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The Fractal Nature of the Inhomogeneities in the 
Lithosphere Evidenced from Seismic Wave Scattering 

RU-SHAN W U  t a n d  KEIITI AKI 2 

Abstract--In this paper we show evidences of the fractal nature of the 3-D inhomogeneities in the 
lithosphere from the study of seismic wave scattering and discuss the relation between the fractal dimension 
of the 3-D inhomogeneities and that of the fault surfaces. Two methods are introduced to measure the 
inhomogeneity spectrum of a random medium: 1. the coda excitation spectrum method, and 2. the method 
of measuring the frequency dependence of scattering attenuation. The fractal dimension can be obtained 
from the inhomogeneity spectrum of the medium. The coda excitation method is applied to the 
Hindu-Kush data. Based on the observed coda excitation spectra (for frequencies 1-25 Hz) and the past 
observations on the frequency dependence of scattering attenuation, we infer that the lithospheric inhomo- 
geneities are multiple scaled and can be modeled as a bandlimited fractal random medium (BLFRM) with 

_ _  1 2 an outer scale of about 1 km. The fractal dimension of the 3-D inhomogeneities is D3 - 3~ - 3> which 
corresponds to a scaling exponent (Hurst number) H - ~ - ~ . -  ~ i The corresponding 1-D inhomogeneity 
spectra obey the power law with a power p = 2H + 1 = 2 -- ~. The intersection between the earth surface 
and the isostrength surface of the 3-D inhomogeneities will have fractal dimension D1 = 1.5 - 1.67. If we 
consider the earthquake fault surface as developed from the isosurface of the 3-D inhomogeneities and 
smoothed by the rupture dynamics, the fractal dimension of the fault trace on the surface must be smaller 
than D~, in agreement with recent measurements of fractal dimension along the San Andreas fault. 

Key words: Fractal, wave scattering, seismic coda wave, lithospheric inhomogeneities, earthquake 
faults. 

Introduction 

I n c r e a s i n g  e v i d e n c e  s u p p o r t s  t h a t  f au l t s  in  t he  l i t h o s p h e r e  m a y  be  f r ac ta l  su r f aces  

(AKI 1981, OKUBO a n d  AKI 1983, KING 1983, SCHOLZ a n d  AVILES 1985). O n  t h e  o t h e r  

h a n d ,  AKI (1985) sugges t s  t h a t  t he  f r ac t a l  n a t u r e  of  f au l t  su r faces  m a y  be  a m a n i f e s t a t i o n  

of  t h e  3 - D  i n h o m o g e n e i t i e s  in  t he  l i t h o s p h e r e .  I n  t h i s  p a p e r  we sha l l  s h o w  s o m e  

e v i d e n c e  o f  t he  f r ac t a l  n a t u r e  of  t he  3 - D  i n h o m o g e n e i t i e s  f r o m  se i smic  w a v e  s c a t t e r i n g  

a n d  d i scuss  t he  r e l a t i o n  b e t w e e n  t h e  f r ac t a l  d i m e n s i o n  o f  the  3 -D  i n h o m o g e n e i t i e s  

a n d  t h a t  o f  t he  f au l t  sur faces .  
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'Fractal'  is a term coined by Mandelbrot to denote 'a mathematical set or a concrete 

object whose form is extremely irregular and/or fragmented at all scales' (MANDELBROa" 

1977, p. 294). Fractal is a geometrical description of objects having self-similar 

hierarchical structure down to arbitrarily small scales. Mathematically a fractal set 
is defined as a set whose Hausdorff-Besicovitch dimension is greater than its 

topological dimension (ibid). As a mathematical object, a fractal is an idealization 
and simplification of a variety of highly irregular but self-similar natural phenomena. 

Any real object or process in nature has a maximum and a minimum scale (the outer 
scale and the inner scale). Therefore we have only bandlimited fractals in the nature. 

However, when the observations are limited to a scale range within the scale range 
of a bandlimited fractal, whether or not the fractal is bandlimited is not important. 

The object under observation can be treated as a fraetal. 
For  wave propagation in a continuous random medium, we consider the medium 

(each realization of the ensemble) to be continuous and differentiable everywhere in 

order to be able to set up a system of differential equations for acoustic or elastic 
vibrations in the medium. That  means that the irregularities or heterogeneities of the 
medium have a minimum scale--the inner scale. Therefore the medium can be treated 

as a BLFRM (bandtimited fractal random medium). If the testing waves have wave- 

lengths larger than the inner scale and smaller than the outer scale of the bandlimited 

fractal medium, we will say the wave propagation is in the fractaI regime. When the 
shortest wavelength of the testing waves is longer than the outer scale length of the 
medium heterogeneities, the wave propagation is in the Rayleigh regime. Conversely, 

if the longest wavelength of the testing waves is shorter than the inner scale length, 
it is said that the wave propagation is in the short wave regime. For an ideal fractal 

medium, the Rayleigh regime or short wave regime can never be reached. The fractal 
regime of wave propagation and scattering is an interesting regime in which the concept 
and mathematical treatment of the fractal can be used to simplify and advance the study. 
Diffracted waves in the fractal regime are called 'diffractals' by BERRY (1979), and some 
statistical properties of the 'diffractals' from the diffraction of waves passing through a 
one-dimensional random phase screen or from the reflection by a fractal random 

surface have been derived (BERRY 1979, BERRY and BLACKWELL 1981). 
In this paper we will model the seismic velocity or impedance inhomogeneities 

in the lithospace of the earth as a BLFRM, i.e. a self-similar multi-scale random 
medium. Here we use the word 'self-similar' in the broad sense, namely as a synonym 
for 'self-affine' (for the definition of self-affinity, see section III in this paper or 
MANDELBROT 1977 ch. IX). In section I and II we discuss the two methods of measuring 
the power spectra of inhomogeneities: the coda excitation method and the scattering 
attenuation method. From the estimated power spectrum we can obtain the fractal 
dimension of the inhomogeneities of the lithosphere. In section III the relation between 
the fractal dimension of the 3-D heterogeneities and that of the fault traces on the 
earth's surface is discussed and compared with the recent measurements on fractal 

dimension along the San Andreas fault. 
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1. The coda excitation spectrum and the inhomogeneity spectrum of the lithosphere 

(1) The seismic coda waves of local earthquakes are now generally believed to be 
the S waves scattered by the heterogeneities in the lithosphere. The generation 
of seismic coda waves can be modeled by using single-backscattering approxi- 
mation (AKI and CHOUET (1975), AKI (1980)). It has been shown (Wu (1984), 
Wu and AKI (t985)) that the strength of backscattering is determined by the 
mean square impedance perturbation of the medium. Assuming the Born 
approximation, Wu and AKI (1985) found that in the backscattering direction, 
the wave conversion may be neglected. It was also shown that the back- 
scattering coefficient can be written as 

22 
g~(o) = "~ ~ k~ W3 D (2kp0 (1) 

7~ 

where g~(o~) is the S to S backscattering coefficient at frequency co, k s = o/ri0 
is the wavenumber of S wave, flo is the average wave velocity, and co is the 
frequency. Z'~ is the r.m.s. S wave impedance perturbation of the inhomo- 
geneities, 

2t~ = ((6Z/Zo)2) 1/z (2) 

where Zo and 6Z are the average value and the perturbation of the medium 
impedance respectively. ( )  denotes the ensemble average. W3D(2k~0 is the 
3-D power spectrum of the random inhomogeneities and Z is the incident 
direction. From (1) we see that the backscattering strength is only determined 
by one spectral component of the inhomogeneities at the wave number vector 
with magnitude 2kr and direction L Here we assume the random inhomo- 
geneities are statistically uniform and Zp is constant in the medium, If the 
medium is also statistically isotropic, we have (see TARTARSKn 1971, w p. 24). 

- 2 n  d 
W3D(K) = ~ - -  dK W(K) (3) 

where W is the 1D power spectrum of the random inhomogeneities. Therefore, 

2 2 
g~S(o) = ~-k~ W(2kp), 

4gSS(~~ . - z 
W(Zk~) = 2 - - - -~  ~p (4) 

From (4) we see that if we can measure the spectrum of the backscattering 
coefficient of the random heterogeneities, we can determine the inhomogeneity 
spectrum. 
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(2) Estimation of the backscattering spectrum from the Coda excitation spectrum 

The backscattering spectrum can be obtained approximately from the coda 
excitation spectrum. Based on the single backscattering model, the measured 
coda power Pc(co~t) can be expressed as (e.g. AKX 1980) 

flg~(co) P co f -2 Pc(co~t)= ~ " s( )~-~] e-Ot/Q(w) (5) 

where co is the frequency, fl is the S wave velocity, P,(co) is the source power 
spectrum, Q(o) is the apparent quality factor of the medium and includes both 
the intrinsic attenuation and the scattering attenuation effects. Q(co) can be 
obtained experimentally from the slope of coda envelopes. If we fix t = tc in 
(5), we can have an estimation of coda excitation spectrum 

(Pc(co) flt2exp[oxc/Q(co)]). (6) 
g~'(co) = P,(CO) 2 

Because the great variation of Ps(co) estimated from the direct S wave for an 
individual event, we need to take average over many events to obtain a stable 
estimate of g~S(co), Once g~S(co) is determined, we can estimate the inhomo- 

geneity spectrum using (4). 

(3) The observation in Kanto region, Japan 

AKI (1981) made observations of the coda excitation spectrum in Kanto region, 
Japan. He calculated the spectra of S and coda waves for 900 small earthquake 
(magnitude 3 to 4)in that region and observed that the coda spectrum decreases 
toward the low frequency end (from 3 to 1.5 Hz) relative to S wave spectrum 
for most earthquakes. Since the wavelength of an S wave at 3 Hz is about 
1 km, it means that the inhomogeneities of scale length greater than 1 km 
are weaker than those of a scale smaller than 1 km. In other words, the 
impedance inhomogeneities in this region have an outer scale of about 1 km. 

(4) The coda excitation spectra measured in the Hindu-Kush region 

In this section we use the seismic data from Hindu-Kush region to infer the 
coda excitation spectrum of that region. The data selected are from the station 
PEN in Hindu-Kush where a digital event recorder was deployed during the 
period from 11 June to 13 July, 1977 (RoECKER et al., 1982). We used 31 events 
for the calculations of S and coda spectra. The events are listed in Wu 0984). 
It is gerierally observed that the coda level, at a travel time greater than twice 
the S wave travel time, has a very stable relation with the source energy which 
does not change with the location of the event. This can be explained if the 
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coda is considered as are the backscattered waves from the inhomogeneities 

in all the directions. Therefore the path factor has been averaged over all the 

directions. In the calculations we selected the coda waves at the travel time 
window near tc = 2ts, where ts is the travel time of S waves. We calculate the 
power spectra of S and coda waves using a 16 sec. time window with cosine 

tapers at both ends. We also used an 8 sec. window for comparison, the results 
are similar and the basic features remain the same. In order to normalize the 

coda strength, we extrapolated the coda power spectra to a reference time of 
to = 70 sec. using the known coda envelopes (for detail see Wu 1984). The 

events are divided into 4 groups according to their focal depths (0-50 kin, 
50-100 km, 100-150 km, and 150.250 km). The results are presented in figures 

1 through 4. In each figure, the upper part shows the S and coda spectra 

separately. The solid lines are for S spectra and dotted lines are for coda spectra. 
The lower part of the figure shows the spectral ratios of coda to S. In order 
to eliminate the effect of source radiation pattern on the spectral ratio, the 
spectral ratio is averaged over many events (by least squares fitting). The 

averaged coda-to-S ratio spectrum is then considered as the coda excitation 
spectrum. 

Based on the data shown in figures 1 to 4, we can express the coda excitation 
spectrum, i.e. the backscattering coefficients of the inhomogeneities, in the 
frequency range 1-25 Hz as 

g,~(f) = e f t  (7) 

n = 0.54 for shallow events (~<50 kin) 

0.48 for events of intermediate depth (between 
100 km to 150 kin) 

0 for deep events (/> 150 kin) 

where c is a constant, f is the frequency. For frequencies lower than 1 Hz, 
the data are contaminated severely by surface waves, while for high frequencies 
above 30 Hz the noise level is too high to be reliable. Therefore, we consider 
the excitation spectrum only for the frequency range 1-25 Hz. 

Comparing (7) with (4), we find that 

W(K) = C 1 K - 2 + ,  = C 1 K - P  (8) 

p = 1.46 for shallow events (0-50 kin) 

= 1.52 for intermediate events (100-150 kin) 
2 for deep events (>  150 km), 

where C1 is another constant. Since p is greater for deeper events, the coda 
excitation spectra have more short wavelength components for the shallow 
events than for the deep events. The medium spectrum inferred from the coda 
excitation spectrum (as in (8)), is the averaged property of the inhomogeneities 
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Figure 1 
S and Coda power spectra for shallow events (0-50 kin) in Hindu Kush region. (a) S spectra. The straight 

line at the upper right corner is for ~-~ model; (b) Coda spectra; (c) Spectral ratios Coda/S. 

10 5 

I 

I 0  , , , , , , , , ,  , , , , , , , , ,  , , , , , , , L  
, , , , , L I , I  , , , , , , , , I ' ,  l , , , , 1 1 1  

~ X X \  \ \  

"~ . . \ \  \ 

13 \ 

i i i i i i i i I  i i i i i i i i I  i i i i i i  

I I0 1130 
f(hz) 

Figure 2 

/ " \  

/ \  

I0 io 

O . I  I , i I , l l l l  n I a t l n n n !  a u n n i l  

IOvo. I O  0.1 I I0 I00 
f(hz) 

S and Coda power spectra for the events at intermediate depth (50-100 km). (a) S spectra (Solid lines) 
and Coda spectra (Chain lines). The straight line at the upper right corner is for the co 2 model; (b) Spectral 

ratios Coda/S: solid lines--vertical components; dotted lines--horizontal components. 
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over the range sampled by the coda waves. For the shallow events (4  50 km), 
the coda waves are composed mostly of the scattered waves from the inhomo- 
geneity in the crust, while for the deep events (e.g. ~> 150 km) the coda waves 
have a considerable part from the backscattering by the inhomogeneities in 
the upper mantle. Therefore, the frequency dependence of medium spectrum 
(8) obtained from the coda excitation spectra (7) suggests that the crust has 
more small scale inhomogeneities than the upper mantle. 

2. Frequency dependence of scattering attenuation and the inhomogeneity spectrum 

Wave amplitude attenuation due to scattering is not a kinetic energy dissipation, 
but a kinetic energy redistribution in space and time. In a lossless medium, the 
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Figure 3 
S and Coda power spectra for the events at intermediate depth (100-150 kin). (a) S spectra. The straight 
line at the upper right corner is for the co 2 model; (b) Coda spectra; (c) Spectral ratio Coda/S: solid lines-- 

vertical components; dotted lines--horizontal components. 
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Figure 4 
S and Coda power spectra for deep events (150-250 km). (a) S spectra. The straight line at the upper 
right corner is for the co -2 model; (b) Coda spectra; (c) Spectral ratio Coda/S: solid lines--vertical 

components; dotted lines--horizontal components. 

amplitude of seismic waves will decrease with distance due to scattering by 
the inhomogeneities in the medium. The frequency dependence of this apparent 
attenuation due to scattering is quite complicated when the wavelength is comparable 
with the scale length of the inhomogeneities. However, in the lower frequency or higher 
frequency range the frequency dependence becomes simpler. In the lower frequency 
range, i.e. when the wavelength is much longer than the scale length of the inhomo- 
geneities (Rayleigh Scattering), the scattering attenuation coefficient is proportional 
to the fourth power of the frequency (Wu 1982, SATO 1982a). In the high frequency 
range, however, the frequency dependence of scattering attenuation is dependent on 
the inhomogeneity spectrum of the medium. Based on the forward multiple scattering 
approximation Wu (1982) derived the high-frequency approximate expression for 
the spectral amplitude attenuation due to scattering. The coefficient of scattering 
attenuation can be expressed as 

1 ~z,.2 [ W ( x f ~ k o )  _ W(Zko)], (2) 
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where ko is the wavenumber for the homogeneous medium, W(K) is the 1-D normalized 
power spectrum of the inhomogeneities (the Fourier transform of the correlation 
function) and ~ is r.m.s, parameter variation of the medium. In his derivations, the 
inhomogeneities are assumed to be due to only velocity perturbations. From the study 
of elastic wave scattering (Wu and AKI, 1985a, b) it has been shown that the scattering 
attenuation problem, which is a wide angle and backscattering problem, cannot be 
modeled by the scalar wave approximation. However, since the impedance pertur- 
bation plays a crucial role in backscattering and wide angle scattering problems, we 
can take e as the r.m.s, impedance variation (or a combination with other parameters). 
The basic frequency dependence remains the same as (9). For most random media, 
W(K) drops very quickly with increasing K, and therefore, the main contribution in 

(9) is from W(x/2ko ). We can see that, if the absorption of the medium can be neglected, 
the 1D inhomogeneity spectrum can be estimated from the frequency dependence of 
the spectral scattering attenuation in the high frequency range. For the Von Karman 
spectrum (see TATARSKn 1971, w p. 10) 

W(K) = 2 x ~ e  2 F(m + 1/2) a 
F(m) (1 + K2a2) m+ t/2, (10) 

where a is the outer scale (i.e. the correlation length) of the inhomogeneities and F 
is the gamma function. We have from (9) 

rl~ = A(koa)- 2m + 1 for koa >> 1 

(2 "+~/2- 1) r(m + 1/2) 
A = x~-e 2 ~5~Ua r(m) (11) 

SATO (1982a), on the other hand, derived the amplitude attenuation of impulsive 
waves  due to scattering based on the travel t ime corrected mean wave formulism. 

For the Von Karman inhomogeneity spectrum, it can be written as 

tls = Al (koa)  -2m+1, for koa >> 1 

AI = x/~ez(22"/a)[1 - 4 -(2-+ 1)] F(m + 1/2) 
F(m) (12) 

It can be seen that the scattering attenuation for impulsive amplitudes has the same 
form as that for spectral amplitudes (11) in the high frequency range except for a 
constant. Both formulas have the same frequency dependence. Comparing with the 
high frequency asymptotic form of (10), we obtain the relation between the scattering 
attenuation and the inhomogeneity spectrum in the high frequency range: 

qs(ko) oc k~ W(ko), (13) 

or W(ko) oc k o 2qAko). (14) 

The apparent attenuation of short period seismic shear waves has been measured 
by different authors for both the direct S waves or the coda waves consisting mainly 
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of the backscattered S waves. The frequency dependences of the apparent attenuation 

for both cases are similar and can be expressed as 

b = cff , 
n = 0.04).5, (15) 

where b is the measured apparent attention coefficient and C is a constant. For more 

details about the measurements and the up-to-date collection of the results see AKI 
(1980), SATO (1982b) and Wu (1984 Appendix A). As the inhomogeneity spectrum 

is concerned, the attenuation measurement is less direct than the coda excitation 
measurement. The intrinsic attenuation and the scattering attenuation can both 

contribute to the apparent attenuation. Whether or not the scattering attenuation 

is the major factor of the apparent attenuation is still an open question. However, 

if we assume 

b(ko) = t/s(ko), (16) 

i.e. we take the measured apparent attenuation as the scattering attenuation, the 

inhomogeneity spectrum can be estimated as 

W(K) = K-Zb(K)  = CK -2+n = C? p, 

p = 1.5-2.0 (17) 

This result is consistent with the estimation from the coda excitation measure- 

ments (8). 
Note that for pure anelastic attenuation with a constant Q model, the equivalent 

p value would be 1. Therefore, the estimation o fp  value from (17) will become under- 

estimated due to the existence of intrinsic attenuation. 

3. The relation between the fractal dimension of the fault surfaces of earthquakes 
and the fractal dimension of the 3D inhomogeneities in the lithosphere 

Different power spectra of inhomogeneities may correspond to different physical 

processes of forming inhomogeneities. The 1D power spectrum with K -  2 frequency 
dependence corresponds to a 1D Brownian motion function. The power law spectrum 
of K-~2n+I) type (H ~ 1/2) corresponds to a fractional Brownian motion function 

defined by Mandelbrat (1977, ch. 9). The fractional Brownian motion function is a 
self-affine function. The self-affinity is a scaling law such that when the scale of distance 
r changes with a ratio 7, the corresponding scale in the function, such as the strength 
of elastic impedance of the rock changes with a ration 7 n, where the scaling exponent 
H is called the Hurst data or Hurst number (MENDELBROT 1977, ch. 9). We know 
that the ordinary Brownian motion function, i.e. the Wiener-Levy process, has a 
variance proportional to the distance r. Therefore, the r.m.s, variation of the function 
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is proportional t o  r 1/2, i.e. H = 1/2. The delta variance (or the 'structure function' 
as defined by TATARS~:II 1971) of a fractional Brownian motion function changes as 
r 2H, which corresponds to a power law spectrum K-(zH+ 1) 

The ordinary Brownian motion function implies that the random process has 
totally independent increments over nonovertapping increments of the argument, say 
distance. This is to say that in forming the inhomogeneities the accumulation of the 
anomaly is a totally random, memory!ess process. Meanwhile the fractional Brownian 
motion has some memory in the process. The case of H < 1/2 implies that there is 
some antipersistency in the process (MENDELBROT 1977, ch. 9), a tendency of changing 
the function in the opposite direction to the former step. The antipersistency makes 
the accumulation of large scale inhomogeneities a little more difficult than the totally 
random case, and therefore reduces the low frequency spectral density of the inhomo- 
geneity spectrum. When the scaling exponent H becomes smaller and smaller, the 
antipersistancy becomes stronger and stronger. The limiting case corresponds to a 
K - 1 spectrum (H = 0). On the other hand, H > 1/2 corresponds to the process with 
persistency, a process with a tendency which makes the accumulation of large scale 
inhomogeneities easier. The power spectra of this kind of process drop with frequency 
faster than K - 2  

From the measurements of coda excitation and scattering attenuation we found 
that lithospheric inhomogeneities have power spectra K - p  where p = 1.5-2 for 
different regions. The corresponding Hurst number of the inhomogeneities is 
H = 1/4-1/2 in the antipersistency domain. 

The forming process of the lithosphere inhomogeneities appears to be an anti- 
persistent process. By careful studies of the inhomogeneity spectra for different regions, 
we may obtain some information about the nature and forming process of the regional 
or even the local inhomogeneities. From the viewpoint of modeling the random 
inhomogeneities, this fact certainly means that the medium behaves like a multi-scale 
random medium with a power law spectrum in the frequency range of observation 
(0.5 ,,~ 25 Hz), which can be modeled as a BLFRM (band-limited fractal random 
medium). For the coda excitation and scattering attenuation problems, the observa- 
tions can only detect the scales of inhomogeneities limited by the longest and shortest 
wavelength of the seismic waves used. Therefore these experiments using seismic waves 
of 0.5 ~ 25 Hz can only reveal the existence of inhomogeneities with scale lengths 
from 1 km to 20 m. The presence or absence of larger or smaller inhomogeneities 
does not affect the observations on coda excitation or scattering attenuation. However, 
the inhomogeneities with scale length longer than 1 km play important roles in the 
forward scattering experiments (see Wu and AKI 1985b) such as the measurements 
of phase and amplitude fluctuations in a large seismic array (AKI, 1973, CAPON, 1974, 
BERTEUSSEN et al., 1975). A recent study using the data of 0.5 ~ 1 Hz from LASA, 
Montana, shows that the lithospheric inhomogeneities have also a power law spectrum 
up to an outer scale of 10-20 km (FLATTE and Wu, 1985). 

Whenever there exists an outer scale a, we can also characterize the random 
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medium using a correlation function, which is the Fourier inverse transform of the 
power spectrum. Corresponding to the Von Karman spectrum (10) is the Von Karman 
correlation function 

1 (r)" K. (r) 
C(r) - 2~ -~ r (m)  a a '  (18) 

where K,,(X) is the modified Bessel function of order m. From the above analysis 
about the fractional Brownian motion, we know that m -- H, the scaling exponent 
or the Hurst number. For  the case of H = 1/2, the correlation function becomes 

exponential. The case of H = 1/3 corresponds to the Kolmogorov turbulence. 
Now let us consider the relation between the fractal dimension of the 3D inhomo- 

geneities in the lithosphere and the fractal dimension of the earthquake fault surfaces. 
Consider the 3D multi-scale inhomogeneities as a fractal represented by the 

fractional Brownian space-to-line function (the function is defined on a 3-D space 
and has its value varying on a line, the graph of the function is a fractal in 4-D space), 

its fractal dimension is (see MANDELBROT, 1977, ch. 9, p. 235-236), 

D3 = OT + (1 -- H)  = 4- -  H, (19) 

where Dr is the topological dimension of the space. Therefore the fractal dimension 
of a surface of isostrength (a surface on which the impedances at different points have 

the same value) should be 

2.5, when H = 1/2, 
D2 - - - -  3 - - H  -- (20) 

2.67, when H = 1/3. 

Suppose we observe the intersection of this isosurface with the earth surface, the fractal 

dimension of these isostrength lines on the surface will be 

1.5, when H = 1/2, 
D~ = 2 -  H = (21) 

1.67, when H = 1/3. 

Therefore the fractal dimensions of fault traces observed on the surface should have 
Dx = 1.5 ~ 1.67 as its maximum value depending on the regions of observation. This 
value is for the case in which the rupture of a fault surface took place along the weakest 
isosurface without any path modification by the rupture dynamics. For  a real rupture 
process, there must be a strong persistency due to the stress singularity at the crack 
tip. However, the slip-weakening friction law of the rupture dynamics will soften this 
persistency. The resultant persistency is probably determined by the size of the cohesive 
zone or the critical slip-weakening displacement (for the relation between the cohesive 
zone and the critical slip-weakening displacement, see AKI, 1985). This persistency 
from the rupture dynamics will modify the rupture path and make the fractal 
dimension of the fault surface smaller than that of the isosurface of the 3-D inhomo- 
geneities. Though the suggested relation is somewhat speculative, recent measurements 
on the fractal dimensions of San Andreas fault along different sections seem to agree 
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with this prediction (OKuBo and AKI 1983, SCnOLZ and AVILES 1985, AWLES and 

SCHOLZ 1985). O~r and A~r (1983) found that the fractal dimension of the fault 

trace on the surface was 1.2 for the scale length shorter than 300 m to 1 km (depending 
on particular segments) and 1.0 for the longer scale length. SCHOLZ and AVILES (1985) 
obtained much greater fractal dimensions for different sections of the fault. They found 

that for the scale lengths shorter than 10-20 km, the fractal dimensions are about 
1.4 ~ 1.6, while for longer scale lengths they reduced to 1.1. 

It is interesting to compare these observations with the inferences from the results 
of seismic wave scattering. Wu and AKI (1985b) concluded, from the discussion on 

both forward and backward scattering in lithosphere, that large-scale (10 ~ 20 km) 
heterogeneity is required to explain observations on teleseismic P waves at LASA 

but additional small-scale (less than t km) stronger heterogeneity is required to explain 
observations on coda waves in seismically active regions. We may speculate that the 
random inhomogeneities with these two different outer scales may be formed from 

different physical process. The measurements of fractal dimensions along the San 
Andreas fault seems to confirm this conclusion. The small scale inhomogeneities seem 
to have an outer scale around 1 km and have greater fractal dimension. 

4. Conclusion 

'Bandlimited fractal random medium' (BLFRM) is a useful concept and tool to 
model multi-scale self-similar inhomogeneous media. The fractal dimension of a 

BLFRM can be obtained by measuring its inhomogeneity spectrum, which can be 
estimated from wave scattering experiments. In this paper we introduced two methods 
of measuring inhomogeneity spectra: (1) from the coda excitation spectra, (2) from 
the frequency dependences of wave scattering attenuation. The results of coda 
excitation spectra for frequencies 1 ,-~ 25 Hz calculated using seismic data from the 
Hindo-Kush region were presented. Based on these results and the past observations 
on the frequency dependence of scattering attenuation of short period seismic waves, 

we conclude that the small-scale lithospheric inhomogeneities in the observed regions 
can be approximated by a BLFRM with an outer scale of about 1 km and a fractal 

dimensionD3 = 4 - H = 7/2 ~ 11/3,where His the scalingexponent (Hurst number). 
Therefore, the intersection of the earth surface and the isostrength surface of the 3-D 
heterogeneities should have a fractal dimension, D1 = 2 - H = 3/2 ~ 5/3. This sets 
an upper limit for the fractal dimension of fault traces of earthquakes if we assume 

the fault surfaces are developed along the isosurface of the 3-D heterogeneities and 
smoothed by the rupture dynamics. This prediction agrees with some recent measure- 
ments on the fractai dimensions of fault traces along the San Andreas fault. 
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