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Elastic Wave Scattering by a Random Medium and the Small-Scale 
Inhomogeneities in the Lithosphere 

R. S. Wu x AND K. AKI 2 

Department of Earth, Atmospheric, and Planetary Sciences, Massachusetts Institute of Technology, Cambridge 

In this paper we use Born approximations to derive the mean square amplitudes of the scattered field 
for P-P, P-S, S-P, and S-S scattering by an elastic random medium characterized by perturbations of 
elastic constants and density. We also obtain the total scattered power or the scattering coefficient for the 
case of an incident P wave. We find that, in both the spatial scattering pattern and the frequency 
dependence of the scattering coefficient, there are some significant differences between scalar wave scat- 
tering and elastic wave scattering. These differences are most striking when the wavelength is comparable 
to the size of inhomogeneities, which is often encountered in the study of short-period seismic body 
waves. Under certain conditions, the perturbations of the medium parameters can be decomposed into 
an impedance term and a velocity term. In the forward direction, scattered waves are primarily con- 
trolled by the velocity perturbations. For backscattering, scattered waves are generated mainly by im- 
pedance perturbations. W• derive low- and high-frequency asymptotic forms of the directional and total 
scattering coefficients. In the low-frequency range, Rayleigh scattering with fourth-power frequency 
dependence occurs. For the high-frequency range the scattered power for common-mode scattering has a 
second-power frequency dependence, which is attributed to velocity perturbations. The scattered power 
of converted waves reaches a maximum, for the case of an exponential correlation function, in the 
high-frequency range. We find that the scalar wave theory can be only approximately used for the 
forward scattering problem in the high-frequency range, such as the phase and amplitude fluctuations in 
large seismic arrays. The case of coda wave excitation by local earthquakes, which is a backscattering or 
a large-angle-scattering problem, must be handled by the full elastic wave theory. A preliminary analysis 
of past observations using our theory suggests that the lithosphere may have multiple-scale inhomoge- 
neities. Besides the 10-20 km scale velocity inhomogeneities revealed by the forward scattering observa- 
tions at LASA and NORSAR, the lithosphere in tectonically active regions may be rich in small-scale 
(less than 1 km) inhomogeneities. 

INTRODUCTION 

Because of the complexity of the lithosphere, an attractive 
and practical way is to view it as a random medium and 
attempt to deduce some statistical properties and parameters 
of its inhomogeneities. The theory of wave propagation and 
scattering in random media has been well developed in astro- 
physics, optics, radio physics, and ocean acoustics to deal with 
light, radio wave, and acoustic wave propagation through the 
atmosphere and ocean [see, for example, Chandrasekhar, 
1960; Chernov, 1960; Tatarski, 1961, 1971; Flatte et al., 1979]. 
In the past, many authors have borrowed the scattering theory 
of scalar waves in random media from optics and acoustics 
[Chernov, 1960: Tatarski, 1961] and have applied it to deal 
with the small-scale inhomogeneities in the lithosphere. Aki 
and his coworkers have successfully applied the single scatter- 
ing theory of scalar waves to the modeling of the coda gener- 
ation of local ear.thquakes [Aki, 1969; Aki and Chouet, 1975; 
Sato, 1977]. On the other hand, the diffusion model (for dense 
distribution of strong scatterers) has been proposed by Wesley 
[1965] and then applied by Dainty et al. [1974] and Naka- 
mura [1976, 1977] to explain the lunar seismograms. Single 
scattering and wave diffusion are two extremes in scattering 
theory, in many cases we need more accurate models of multi- 
ple scattering. Recently, Gao et al. [1983a, b-I has extended the 
isotropic single scattering coda model to an isotropic multiple 
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scattering model in time domain. Wu [1984, 1985] treated the 
multiple scattering problem in the frequency domain using 
radiative transfer theory. 

In addition to coda generation, the scalar wave theory has 
been also applied to the scattering attenuation problem for 
short-period seismic waves. Aki [1980] applied Chernov's 
[1960] theory to coda waves and found the attenuation of 
short-period seismic waves can be explained by scattering at- 
tenuation due to interaction with random inhomogeneities. In 
the calculations he assumed an isotropic single scattering 
model for scalar waves. Wu [1980, 1982a] has formulated a 
forward-multiple-scattering approximation for the scattering 
attenuation to explain the frequency dependence of S wave 
and coda attenuation in the high-frequency range. Sato 
[1982a, b-I and Korvin [1983] have used some modified mean 
field approaches in fitting the observed frequency dependence. 
However, whether the observed short-period-wave attenuation 
comes mainly from scattering attenuation' or from intrinsic 
attenuation is still a controversial problem [see Wu, 1984]. 

The scalar wave theory has also been used in the phase and 
amplitudes fluctuation problems of teleseisrnic P waves record- 
ed on large seismic arrays as LASA (large-aperture seismic 
array) and NORSAR (Norwegian seismic array) [Aki, 1973; 
Capon, 1974' Berteussen et al., 1975]. The existence of velocity 
inhomogeneities of correlation lengths 10-20 km and rms ve- 
locity perturbations 2%-4% in the lithosphere has been in- 
ferred by this application. 

Despite its success, the use of the scalar wave theory also 
brought forth some problems. One is the coda excitation 
puzzle. As stated by Sato [1982b], the parameters of the 
random inhomogeneities estimated from the scattering attenu- 
ation of the observed data cannot account [or the amplitude 
of coda waves considered as backscattered waves. 

In order to know in what circumstances the scalar wave 
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theory can be a good approximation and in what situations it 
is not applicable, the full elastic wave theory of scattering in 
random media must be developed. Knopoff and Hudson [1964, 
1967] have obtained the asymptotic expressions for the mean 
square amplitudes of the scattered elastic waves by a rando m 
medium for low and high frequencies using the Born approxi- 
mation. Haddon [1978] derived the explicit expressions for the 
incident P waves [see, also, Aki and Richards, 1980] and •p- 
plied them to the interpretation of the precursors to PKIKP 
as scattered PKP waves by inhomogeneities near the mantle- 
core boundary [Haddon and Cleary, 1974; see, also, Doornbos, 
1976]. Hudson [1977] summarized the development and use of 
the first-order scattering theory (Born approximation) of elas- 
tic waves in seismology and gave the expressions of scattered 
waves in the time domain for incident P wave. Recently, Sato 
[1984] has derived the mean squared amplitudes of scattered 
fields in frequency domain in terms of density and velocity 
perturbations by the Borla approximation. 

In the present paper, following an approach similar to 
Haddon [1978], we derive the mean square amplitudes of the 
scattered fields and the directional scattering coefficients of the 
random medium for the P-P, P-S, S-P, and S-S cases using the 
Born approximation. We give the explicit expressions in terms 
of perturbations of density and Lame constants and also in 
terms of perturbations of impedances and velocities. We 
obtain the asymptotic expressions for low- and high-frequency 
waves and discuss the applicability and limitation of the scalar 
wave scattering theory. We derive the total scattered energy or 
total scattering coefficient for incident P waves to show that 
the frequency dependence of the total scattered energy can be 
quite different from the scalar case, especially when the wave- 
length is comparable to the correlation length. A preliminary 
analysis of past observations using our theory suggests that 
the lithosphere may have multiple-scale inhomogeneities. 

DIRECTIONAL SCATTERING COEFFICIENTS FOR 

P WAVE INCIDENCE 
. 

Suppose a finite volume of random medium is embedded in 
a homogeneous elastic medium with density P0 and elastic 
constants/T0, tto. The random medium is characterized by the 
random perturbations of its p.arameters from the mean values. 
We denote the parameters of the random in•homogeneities as 

/T(•) =/To q- •5/T(•) (1) 

= + 

where g is the position vector within the volume, and p(g) is 
the •onsity of the random inhomogeneities at •/T(•), /4•) are 
the corresponding Lame constants, and 6p(g), 6/T(g) and 6tt(g) 
are their perturbations. Here we assume 

and 

= (2) 

= 

6p << P0 62 << 20 6tt <</•0 (3) 

namely, the inclusion is a weakly inhomogeneous random 
medium, where ( ) denotes taking mean of a random vari- 
able. 

A random medium is a large family of innumerable inho- 
mogeneous media. Each member of the family, with a certain 

, 

T Uo=UMer ¾1 ß C050 
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Fig. l. The spherical coordinate system for P wave incident along 
x direction. Ur, Uo, and U, are the radial, meridional, and latitudinal 
components, respectiyely, of the scattered field; 7•, 72, and 73 are the 
direction cosines of the scattering direction. 

probability of existence, differs from the others in its detailed 
structure but has some common statistical properties of the 
family. Because the random property of the heterogeneity, the 
scattered wave is also a random wave field. In order to calcu- 

late the average amplitude of the scattered field, we take the 
ensemble mean of the square amplitude. First, we derive the 
scattered field for an arbitrary heterogeneous medium (a reali- 
zation of the random medium). We use the spherical coordi- 
nates having the polar axis along the direction of particle 
motion of the incident wave (Figure 1). For an incident P 
wave in the x• direc•tion the scattered P and S wave far field 
can be expressed as [Wu and Aki, 1985' Wu, 1984] 

co 2 1 
- e -- ito(t - r/ao) PUrP(X) 4•0•0 2 r 

cos 0- 
L P0 /To + 2tt0 

ß exp i--(2,--•).• dV(•) 
o• o 

P UmerS(x) - e - i•o(t - r/l•o) 
4•flo 2 r 

/To + 2/•o • cos 20] 
(4) 

sin 20] 
(5) 

where Ur, Ume r are the radial and meridian components of the 
scattered field, respectively, and the left and right superscripts 
indicate the wave type of the incident field and the scattered 
field, respectively. Since the problem is symmetric to •the polar 
axis, there is no latitudinal component. 

Suppose the random medium is statistical, homogeneous, 
and isotropic, and 6p(•), 62(•), 6p(•) have similar statistical 
properties, i.e., they have the same form of correlation func- 
tions. Let 

(•p 2 •/T 2 

((•oo) / = <e2)' ((•oo)/ = m2<e2)' 
((Sbt•21= n2(e2) ,6, 

(6/T(•)6/T(q)) - (6/T2)N(I• - qD (7) 
(6p(•)6/T(q)) = (6p6/T)N(I• - q[) 
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etc. Here N(l•- ql) is the normalized correlation function of 
the random parameters. We take 2o = Po and introduce the 
correlation coefficients •b.z, •b.•,, and •bz•,, defined by 

etc. Taking mean square of (4), we have 

v (4r02•o4 r- 5 eRe(R)' Ve .• (9) 

eRe(•)= (c2}[cos 2 0+(•) 2 +4(•) 2 0 (m) cos 402cos qb.x • 

-- 4 cos 3 0qb,•, + 4 cos 2 0 

' exp [/cø(•o •1 

(10) 

1 •).(•_ q)] dV(•-q) (11) •z o 

eRe(:•) is the direction factor for the Rayleigh elastic wave 
scattering by a unit volume of random medium, V is the 
volume of the random medium, and Pe[(0)/•o)• ] is a scalar 
wave scattering function defined by (11) 

We define the directional scattering coefficient for P-P scat- 
tering gPP(•) as 4r• times the average scattered power in • 
direction per unit solid angle by a unit volume of random 
medium for a unit incident field (i.e., unit power flux density): 

47rr 2 1 0.) 2 
= - eRe(O)ee(o) (12) gPP(0) • (IfUrfl2) 4re •ZO 2 

Note that gee(O) differs from the differential scattering cross 
section in electrical science only by a factor 4r•. When 5p, 52, 
and 5p are totally correlated, i.e., q•px = q•,•, = q•x•, = 1, (10) 
reduces to 

eRe(O) = (e2)(cos O m 2 n 3 3 cøs2 0 

= cos 0 - 20 + 2/••- 2 20 + 2po cøs2 0 (13) 
which is the mean square of the Rayleigh elastic wave scatter- 
ing factor [Haddon, 1978]. 

Now we introduce the exchange slowness 

1 
S1 = -- (:•1 - :•) 

2 0 
s• - IS•l - -- sin - 

% 2 

(14) 

where • is the unit vector in the incident direction and 0 is 
the scattering angle, i.e., the angle between the incident direc- 
tion and the scattering direction. We obtain 

PP(O) = ••; N(r)e iø•sl'• dV(•) (15) 
where r = I•l- Therefore PP(O) is a directional factor of scalar 
wave scattering, which depends only on the correlation func- 
tions of the parameters N(r), so long as all the parameters 
have the same form of correlation function. 

Now we need to specify the form of N(r). Knopoff and 
Hudson [1964, 1967] and Haddon [1978] used Gaussian cor- 
relation function, which has a favorable mathematical proper- 
ty of having all orders of its derivatives exist. However, such a 
correlation function is likely to be too smooth to represent 
actual inhomogeneities in the earth. In some observations, for 
example, the bore-hole acoustic velocity log [Wu, 1982] and 
the LASA wave-field correlation measurement [Aki, 1973], we 
found the exponential or Von Karman correlation function fit 
the data more closely. In the following we shall use therefore 
the exponential correlation function 

N(r) = e- r/a (16) 

where a is the correlation length. 
Putting (16) into (15) and (12), we obtain 

0) 4 
0•(0) = 2 • a 3 PRP(O) 

O•o 4 

1 

[1 + (0)Sla)2] 2 
(17) 

When 5p, 52, and 5p are totally correlated, 

0)4 ( m 2n gvv(o) = 2a 3 (e 2) COS 0-- • 
•o 4 3 3 cos 2 0)2 

1 

Ii+( 2 0) a sin •)2] 2 
(18) 

When 0)/•oa << 1, this becomes, approximately, 

0)4 
ovv(o) = 2a 3 • (e 2) PRY(O) 

ot o 

=2a 3• (e2) cos 0 .... 
•ZO 4 rn 2n 3 3 cøs2 0 (19) 

which is the Rayleigh scattering for P-P elastic wave scatter- 
ing with a fourth-power dependence on frequency and a third- 
power dependence on correlation length. The frequency de- 
pendence is the same as for acoustic scattering, but the direc- 
tional pattern is more complicated. 

For high frequencies the directional pattern becomes in- 
creasingly complicated, and the frequency dependence be- 
comes also a function of scattering angle. 

In the totally correlated case, if (52/20)= (Sp/po), we can 
decompose the perturbations into velocity term and im- 
pedance terms [see Wu and Aki, 1985]. Equation (13) can be 
written as 

PRP(O) = •k•Oj ) (COS 0 - «- • cos: 0): 

+ Voo (cos o + • + • cos• 0) • - 2( '•z• & XZ•o 'Zoo 
(cos 0 - « - • cos • 0) (cos 0 + « + • cos '• 0) 

(20) 

where 5Z•/Z•o is the P wave impedance perturbation and 
5•/• o is the P wave velocity perturbation. For high fre- 
quencies, since PP(O) in (17) has a large forward lobe, the main 
contribution for forward scattering will come from the velocity 
perturbations. After neglecting the contribution from the im- 
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pedance perturbations, we obtain 

gm'(O • 0) m 2a 3 
(cos 0 + « + cos 2 0): 

-- a sin 
0• o 

094 •2 •. 1 (21) 
I So 1 + 2 -- a sin 

0• o 

where •= ((•0•/0•0)2) 1/2 This result is identical with the 
PekerisrChernov scalar wave scattering formula [Chernov, 
1960, chap. 3, p. 47]. It implies thtit, whenever the forward 
scattering is important and dominant, as in the stud y of phase 
and amplitude fluctuation of high-frequency waves in a 
random medium, the scalar wave scattering theory can be 
used approximately. The velocity perturbation of the medium 
plays the major role in the theory. On the other hand, in the 
backward direction, 0 = rr, 

ß VRV(rc)=4/(rSZ•21 =4LY 2 
where J• = (((•got/Zoto)2) 1/2. Then (17) becomes 

094 i (22) 
% 1 + 4 • a 2 

0•o 2 

For low frequencies [(09/•o)a << l-l, 

094 
gPP(•) • 8a3 --7 Z• 2 (23) 

while for high frequencies [(09/•o)a >> 1], 

i /(rSg•h2x • 1 (24) 

From (22)-(24) we can see that the backscattering coefficient is 
proportional to the mean square impedance perturbations and 
independent of the velocity perturbations. In the case of high 
frequencies it is frequency independent for the case of the 
exponential correlation function. Therefore, in problems where 
backscattering is important or dominant, such as the coda 
excitation problem, the impedance perturbations will play a 
major role, and the scalar wave scattering theory for the veloc- 
ity perturbations will not be applicable. 

For the case of P to $ converted waves, from (5) we obtain 

(-04 (e2) [sin2 0+ (floXj2n2 sin2 ,20) (IPWmerSl 2) = (4/r)2fl-•• r 2 

Introducing 

-2(fl•øoø)ntp•,, sin 0 sin 20] ;.! N(l•g - all) 
vv 

t_ X,o - ' - q) av(g) av(q) 

(4rr)2flo 2 • VRS(O), pc(O) (25) 

82 --- 

52 IS2l ((•_•)2 (•0)2 2 )1/2 = = + - •-•o cos 0 
where 0 is the scattering angle, we obtain 

f f f 8•a3 pc(o) - N(Igl)d ø'sz'g dV(O - [1 + (09S2a)2] 2 (26) 
for the case of the exponential correlation function. 

If tip and fi• are totally correlated, we can express the direc- 
tional scattering coe•cient for the converted S wave as 

_ pc(o) 
4• •o • 

( ("n o) = 2a 3 • (•2) -sin 0 + sin 2 •o/ [1 + (•S2a)2] 2 

(27) 

where eRS(O) is the Rayleigh directional factor for P - S scat- 
tering. 

When (w/flo)a << 1, this becomes 

qw(O) • 2a 3 • (e 2) -sin 0 + (flo n sin 20 (28) •o7 

which is the Rayleigh scattering for the P- S case. Com- 
paring (28) with (19), we notice that the P - S converted wave 
powers are almost (•/fl)4 stronger than the P- P scattered 
wave power. The same conclusion was reached by Knopoffand 
Hudson [1964] with the Gaussian correlation function. This is 
because the shape of the correlation is unimportant for Ray- 
leigh scattering, as the long period wave cannot recognize the 
detailed structure much smaller than the wavelength. The 
high-frequency asymptotics for our case, however, will be 
quite different from that of Knopoff and Hudson [1967]. Note 
from (25) that the minimum value of S2 is when 0 = 0, 

1 1 
S2(min ) - 

flo •o 

when 0 = 0. Therefore, we can get the high-frequency asymp- 
totics for (27), 

gps(o) • -sin 0 n sin 20 
a •o 

1 

•o7 •o 

when 09[(1/fl o -1/•o)a >> 1, which is frequency independent. 
Although in high-frequency range the converted wave power 
will be much smaller than the common-mode scattered power, 
it will reach a constant value as 09[(1/flo)- (1/•o)]a >> 1, con- 
trary to the case of Gaussian correlation functions, in which 
the converted wave power will quickly decrease to zero when 
(09/flo)a >> 1. That is because Gaussian correlation function 
represents some kind of extremely smooth medium structure, 
while exponential correlation function corresponds to certain 
kinds of discontinuities in the parameter perturbations, re- 
sulting in quite different high-frequency asymptotic behavior. 

Figures 2 to 8 give some examples of scattering patterns. 
Figure 2 shows the Rayleigh directional factors for different 
parameter combinations (for detailed Rayleigh elastic wave 
scattering patterns the reader is referred to Wu and Aki 
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Fig. 2. The spatial patterns of the Rayleigh scattering factor for 
different types of perturbations in the case of P wave incidence. The 
upper half plane is of P-P scattering and the lower half plane, P-S 
scattering. 

120 ø 90* 60* 

120 ø 90 ø 60 ø 

Fig. 4. Comparison of scalar wave scattering (upper half plane) 
and elastic wave scattering (lower half plane) for P wave incidence 
when K = w/s o = 0.1. 

[1985]). The upper half are the patterns for P- P scattering. 
The P - S scattering patterns are put in the lower-half plane. 
Note that the converted S waves are only side-scattered waves, 
having very little energy in the forward or backward direc- 
tions. Figure 3 gives the scalar wave directional factor for the 
random medium structure with an exponential correlation 
function. If R(O) can be considered as a compositional factor, 
then P(O) can be thought of as a geometrical factor. Figures 4 
to 8 give some comparisons between scalar and elastic wave 
scattering patterns. In these cases the scalar and elastic scat- 
tering patterns are shown in the upper and lower half planes, 
respectively. It can be seen that, depending on the parameter 
combinations, the scattering patterns for elastic waves can be 
very different from those for scalar waves. 

The decomposition of scattered waves into velocity type 
and impedance type gives us a promising prospect of esti- 
mating the parameter perturbations of an elastic medium. If 
we can obtain the velocity perturbation, for example, from the 
phase and amplitude fluctuations measurements, and derive 
the impedance perturbation from the coda excitation or other 
backscattering experiments, then the perturbations of the den- 
sity and elastic constants could be determined separately. In 
this way we may get more information about the properties of 
the inhomogeneities. However, if the density and elastic- 

constant perturbations are not totally correlated, the separ- 
ability of these parameters will degenerate. In the case of total 
uncorrelation, the contributions from the density and elastic- 
constant perturbations can be no longer separated. 

DIRECTIONAL SCATTERING COEFFICIENTS FOR 

S WAVE INCIDENCE 

Taking the spherical coordinate system with its polar axis 
along the direction of particle motion (y axis) (Figure 9), we 
obtain the directional scattering coefficients for the case where 
gp(g) and gtt(g) are totally correlated: 

gSt'(O, ok) - (4•)•o,• (e2) cos 0 -• n sin 20 sin 4 P•(•) •o 

(31) 

•merSS(O, •) --(4•)flO a (e2)[sin 0 + n cos 20 sin •]2pS(•) 
(32) 

•latSS(O, •)- (4•)flø 4 (g2)n2 COS 2 0 COS 2 • pS(•) (33) 
120 ø 90 ø 60 ø 120 ø 90 ø 60 o 

/ ' 

730 ø 
",ropedance t•pe" 

• 2 0 o eO. • • 20 ø eO o •0 . 

Fig. 3. The spatial patterns of the scalar wave factor of common- 
mode scattering PV(0) (upper half-plane) and of mode-conversion scat- 
tering pc(o) (lower half-plane) for different wavelengths. 

Fig. 5. Same as Figure 4, where K = 0.5. 
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120 ø 90 ø 60 ø 120 ø 90 ø 60 ø 

Fig. 6. Same as Figure 4, where K = 1. Fig. 8. Same as Figure 4, where K = 10. 

where become 

[' ] pc(2) = N(l•l) exp to) - ß • dV(•) (34) 

ps(•)= N(l•l) exp ,w - .• dV(•) (35) 

For the case of exponential correlation functions we have 

8•a 3 

pC(Ox) = [1 + (•S2a)2] 2 (36) 

S2 = + - • cos 0• (37) 
8•a 3 

P•(O•) = 2 2 (38) 

1 + 2 • a sin 
where 0x is the scattering angle, i.e., the angle between the 
scattering direction and the incident (x•) direction. As for the 
case of P wave incidence we can decompose the scattered field 
into "velocity type" and "impedance type." Thus (31)-(33) 

120 ø 90 ø 60 ø 

Fig. 7. Same as Figure 4, where K = re/2. 

as"(o, •)= • 

gmerSS(O, ½)•---• 

glatSS( O, ½)= • 

0)4 2 I 4•0•04 f/t••O•t I cOSo t•00t sin 2• sin •1 2 
sir, ir, 

[cos ,o •,•j (••)• 0-(•)sin 20 sin 
[cos 0 + (fl•)sin 20 sin ½]}.pc(o•) 
4•flo •{•(•) • sin 0 + cos 20 sin ½ (39) 
+/(r$•oo)2/(sin 0_cos20sin •)2 

•k,Z•oJ (sin 0 + cos 20 sin 4)) 

(sin 0- cos 20 sin 4))t. ps(o•,) (40) 
4•Po ½ LS[Z0o + PoJ / cøs2 0 cos 2 4 eS(o•) 

(41) 

..random 

X 

L,, 72 = Cos8 

¾1 = Sin 0 Sin + 

¾3 = Sin8 Cos• 

Fig. 9. The spherical coordinate system for S wave incidence 
(along x direction). The polar axis is in the direction of particle 
motion (y axis). 71, 72, and T3 are the direction cosines of the scatter- 
ing direction. 
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In the forward direction, i.e., 0 = re/2, •p = re/2, Ox = 0, 

g•"(o,, = 0) = o 

glatSS(Ox = 0) = 0 (42) 

0)½ (6/•2• = 8a 3 gmerSS(Ox = O)= 8a 3 •0 4 •,/•oJ / • 
where • = ((fi•/•o)2) •/2. In the backward directions, O• = •, 
0 = n/2, • = --n/2, 

gsp(0x = •) = 0 

glatSS(Ox = •) = 0 (43) 

gmer (0x re) 8a3 • X[•J 1 + 4 fi? a 2 
We see again that the velocity perturbations and the im- 
pedance perturbations for S waves can be separated through 
forward scattering and backward scattering experiments. Only 
in the nearly forward scattering direction is the elastic wave 
scattering identical with a scalar wave scattering with velocity 
perturbations: 

gmer {Ox • 0) 8a3 • •oJ 1 + 2 • a sin 
(44) 

For Rayleigh scattering the backscattering coefficient (43) 
becomes 

gmerSS(•) • 8a 3 •o 4 Xk,•-•oj / = 8a 3 •o 4 Zi• 2 (45) 
where ,• = ((•Z•/Z•o) 2) •/2 

For high frequencies, gmer ss and glat ss will have complex 
scattering patterns and varying frequency dependence as a 
function of scattering angle. However, for the converted waves 
we can reach the same conclusion as in P wave incidence, i.e., 
when m[(1/flo)-(1/•o)]a >> 1, the converted waves have a 
maximum frequency-independent value (see the discussion 
after equation (30)) 

2(•2) •o COS 0 •o n sin 20 sin ½ ,o gSV(O, &) • (46) 
-- 2 • cos 0 x 

•o/ •o 

The backscattering coefficient (43) becomes, in the high- 
frequency range, 

1 

gmerSS(rc) • •aa Z• 2 -- a >> 1 (47) 

TOTAL SCATTERED POWER AND THE SCATTERING 

COEFFICIENT OF THE MEDIUM FOR P 

WAVE INCIDENCE 

According to the definition of directional scattering coef- 
ficient q(0) (12), the scattering coefficient q, defined as the total 
scattered power by a unit volume of the random medium for a 
unit incident field (i.e., unit power flux density), will be 

g = • g(0) df• (48) 
4-n 

where df• is the differential solid angle over which g(O) is 
defined. By this definition, g has a dimension of 1/length or 
area/volume. It has the same meaning as the effective scatter- 
ing cross section per unit volume of the scattering medium in 
the case of discrete scatterers, i.e., g = na, where n is the 
number of scatterers per unit volume and a is the average 
scattering cross section of the scatterers. 

For P wave incidence, 

g•' = • [g•'•'(0) + g•'S(0)] df• = qee + qes (49) 

As an example we calculate the case when •p, •, and • 
are totally correlated. By integrating over (18) we derive (for 
derivation, see Wu [1984]) 

( m•n)2( m 2•) 2 gPP = (e2) K ½ 3 _ 
a 2K 2 2K2(1 + 4K 2) 

+ j F + __ (2_•) 2 (1 +2K2) 3 8K •o 

(1 + 2K 2) n (1 + 2K2) 2 
In (1 + 4K 2) -- n K6 q- • K8 In (1 + 4K 2) 

+ -- 
K ½ 4K 6 

m 1 

+ • • In (1 + 4K 2) (50) 
where K = (0)/•o)a. 

When K << 1, (50) can be reduced to 

a 3 (51) g•,•, = (-• + -•m 2 + •-•sn 2 + •7mn)(e 2) • 
0• o 

In (1 + 4K 2) 

This corresponds to Rayleigh scattering with the usual fourth- 
power frequency dependence. 

For high frequency, i.e., when K >> 1, 

• --- a 1 . --2• 2•a (52) 
2 0•0 2 3 0•0 2 

We may compare (50), (51), and (52) with Chernov's results for 
scalar wave theory [Chernov, 1960, (56), (58), and (59) for ex- 
ponential correlation function]' 

a 3 gscalar = 8•2 • 
0• o 0)2 

1 +4•a 2 
(ZO 2 

(53) 

gscalar 8(• 2 0)4 • a 3 ½ -- a << 1 (54) 
0• o 0• o 

gscalar = 2•2 0)2 • a -- a >> 1 (55) 
0• o 

We see that the high-frequency asymptotics are equal for both 
cases, while for low and intermediate frequencies the scattering 
coefficients for elastic waves are more complicated. 

The identity of (52) with the corresponding equation for 
scalar wave scattering (55) implies that, in the case of weak 
perturbation of parameters, the travel time fluctuations in the 
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forward direction will dominate the scattered field when wave- 

length is very short compared to the sizes of inhomogeneities. 
That explains why the scattering coefficient (by Born approxi- 
mation) should not be taken as an attenuation coefficient, 
especially in the high-frequency range. 

In the same way we derive the total scattered $ wave power 
[see Wu, 1984] 

g• = In 1 
a (•,fioJ d- b 

2[ 2 4d2 (2d 3 •)d+bb] +2n 5--•-5-+[•- lnd_ 

+ (•)n [O• _ (3d2 •b 2 - 1) In d_ 
where 

2= d 

For low frequencies, when K << 1, 

(56) 

(57) 

4 (S8) 4, + j ko/ 
Considering the factor (•0/fi0) '• in (58), we conclude that the 
conversions loss gVS is usually larger than the common-mode 
scattering loss gin, in Rayleigh scattering range. 

For high frequencies, i.e., when K >> 1, 

(59) 
in d+b (ø•0 + 1•0) • 21n = r/ 

d- b øto- rio 

then 

lation function, the conversion loss cannot be neglected even 
for high frequencies. 

Attention must be paid to the applicability of the formulas 
derived here in the high-frequency range (such as equation 
(52)). Because of the limitation imposed by Born approxi- 
mations (the scattered energy must be small compared to the 
energy of primary field), (52) is valid only for the frequency 0) 
and propagation distance R satisfying the following condition 
[see Aki and Richards, 1980, section 13.3]: 

0) 2 
292 ----5 aR << 1 (62) 

0• 0 

This restriction is the same as for the scalar wave scattering 
theory. For the converted scattered waves the restriction is 
less severe. From (60), the condition of validity is 

D-D- (ø•ø'•2(e2)R << 1 (63) 
2a 

Figures 10 and 11 show the frequency dependences of the 
P- P and P- $ scattering coefficients gin, and gt, S, respec- 
tively. For comparison we also show in Figure 10 the fre- 
quency dependence of the scattering coefficient for scalar wave 
according to (53). We can see that in the low and intermediate 
frequency ranges the scattering coefficient can behave quite 
differently from the scalar case, depending on the combination 
of parameter perturbations. For high frequencies, forward 
scattering caused by velocity perturbations becomes domi- 
nant, so that the scattering coefficients behave as in the case of 
scalar wave scattering. The divergence of the curves in the 
high-frequency range manifests the limitation of applicability 
of Born approximation. 

ioo 

gt,• • •aa (e2) (60) 
where 

D = (½r/-- 2) + 4(flø•2n2(• -- ½r/ -- 4• 2 + 2•3r/) 

+ 2(]•-oø)n(6•+rl--342rl) (61) 
We can see that the conversion loss reaches a constant 

value for high frequencies for the case of exponential corre- 
lation functions, contrary to the case of the Gaussian corre- 
lation function, where the conversion loss diminishes for high 
frequencies (see the discussion following (30)). If we compare 
(60) with the P- P scattered power •'•' at high frequencies 
(52), which has 0)2 dependence, it seems that the conversion 
loss •'• is negligible. However, it may be noted that that 0)2 
dependence is only for velocity perturbations, which give rise 
to the travel time fluctuations. It is interesting to note that if 
we take out the velocity term in (50) (the first term), the re- 
maining part approaches a constant value for high fre- 
quencies. Therefore the energy loss caused by scattering is a 
more complicated problem in the high-frequency range than 
what single scattering theory with Born approximation can 
deal with even qualitatively. At least for the exponential corre- 

io 
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Fig. 10. Frequency dependences of P-P scattering coefficient. The 
solid lines are from the scalar wave theory and the broken lines, 
elastic wave theory. 
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SMALL-SCALE INHOMOGENEITIES IN THE LITHOSPHERE 

REVEALED BY WAVE SCATTERING 

Mesoscale (10-20 km) Velocity lnhomogeneities 
in the Lithosphere 

The phase and amplitude fluctuations of P waves over large 
seismic arrays LASA and NORSAR have been used to infer 
the velocity inhomogeneities in the lithosphere under these 
arrays based on the scalar wave scattering theory [Aki, 1973; 
Capon, 1974; Berteussen et al., 1975]. The velocity pertur- 
bations derived have correlation lengths of about 10-20 km 
(the results by Berteussen et al. are about 15 km for the data 
from two subarrays, 30-60 km for larger arrays, including five 
to eight subarrays), with rms perturbations of 1.9%-4%. Sub- 
sequently, Aki et al. [1976, 1977] developed a method of in- 
verting the teleseismic P travel time data over a large array to 
obtain the 3-D velocity structure under the array. Application 
of the method to more than 40 arrays around the world has 
confirmed that velocity inhomogeneities of various scale 
lengths exist in every region studied [Aki, 1977, 1981b, 1982]. 
In the case of LASA, for example, the rms velocity pertur- 
bation is equal to or greater than 3.1%, and for NORSAR, 
3.2%. Therefore the existence of velocity inhomogeneities of 
scale lengths 10-20 km in the lithosphere has been well ac- 
cepted. 

Coda Excitation Problem and the Small-Scale 

Impedance lnhomogeneities 

The sucess of the above applications of scalar wave theory 
is explained by the theory given above. The phase and ampli- 
tude fluctuation of transmitted waves for mesoscale velocity 
inhomogeneities (with scales much larger than the wavelength) 
is a forward scattering problem under the small angle approxi- 
mation. In this case we know from (21) and the related dis- 

I0 

//-'"'"' -' n:-I 
// 
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Fig. 11. Frequency dependences of P-S scattering coefficient from 
elastic wave scattering theory. 

cussion that the scalar wave theory for velocity perturbations 
can be approximately applied to this problem. On the other 
hand the coda generation for local earthquakes and scattering 
attenuation are problems of backscattering or full scattering. 
Attempts at using scalar wave theory to attribute both coda 
generation and scattering attenuation to the same velocity 
inhomogeneities inferred from the phase and amplitude fluctu- 
ations at large arrays end up with inconsistencies in the pa- 
rameters needed to fit the data. In an example given by Sato 
[1982]: the backscattering coefficients needed to explain the 
coda strength are more than 1 order of magnitude larger than 
those derived from the calculation of scattering attenuation. In 
the following we will discuss the coda strength problem in 
more detail. 

If we take the single backscattering assumptions, then the 
coda strength is proportional to the backscattering coefficient 
of the random medium. From (43), we know that only the 
meridional component of scattered waves exists in the back- 
ward direction, i.e., the backscattered field preserves the polar- 
ization of the incident field. Therefore we can omit the sub- 

script for gmcr ss, 

ro '• - 1 (64) 
1 +4•o• a• 

where •Yo is the rms impedance perturbation of the S wave. 
When the frequency increases, it reaches its maximum value 

1 co 

g•(n) • •aa ,•2 •oo a >> 1 (65) 
If we take a • 10 km (i.e., approximately the same as the 

velocity inhomogeneities under LASA or NORSAR), a very 
large impedance perturbation index • would be required in 
order to match the observed gSS(n). Aki [1980] has determined 
the backscattering coefficient to be 0.01 to 0.02 for Kanto, 
Japan, at frequencies 1.5-3 Hz, using the coda S ratio method. 
From (65), it would be L7• = 0.45 • 0.63 if we accept a • 10 
km. It is unlikely that such impedance contrasts exist in the 
earth. In fact, from our theory the correlation length for the 
coda excitation problem should be much smaller than 10 km. 
In the following we will discuss this both from the sensitivity 
of backscattering and forward scattering to the scale of inho- 
mogeneities and from the observed coda power spectra. 

The Sensitivity of Backscattering and Forward 
Scattering to lnhomogeneities With Different Scales 

1:7;,-o, 1.-,, .... 1,-,,-;f,, •-1-, ..... ;,,-,,-, ,-•f ,1-,.-, ,-,,.-,,-,-.-,1,-,*;,-,,,-, f...,•,.;•,*, 

The correlation function is a statistical description of a 
stationary random process (or for statistically uniform 
random field) [see Tatarski, 1961, 1971]. For a multiscale 
heterogeneous medium the corresponding random field is not 
statistically uniform. However, we can consider the field as a 
locally uniform random field for certain wavelength ranges 
and therefore define a correlation length for this wavelength 
range. The correlation function thus defined is meaningful 
only for the distance comparable to, or less than, the corre- 
lation length. For the above reason we can define several 
correlation lengths to characterize the inhomogeneities with 
different scale lengths. Another way of characterizing statis- 
tically a random medium is to specify the power spectrum of 
the random inhomogeneities. In the following we will establish 
the link between the strengths of back- and forward scattering 
for waves of certain frequency and the magnitude of the spec- 
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tral components of the random inhomogeneities. At the same 
time we will give the corresponding correlation lengths to 
represent the approximate outer scale for the specified scale 
range. For a detailed discussion about these two repre- 
sentations the reader is referred to Tatarski [1971] and Flatte 
et al. [1979]. 

For the P - P forward scattering, from (21), we have 

1 09 4 
gee(O) •- • •2P•'(0), (66) 

Pc(O) = Ill N(r)ei'øs•' ; dV(•) (67) 

where S• is defined by (14) and r = Il. Equation (67) is the 
3-D Fourier transform of the correlation function of the 

random inhomogeneities, therefore Pe(0) -- W(coS•) can be re- 
garded as the 3-D spectral density of the random inhomoge- 
neities. Because of the isotropy of the inhomogeneities, 
W(coS•) = W(coS•). Since the spatial frequency coS• is related 
to the scattering angle 0 by (14) 

2co 0 
cos - colSl = • sin - (68) 

s0 2 

we know from (67) that gee(O) for a fixed angle is only related 
to the 3-D spectral density of the inhomogeneities at the spe- 
cial spatial frequency coS•. In the nearly forward directions 
0 • 0 and c0S• • 0, therefore the forward scattering only feels 
the d.c. component of the random medium, in other words the 
forward scattering is most sensitive to the large-scale inhomo- 
geneities. On the other hand, for S- S backscattering, which 
is accepted as the mechanism of coda generation for local 
earthquakes, we have (from (43)) 

where 

I 09 4 ~ 
gSS(rc) =- • Zi•2pS(ic) 71; fl0 4 

I co'• ~ 

-'re fl04 Z•2W(coS31ø:•) 
1 • - 2W(2• h 

W(coS3) = •II N(r)ei•øs3'; dV(•) 
2co 0 

coS3 - colS31- • sin • 

(69) 

(70) 

We see that the backscattering is influenced only by the spec- 
tral density of the inhomogeneities at the spatial frequency 
2co/fl0, i.e., when the spatial period of the inhomogeneities is 
equal to half the wavelength of the detecting signal. This is 
consistent with the physics of scattering. The backscattering 
has the smallest resolvable length, which cannot be less than 
the half-wavelength of the wavefield. 

Let us look at this problem from another aspect. Assume 
the lithosphere has multiscale inhomogeneities. For a fixed 
frequency we know from (43) 

a 3 --a<< 1 

gss() oc 
1 co 
- --a>> 1 
a 
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Backscattering responses of inhomogeneities with different 
correlation lengths for 1-Hz wave. 

Therefore there exists an aop t that has maximum response to 
the detecting field. By differentiating (43) with respect to the 
correlation length a and equating to zero, we can get aop t 

i.e. 

and 

fl-• aopt • •: 
0.87 

aop t • 0.14 

0.565 ~ Z• 
gmaxSS(71J) • • Zi• 2 -' 0.28 (72) 

2aopt aopt 

From this analysis we can expect that backscattering exper- 
iments using 1-s S waves will have a maximum response to 
small-scale inhomogeneities of around 0.5 km correlation 
length. 

Figure 12 shows the responses of inhomogeneities with dif- 
ferent correlation lengths to 1-Hz S waves (fl0 = 3.5 km/s). 
The maximum is at a • 0.48 km. For inhomogeneities with 
correlation length a • 10 km the backscattering response 
drops to 1/11.8 of the maximum value. 

Figure 13 gives the frequency dependences of backscattering 
coefficients for two cases with correlation lengths a = 0.5 km 
and a = 10 km. For a = 10 km, gSS(n) reaches its maximum at 
much lower frequency (about 0.1 Hz) and has also a lower 
value of maximum coefficient, compared with the case of 
a = 0.5 km. The dotted line represents the frequency depen- 
dency for the case when the medium has inhomogeneities with 
both scale lengths. 

The Scale Lengths of Inhomogeneities Inferred 
From the Observed Coda Spectra 

The observations on coda power spectra also support the 
existence of small-scale (less than 1 km) inhomogeneities. Aki 
[1981a] calculated simultaneously the S and coda spectra for 
900 small earthquakes in the Kanto region, Japan, and ob- 
served that the coda spectra agree well with the S spectra, 
except for f = 1.5 Hz, where the coda spectra bent down com- 
pared to S spectra. The coda spectra can be considered as the 
product of the S spectra and the backscattering coefficient of 
the inhomogeneities. Therefore the above observation means 
that, for f > 1.5 Hz, gSS(rc) is almost independent of frequency, 
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Fig. 13. Frequency dependences of backscattering coefficient for in- 

homogeneities with correlation length a = 10 km and a = 0.5 km. 

which set the upper limit of the scale length of inhomoge- 
neities that cause the generation of local coda waves. As- 
suming fl0 = 3.5 km/s, this critical correlation length ac • 0.33 
km. 

From the observation on coda spectra for local eqrthquakes 
in the Hindu Kush region [Wu, 1984], the coda to S spectral 
ratio has a slow increase above 1 hz (until 45 hz). This also 
supports the theory that the lithosphere there is rich in small- 
scale inhomogeneities. 

Assuming a • 0.3-0.5 km for f= 1.5 Hz in (64) for Kanto 
region, we have 

~ { 11% if gSS(rc) = 0.01 (73) Z• • 15%-16% if gS'(rc) = 0.02 
The calculated impedance perturbation indices for S waves 

may have been overestimated because of the simplified single- 
scattering model used for g(rc). If we correct g"(rc) by using the 
multiple isotropic scattering model for scalar waves derived by 
Gao et al. [1983], we obtain (for the method of correction, see 
appendix) 

~ •7.4% for g(rc) = 0.0045 (•single = 0.01) (74) 
ZO •. [8.6%-9.1% for g(•) = 0.0065 (•single --- 0.02) 
where •single is the value calculated by the single back- 
scattering model, g(•) is that after a multiple scattering correc- 
tion. Table 1 gives the multiple-scattering-corrected g(•) 
values and the corresponding equivalent rms impedance per- 
turbations ,• for area A and B + C in Kanto region, Japan, 
derived from Table 3 in Aki's [1980] paper. According to Aki 
[1980], •single, therefore g also, may have been overestimated 

TABLE 1. Parameter •single, g, and ,• for Kanto, Japan 

•single• km- 1 
Center Band- 

Frequency, width, Area Area 
Hz Hz A B + C 

g, km -• ,•,•, % 

Area Area aopt, Area Area 
A B+C km A B+C 

1.5 

3 

6 

12 

24 

1 0.022 0.024 0.0068 0.0072 0.33 8.9 9.2 
2 0.02 0.12 0.0065 0.015 0.16 6.1 9.2 
4 0.04 0.10 0.0093 0.014 0.08 5.1 6.3 
8 0.06 0.09 0.011 0.013 0.04 3.9 4.3 

16 0.5 0.36 0.023 0.021 0.02 4.0 3.9 

by the underestimation of spectral amplitudes of S waves for 
the case off > 3 Hz. In the table, LYt• is calculated from g by 
assuming that the inhomogeneities have the optimum corre- 
lation lengths aop t for the specified frequencies, which are also 
included in the table. These values are not the real values of 

the perturbation index for the corresponding sizes because the 
g value for each frequency may be a combining effect of multi- 
ple scale inhomogeneities. We cannot separate the effects from 
different scale lengths at present. However, it gives some idea 
of the impedance perturbation strength with scale lengths 
within the specified range. 

What can we say about the properties of these small-scale 
inhomogeneities ? From the backscattering experiment we can 
estimate only the average impedance perturbation and the 
approximate scale length. We will call these "impedance inho- 
mogeneities." What are they? Might they be intrusions 
[Dainty, 1981]? Grain size of the lithosphere [Aki, 1981a]? 
Most likely they might be faulting and fractures in the litho- 
sphere. This is supported by the recent discovery by A. S. Jin 
(unpublished manuscript, 1983), which shows that the coda 
envelope decay made significant changes before and after the 
Tangshan earthquake of China. The stress variations before 
and after a great earthquake might cause changes in the 
properties of faultings and fractures, resulting in observable 
differences in coda decay. Therefore the observation and 
monitoring of coda spectra, coda decay, and the scattering 
coefficient g might be able to offer some useful information for 
both the tectonic activity and the earthquake prediction. 

DISCUSSION 

We have formulated elastic wave scattering by a random 
medium, using the Born approximation. After comparing with 
observations, we conclude that the phase and amplitude 
random fluctuations observed across large seismic arrays are 
caused by the mesoscale (10-20 km) velocity inhomogeneities 
under those arrays in the lithosphere, while the short-period 
coda waves of local earthquakes are generated by the back- 
scattering of small-scale (less than 1 km) impedance inhomo- 
geneities. However, because of the complexity of lithospheric 
structure and the approximate nature in our theoretical 
model, there remain several important issues to be addressed 
in the future. 

In our model the random medium is assumed to be statis- 

tically uniform and isotropic, therefore the strong layering of 
the lithosphere has not been taken into account. The effect of 
this layered structure can be formulated by the perturbation 
technique based on the matrix method for layered media. The 
works of Kennett [1972], Cisternas and Jobert [1977], and 
Saastamoinen [1977], etc., can serve as the starting points. 
Another way to formulate the problem is to introduce the 
nonuniform and anisotropic random media. These models will 
help to answer the questions as how strong the layered struc- 
ture affects the coda generation and scattering attenuation, 
etc. 

Our formulation is based on Born approximation. For 
some problems, especially for the scattering attenuation prob- 
lem, multiple scattering must be taken into account. The at- 
tenuation problem of short-period seismic waves and its fre- 
quency dependence remains controversial and mysterious. Is 
the attenuation caused by scattering or by anelasticity? How 
much does the scattering contribute to the apparent attenu- 
ation? Can we separate the effect of scattering attenuation 
from intrinsic attenuation .9 In order to answer these problems, 
we need to formulate multiple scattering of seismic waves. Gao 
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et al. [1983a, b] and Wu [1984, 1985] have formulated the 
multiple scattering for scalar waves, but further work is 
needed. 

In addition, there are some other problems related to the 
coda generation and the properties of the lithospheric inho- 
mogeneities. One of the weaknesses of statistical treatment of 
seismic wave propagation at present is the lack of sufficient 
knowledge about the properties of the random inhomoge- 
neities in the lithosphere. We need to accumulate this infor- 
mation through various approaches. The scattering theory 
needs this information, meanwhile it offers the possibility of 
inferring the information from scattering experiments. 

APPENDIX' MULTIPLE SCATTERING CORRECTION FOR 

Suppose the earthquake is sufficiently close to the station, 
compared with the dimensions of the region sampled by the 
coda waves, that we can take it as being situated at the same 
point as the station. If the surrounding infinite random 
medium is composed of randomly distributed scatterers with 
isotropic scattering patterns, and the distribution of the scat- 
terers is dilute enough so that the Born approximation can be 
used locally, Gao et al. [1983b] showed that the coda power at 
time t with central frequency co can be expressed in consider- 
ing the multiple scattering in 3-D space as 

2gS(co) e -ø•t/ae 
P(colt)- fi (1 + 1.23gfite ø'33g"•) t• (A1) 

where S(co) is the source power factor and g is the isotropic 
scattering coefficient. In the case of discrete scatterers, g = 
no a, where n o is the number of the scatterers per unit volume, 
a is the averaged scattering cross section of the scatterers per 
unit volume, a is the averaged scattering cross section of the 
scatterers, and Qe is the equivalent quality factor of the 
medium extinction coefficient defined by 1/Qe = 1/Qi + 1/Qs, 
where Qi and Qs are the equivalent Q's for the intrinsic attenu- 
ation and for the scattering coefficient respectively. However, 
if we estimate the backscattering coefficient g(rr) by using a 
single-scattering model, as in Aki [1980], the coda power can 
be expressed as 

P•(colt) = • g(rc)S(m) e -'øt/a (A2) 
where Q is the apparent quality factor of the coda envelope 
decay, g(7r) is the backscaffering coefficient, and P•(co/t) stands 
for the coda power generated by the single scattering model. 
Now suppose we have the case of isotropic scattering, then 
g(7r) = g. From (A2), if we know the power ratio of coda and 
source at a specified time t•, Ps(colt•)/S(co), and Q of the 
medium, then g can be calculated from (A2) 

2 (•_1) 2 Ps(cøltl) •single : • e'øt'/a (A3) s(co) 

where •singl½ means the estimated g from the single scattering 
model. In Aki [1980]'s paper the source factor S(co) is ob- 
tained through the following equation from the spectral am- 
plitudes of primary S waves and averaged over a large number 
of earthquakes, 

1 
IF½o)l - (S(ro)) •/2 - e -ø'r/(2tia#) (A4) 

r 

where IF(ro)l is the spectral amplitude of S wave, r is the dis- 
tance between the stations and the earthquake, Qt• is the Q 
factor for S wave. 

If the coda power generation is controlled by a multiple 
scattering process as expressed by (A1), while we estimate 
•single by using the single scattering model as in (A3), putting 
Ps(colti) = P(colt0, and substituting (A1) into (A3), we obtain 

•sin•½ = g(1 + 1.23gflt•e -ø'33at•t•) exp c0t• - (A5) 

We have thus obtained a relation between the estimated Osingle 
and the true g. The value 1/Q is usually smaller than 1/Qe and 
is dependent on the relative magnitudes of scattering coef- 
ficient and absorption coefficient. For simplicity we assume 
1/Q • 1/Q•, which is approximately true for weak scattering, 
i.e., when the scattering coefficient is smaller than the absorp- 
tion coefficient [see Wu, 1984, chap. 4, Figs. 3.2 and 3.7]. The 
discrepancy between g and gsingle depends on the value of grit• 
= e, the ratio of travel distance to the effective mean free path 
1/g. When • = 0.5, 1, and 2, •single = 1.73g, 2.71g, and 5.76g, 
respectively. Therefore, when • > 1, the discrepancy will be 
significant. In Aki's [1980] calculation, tl = 50 s. For Osingle= 
0.01 and 0.02 we can get g = 0.0045 and 0.0065 from (A5). 
This correction to the backscattering coefficient is only an 
approximation because g(O) is not isotropic. 
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