of the velocity and elastic con- 
stants can be neglected, for instance in the case 
ka>>l (see Aki and Richards, 1980 or Haddon and 
Husebye, 1978), for harmonic plane wave incidence, 
we get 

f(F) = - 2m2 •C •0 2k• 6C •0 (12) 
C• C O C O 

where •C is the fluctuating part of velocity. 
Int ro du ce 

< ac(•) ac(•2) > 
' - ' I) -- Co Co N(lr 1 r 2 

y2 
whe re 

(13) 

¾ = <[8•CoC]2>1/2 (14) 
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is the r.m.s. relative velocity variation for the 
statistically homogeneous random medium. We can 
calculate B from (4) by Fraunhoffer approximation 
(the reader is referred to Chernov 1960, Ch. 3 of 
Aki and Richards 1980, 13.3.1), 

m 
k• y2 V Z sin(2k 0 sin 8/2) •0 N(r') r'dr' (15) 

•R 2 2k 0 sin 8/2 

4o 

52 

7O 

7800 7900 8000 8100 
ft 

Fig. 4. Acoustic velocity log at Fenton Hill (7800 
where 8 is the angle between the incident direction ft - 8100 ft), Sandoval, New Mexico, from Los 
and the scattering direction. Thus from (8), by Alamos Scientific Laboratories. 
integrating over back hemisphere, we can derive the 
equivalent quality factor Q of the scattering 
attenuation, When k0a<<l , 

• 1 Q-1 = 4y2kga3 .. 

Q 1 =- = •2 • B R2sin 8dSd• k 0 k0a b ' When k0a>>l , 
(18) 

y2k0 • = 2 f0 [cos(/• k r') - cos(2k r')] N(r')dr' 0 0 
y2 

Q-1 __ 2k0a (19) 
_- y2 k0 [P(v• k0) - P(2k0) ] , (16) For Gaussian correlation function N(r)=exp[-r2/a 2] 

we get 
where P (k) is the one dimensional power spectral 2 2 2 2 
density of the random medium. Since correlation Q-1 = /-• y2 k a (e -1/2 k0a - e-k0 a ) (20) 0 ' 
function N(r) is very small beyond correlation 

length a, the limit of integration has been exten- When k0a<<l , 
dud to infinity. It can be seen from (16) that 
both magnitude and frequency dependence of Q-1 are /-• 
strongly affected by the spectral density of the Q-1 __ 2 y2k3a3 (21) 
random medium, that is the feature of amplitude 0 
attenuation different from the mean field attenua- If we use the Van K•rman correlation function, 
tion. The frequency dependence of mean field which is widely used in fluid turbulence theory 
attenuation is independent of the spectral density (e.g., Tatarski, 1961), 
function (or the correlation function) of the 
random me dium. 

In the following, we will derive Q-1 expres- 
sions for several correlation functions. 

For exponential correlation function N(r) = 
exp[-r/a], substituting into (16) leads to 

1 rm (r 

where F(m) is a gamma function, K m (x) is m order 
modified Bessel function (m is not necessarily an 
integer), we get by substituting into (16) 

a a ] = 4y2ko3a 3 Q-1 = 2y2k0 l+2k• a2 _ l+4k• a2 l+6k2a2+Sk 4a4 o o 

(17' 

? theoretical attenuation shear wave in area A 

shear wave in area B+C / O- I randomization • calculated bythe first order When k0a<<l, coefficients renormalization formula ,,• 

i / 7' = O.lO6 ;,z-•O' inferred from / a=550m Q-1 = 4(m + 1/2)Vr• ' y2 
surface waves 

/..__/• o;' When k0a>> 1 •0 '2 - Q.;• • •'a: •55 km ' 
a=l.lkm •/ t•7• 0'15 •:o •/z•>• N(r): 2"' 2• y2 <2m+1/2- 1) FCm+l/2) •m, F(•.(%)'/' K%(%) Q-1 = 2 2m+l F(m) 
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Fig. 3. Comparison of theoretical correlation 
functions with the experimental data obtained by 
Aki in Kanto, Japan. 

r(m + 1/2) . 
Q-1 = 2• y2k a r(m) 0 

2 2)m+l/2 2ko2)m+ 1 (1 + 4a k o - [1 + 2a /2 

(1 + 6a2k• + 8aLike) m+l/2 

r(m +,•/2) k3a 3 (23) 
r(m) 0 

[koa) -2m (24) 

For m -- 1/3, that is, when the structure function 
of the random medium observes the Kolmogorov's "two 
thirds law" (see Tatarski 1961), it results in 

[l+4kga2) 5'6 -[1+2k02a2)5'6 
Q=i = 1.49 y2k0a [1 + 6k•a 2 + 8k•a•') 5/• 
For k0a<<l , 

Q-1 •_ 2.49 y2(k0a)3 

(25) 

(26) 



12 Wu: Scattering Attenuation of Seismic Waves 

_•_•} theoretical correlation function 
x experimental (Acoustic Locj, Fenton Hil I) 

I •---. a=l.2m (• 4ft) 

ß 8 '"'"' . 

/ x• •..•..•_ •./e o 

'• - •(I/3) '3' "•/3 '•' • ••x 

.I ,2 .4 .6 .8 I 1,2 1.4 1.6 1,8 2.0 
r/a 

the experimental one. However, the general trend 
of frequency dependence of scattering attenuations 
in the high frequency range agrees well with the 
experimental data, assuming that the observed 
attenuation is due to scattering. We know that the 
equivalent Q-1 of the measured attenuations has the 
form f-n, n equal 0.6-0.8 for the Kanto region of 
Japan (Aki 1980), 0.6 for the Kurile Islands 
(Fedotov and Baldyrev 1969), 0.5 for Garm (Rautian 
and Khalturin 1978). This agreement shows the 
importance of considering multiple scattering in 
calculating scattering attenuation. 
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For k0a>>l , 

Q-1 _• 0.35 y2(k0a)-2/3 (27) 
From (18), (21)and (23), it can be seen that for 
small scale inhomogeneities, namely k0a<<l , the 
attenuation is proportional to the fourth power of 
frequency, that is Rayleigh scattering, and is 
independent of the form of correlation function. 
However, for large scale inhomogeneities, namely 
ka>>l, the frequency dependence of attenuation or 
equivalently of Q-1 differs from each other 
distinctly (see fig. 2). 
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