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Abstract—Full waveform inversion (FWI) attempts to find an
optimal model of the subsurface parameters by using full infor-
mation of the observed data. One difficulty in conventional FWI
is that the misfit function is sensitive to cycle skipping. Envelope
inversion (EI), which uses the envelope operator (EO) based
misfit function, has been proved to be effective in overcoming
cycle skipping and building an initial model for conventional
FWI. However, EI ignores the fact that the information within
different frequency bands plays different roles in inversion. In
this paper, a frequency controllable EO (FCEO), which can select
what frequency components of the data will be used to construct
its envelope, is proposed. Based on the FCEO, we propose
a new misfit function as well as a multi-scale FWI method.
Using synthetic experiments based on the Marmousi model, we
demonstrate that the proposed multi-scale FWI method is better
than EI at mitigating cycle skipping and building an accurate
initial model that then significantly improves the final results of
conventional FWI.

Index Terms—Full waveform inversion, initial model, fre-
quency controllable envelope operator (FCEO), multi-scale
scheme, cycle skipping.

I. INTRODUCTION

BUILDING models of subsurface parameters is often
realized by inversion [1]–[3]. Full waveform inversion

(FWI) is known as a powerful tool for building high-resolution
models of subsurface parameters, which influence the propaga-
tion of seismic waves in subsurface media, such as P - and S-
wave velocities, density, Q-factor, etc. Although multiparam-
eter FWI, such as acoustic-elastic coupled FWI, viscoacoustic
FWI, elastic FWI and anisotropic FWI, has been investigated
by many researchers, FWI has been mainly used for building
high-resolution velocity model.

As opposed to traveltime inversion [4], which only uses
the traveltime information of particular events in seismic data,
FWI can estimate a velocity model with the resolution up
to the theoretical limit of half the shortest wavelength of the
seismic data [5] because it makes use of full information
(amplitude and phase of all events) included in the seismic
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data. Under the framework of FWI, the estimation of high-
resolution models is realized by minimizing a misfit function
that measures the difference between the observed data and
the calculated data, thus, FWI is an optimization problem.
More specifically, FWI is a nonlinear and ill-posed inversion
problem.

To deal with the nonlinearity of FWI, some researchers
have tried to use global optimization methods, which are good
at searching for the global minimum of the misfit function.
However, global optimization methods are ineffective for high-
dimensional FWI because their performances are inevitable
to be quickly deteriorated as the dimension of the model
space increases. Gao et al. [6] and Sajeva et al. [7] have
proposed the two-grid technique, in which the velocity model
is parameterized into two different grids: fine grid and coarse
grid. They search for the best velocity model on the coarse grid
while perform forward modeling on the fine grid. Making use
of the coarse grid parameterization can significantly reduce the
number of unknown parameters. Another way to reduce the
dimension of model space is proposed by Datta and Sen [8]. In
their work, a sparsely parameterized model that only contains
a set of interfaces and velocities is used to represent the
entire velocity model. Although global optimization methods
are suitable for FWI, their applications are limited in the
present stage because the computational cost is extremely high,
especially for 3D FWI.

Different from global optimization methods, gradient-based
methods are widely used in FWI. The gradient of the misfit
function can be calculated by using the adjoint state method.
Only two forward modeling are needed for calculating the
gradient, which makes it computational feasible [9], [10]. In
spite of their high computational efficiency, the gradient-based
methods are sensitive to the choice of the initial model. The
initial model should be sufficiently close to the true model to
ensure the convergence. Otherwise, cycle skipping will drive
the convergence towards a local minimum and produce an
incorrect estimation of the velocity model and inadequate data
fitting [11]. Geophysicists have made a lot of efforts to address
the local minima issue of FWI in the past few years. Three
mainly used ways can be summarized as follows.

The first way is to do FWI in the image domain. Recently,
the inversion strategy, which combines migration velocity
analysis (MVA) and FWI in an extended model domain, has
been proposed [12], [13]. Within this framework, the velocity
model is extended along one additional parameter (subsurface
offset, time lag, angle). Considering the uniqueness of the sub-
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surface guarantees that for correct long-wavelength velocity
model, the energy will focus in the image domain. Thus, the
estimation of long-wavelength velocity model is realized by
defining an optimization problem to penalize the defocussing
of the energy in the image domain.

The second way is to introduce the multi-scale technique
into FWI. Multi-scale techniques are widely used in solving
inverse problems [14] and have been used to overcome the
cycle skipping problem in FWI. The effectiveness of these
techniques is guaranteed by the fact that low frequency data
is less sensitive to cycle skipping than high frequency data.
Multi-scale FWI is based on a hierarchical inversion scheme
over frequencies, i.e., starting doing inversion from low fre-
quency data and gradually adding higher frequency data into
inversion. Multi-scale FWI can be realized in the time domain
[15], the frequency domain [16] or the wavelet domain [17].

The third way is to construct a more robust, convex misfit
function for FWI. Wave-equation traveltime inversion has been
proposed to emphasize the matching of traveltimes rather than
the full information of the observed data [18]–[20]. In these
methods, the cross-correlation type of misfit function, which
is not sensitive to cycle skipping, is used. Shin and Cha [21]
have proposed Laplace domain FWI, whose misfit function is
based on the damped wavefield instead of the original one. In
their work, they demonstrated that the proposed misfit function
only has a very few local minima and Laplace domain FWI
is good at estimating long-wavelength velocity model. Later,
Shin and Cha [22] extended this work to Laplace-Fourier
domain FWI, in which a more refined velocity model can
be estimated compared with Laplace domain FWI. Adaptive
waveform inversion (AWI), which is proposed by Warner
and Guasch [23], gives a new form of FWI that appears
to provide a robust and effective way to overcome cycle
skipping. AWI first designs an optimal Wiener filter, which
transforms the calculated data into the observed data. And
then, it sets up an inverse problem to minimize the misfit
function that measures the residual between the coefficients
of the Wiener filter and the zero-lag delta function. The
optimal transport distance has also been used in FWI to
set up a misfit function [24]. The optimal transport distance
shows superior performance in avoiding local minima than the
conventional L2 distance. Bozdaǧ et al. [25] introduced the
instantaneous phase and instantaneous amplitude (envelope),
which can reduce the nonlinear behaviour of waveform by
separating amplitude and phase information, are introduced to
seismic adjoint tomography. Based on the envelope concept,
the envelope inversion (EI), whose misfit function is based
on the envelope operator (EO), has been proposed [26], [27].
Even though there is no low frequency information contained
in the original wavefield, the energy of its envelope can be
mainly concentrated on low frequencies. This feature makes
the envelope based misfit function less sensitive to cycle
skipping and has less local minima. In addition, as shown in
Wu et al. [26], the envelope fluctuation and decay of wavefield
carry useful information, which can be used for estimating
long-wavelength velocity model.

In this paper, we further improve the performance of
EI in overcoming cycle skipping. We propose a frequency

controllable envelope operator (FCEO) and demonstrate that
the FCEO can extract the envelope information of wavefield
within different frequency bands by adjusting its parameters,
while the conventional EO can only extract the envelope
information of wavefield within the full frequency band. This
key difference makes the FCEO more flexible than the con-
ventional EO in application. We propose a new misfit function
based on the FCEO and demonstrate that the gradient operator
of the proposed misfit function can be efficiently calculated
by using the adjoint state method. Based on the proposed
misfit function, we propose a new multi-scale FWI method.
Benefit from the property of the FCEO, the proposed method
can simultaneously have the merit of EI and the multi-scale
technique, and therefore has advantages in overcoming cycle
skipping compared with EI. Numerical experiments based
on the Marmousi model have been conducted to verify the
effectiveness of the proposed method. It is clearly shown
in these numerical experiments that the proposed method
outperforms EI in overcoming cycle skipping and building an
initial velocity model for conventional FWI.

This paper is organized as follows. In Section II, we first
briefly review the theory of FWI and EI. In Section III, a
detailed description of the FCEO and the proposed multi-scale
FWI method is provided. In Section IV, numerical experiments
on the Marmousi model are given to verify the effectiveness
of the proposed multi-scale FWI method, followed by con-
clusions in Section V. In addition, the gradient operator of
the proposed multi-scale FWI method is deduced in detail, as
shown in Appendix A.

II. FULL WAVEFORM INVERSION AND ENVELOPE
INVERSION

A. Full waveform inversion (FWI)

The framework of full waveform inversion (FWI) is estab-
lished under the assumption that the propagation of seismic
wave in subsurface media satisfies the following wave equa-
tion:(

1

υ2 (x)

∂2

∂t2
−∆

)
u (t,xs,x) = f (t) δ (x− xs) , (1)

where υ (x) denotes the P -wave velocity in location x, ∆
is the Laplacian, u (t,xs,x) is the wavefield generated by a
source located at xs and f (t) is the source signature. Based on
this assumption, FWI can be described as an inverse problem,
which aims at finding the optimal υ (x) to make the calculated
data best match the observed data. Conventional FWI uses the
following misfit function to measure how close the calculated
data match the observed data:
J (m (x)) =
1
2

∑
s,r

∫ T
0

[Ss,rucal (t,xs,x;m (x))− dobs (t,xs,xr)]
2
dt,

(2)
where m (x) is the parameter that represents υ (x), Ss,r
is the restriction operator onto the receiver position,
ucal (t,xs,x;m (x)) is the calculated wavefield, which is
generated by using (1) with the velocity of m (x) and a source
at the location xs and dobs (t,xs,xr) is the observed data with
the source and receiver located at xs and xr, respectively.
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For simplicity, the dependency of all variables on the spatial
coordinates of x will not be written in the following, and we
will use us (t) and ds,r (t) to represent ucal (t,xs,x;m (x))
and dobs (t,xs,xr), respectively.

Gradient-based techniques are the most popular ways to
solve FWI. The key point of them is the calculation of
the gradient direction of the misfit function J (m) over the
parameter m, which can be expressed as

∂J (m)

∂m
=

2

m3

∑
s

∫ T

0

qs (T − t) ∂
2us (t)

∂t2
dt, (3)

where qs (t) satisfies the following wave equation:{ (
1
m2

∂2

∂t2 −∆
)
qs (t) =

∑
r
STs,ry (T − t) ,

y (t) = Ss,rus (t)− ds,r (t) ,
(4)

It is demonstrated in (3) and (4) that the gradient can be
calculated by a two-step procedure: firstly, the back propagated
wavefield is calculated by back propagating the effective
residual using (4), and then the gradient is calculated by
convolving the back propagated wavefield with the forward
propagated one [9], [10].

B. Envelope inversion (EI)

Envelope inversion (EI) shares the same framework with
conventional FWI but with a new misfit function, which is
based on the envelope operator (EO). Because of its misfit
function, EI has been proved to be powerful in recovering
long-wavelength velocity model even though there is no suffi-
cient low frequency information in the observed data. The EO,
denoted by E(.), operates on a one-dimensional time domain
signal s (t) can extract its envelope as follows:

E (s (t)) =
√
s2 (t) +H2 (s (t)), (5)

where E (s (t)) is the envelope of s (t), H (s (t)) is the Hilbert
transform of s (t) defined as:

H (s (t)) = s (t) ∗ h (t)

= s (t) ∗ 1

πt
,

(6)

where ∗ denotes convolution operator in the time domain.
To investigate the property of E(.), we compare a Ricker

wavelet and its envelope in both time and frequency domains
and the results are shown in Fig. 1, from which the following
conclusion can be reached: the energy of its envelope can be
very rich in low frequencies even though the original signal
has only a little energy in low frequencies. Based on E(.), the
misfit function of EI is defined as:

J (m) =
1

2

∑
s,r

∫ T

0

[E (Ss,rus (t))− E (ds,r (t))]
2
dt. (7)

As pointed out by Virieux and Operto [11], if the following
condition is satisfied, cycle skipping can be avoided during
data fitting:

∆t

TL
<

1

2Nλ
, (8)
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Fig. 1. Comparison of a Ricker wavelet (red lines) and its envelope (dashed
blue lines) in both time (a) and frequency (b) domains.

where ∆t is the time shift between the observed data and
the calculated data, TL is the duration of the simulation
and Nλ is the number of the propagated wavelengths during
the simulation. Because 1/Nλ is proportional to the central
frequency of data, the condition defined in (8) explicitly
indicates that the lower the central frequency of data, the larger
the chance for avoiding cycle skipping.

Instead of directly fitting the calculated data with the
observed data, EI aims at fitting their envelopes. Because the
envelope of data is more concentrated on low frequencies, EI
is better than conventional FWI at overcoming cycle skipping.

III. METHODOLOGY

Envelope inversion (EI) is based on the envelope operator
(EO), which extracts the envelope information of data by
making use of its information within full frequency band. It
is well demonstrated in many literatures that the information
of data within different frequency bands plays different roles
in estimating subsurface structures. Usually, low frequency
data is the key for recovering long-wavelength velocity model
whereas high frequency data makes more contributions to
detail structures. By taking this fact into consideration, multi-
scale FWI [10], [15] can significantly improve the probabil-
ity of converging toward the global minimum of the misfit
function by starting inversion from low frequency data and
gradually adding higher frequency data into inversion. As a
consequence, embedding the multi-scale inversion scheme into
EI is a reasonable way to further improve its performance.

In our work, the above idea is realized by using a new
proposed frequency controllable envelope operator (FCEO)
instead of the conventional EO in inversion.

A. Frequency controllable envelope operator (FCEO)

In this subsection, the detailed information of the FCEO
will be given.

We begin from discussing the relationship between two
different ways for calculating the envelope of a signal. The
first way is to directly apply the envelope operator (EO) on
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the original signal, whereas the second way is to apply the EO
on the Hilbert transform of the original signal. As defined in
(5) and (6), the envelope of the Hilbert transform of the signal
s (t) is

E (H (s (t))) =
√
H2 (s (t)) +H2 (H (s (t))). (9)

For simplicity, we ignore the time variable in the following
deduction. From (5) and (9), we get

E2 (H (s))− E2 (s) = [H2 (s) +H2 (H (s))]− [s2 +H2 (s)]

= H2 (H (s))− s2

= [H (H (s))− s] [H (H (s)) + s] .
(10)

Let A = H (H (s)) + s, its Fourier transform Â (ω) can be
expressed as

Â (ω) = ŝ (ω) ĥ (ω) ĥ (ω) + ŝ (ω) , (11)

where ω is the angular frequency and ŝ (ω) and ĥ (ω) are the
Fourier transform of s (t) and h (t), respectively. Considering
ĥ (ω) is

ĥ (ω) =

 −j, ω > 0
0, ω = 0
j, ω < 0,

(12)

(11) can be further expressed as

Â (ω) =

{
0, ω 6= 0
ŝ (0) , ω = 0.

(13)

From (10) and (13), a conclusion can be reached as: for
a signal with no energy on the zero frequency component,
its envelope and the envelope of its Hilbert transform is
equivalent. This conclusion is verified by a numerical example
based on a Ricker wavelet with a dominant frequency of 10
Hz as shown in Fig. 2. Considering that seismic data usually
do not have very low frequency information, so we can use
any one of the two different ways mentioned above to calculate
the envelope of seismic data.
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Fig. 2. Comparison of a Ricker wavelet s (t) , its envelope E (s (t)), and the
envelope of its Hilbert transform E (H (s (t))): (a) time domain waveforms
and (b) the residual between E (s (t)) and E (H (s (t))).

In the previous work [28], we have proposed a time-shift
linear operator D (.), which is defined as

D (s (t)) = s (t) ∗ d (t)

= s (t) ∗
Nξ∑
n=1

an
δ (t− ξn)− δ (t+ ξn)

2
,

(14)

where Nξ is the number of time shift parameters, ξn and an are
the nth time shift parameter and its corresponding coefficient,
respectively. Because D (.) and the Hilbert operator H (.)
have the same form, so their difference only comes from the
difference between d (t) and h (t).

As proved in Gao et al. [28], when applying d (t) and
h (t) to a signal, their effects on the phase of the signal are
equivalent but their effects on the amplitude of the signal are
quite different. The amplitude spectrum of h (t) is fixed and
performs like a all-pass filter except for the zero frequency,
while the amplitude spectrum of d (t) can be changed by
adjusting its parameters. More specifically, suppose d (t) is
applied to a discretized signal whose sampling interval is
dt with the number of samples of Nt. If we choose ξn =
ndt(n = 1, 2, ..., N) and N = Nt/2, then it has been proved
that the parameters an(n = 1, 2, ..., N) and the amplitude
spectrum of d (t) has the following relationship:

an =
4

ωs

Nt/2−1∑
m=0

∣∣∣d̂ (m∆ω)
∣∣∣ sin(2πn

m∆ω

ωs

)
∆ω, (15)

where n = 1, 2, ..., Nξ, ωs = 2π/dt, ∆ω = ωs/Nt and
∣∣∣d̂ (ω)

∣∣∣
is the amplitude spectrum of d (t).

Based on the above facts, D (.) can be treated as a general-
ized Hilbert operator. Thus, D (.) is more flexible than H (.)
in applications (for more detailed information, please refer to
Gao et al. [28]).

Inspired by the advantage of D (.) and the two ways of
calculating the envelope of a signal, we propose the FCEO
by introducing D (.) into (9) to embed the frequency control
mechanism into the EO. The FCEO, denoted by G (.), operates
on a signal s (t) is defined as

G (s (t)) =
√
D2 (s (t)) +H2 (D (s (t))), (16)

where G (s (t)) will be called the frequency controllable
envelope of s (t).

TABLE I
COMPARISON OF THE CENTRAL FREQUENCY

Signal Central frequency fc (Hz)

s (t) 11.2838
E (s (t)) 3.4539
G (s (t)) 1.4452

Next, to compare the EO E (.) and the FCEO G (.), both of
them have been applied to a Ricker wavelet with the dominant
frequency of 10 Hz. The amplitude spectrum of d (t) in this
example is shown in Fig. 3 (a). The parameters of the FCEO,
i.e., ξn, an (n = 1, 2, ..., Nξ) and Nξ is determined using (15).
The comparison of the Ricker wavelet s (t), its envelope
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Fig. 3. Comparison of a Ricker wavelet, its envelope and its frequency
controllable envelope: (a) the amplitude spectrum of d (t) used in the FCEO,
(b) the time domain waveforms of the Ricker wavelet s (t) (red line),
its envelope E (s (t)) (blue line) and its frequency controllable envelope
G (s (t)) (green line) and (c) the amplitude spectrum of the Ricker wavelet
s (t) (red line), its envelope E (s (t)) (blue line) and its frequency controllable
envelope G (s (t)) (green line).

E (s (t)) and its frequency controllable envelope G (s (t)) is
shown in Fig. 3 (b) and (c) for the time and the frequency
domain, respectively. In addition, we use the central frequency
fc of a signal to quantify the measure of the concentration
of its energy on low frequencies. The central frequency of a
signal s (t) is defined as

fc =

∫ ωmax

0
ω |ŝ (ω)|dω

2π
∫ ωmax

0
|ŝ (ω)|dω

, (17)

where |ŝ (ω)| is the amplitude spectrum of s (t). The central
frequency of the Ricker wavelet s (t), its envelope E (s (t))
and its frequency controllable envelope G (s (t)) is shown in
Table I. These results clearly demonstrate that the waveform
of G (s (t)) is much smoother than the waveform of E (s (t)),
as a consequence, the energy of G (s (t)) is more concentrated
on low frequencies compare with E (s (t)).

The above experiment verifies that because of the frequency
control mechanism, the FCEO shows quite different property
compared with the EO. By choosing suitable parameters,
the frequency controllable envelope of a signal has a lower
central frequency than its envelope. According to the condition
defined in (8), the above feature can lead to the data fitting
of the observed data and the calculated data in the sense of
their frequency controllable envelopes less sensitive to cycle
skipping than the data fitting of their envelopes.

B. Misfit function based on the FCEO

In this subsection, we propose a new misfit function for
FWI, which matches the calculated data to the observed data

and the frequency controllable envelope operator (FCEO) is
applied to both data sets. The proposed misfit function is
defined as:

J (m) =
1

2

∑
s,r

∫ T

0

[G (Ss,rus (t))−G (ds,r (t))]
2
dt. (18)

By using the adjoint state method [29], it can be proved that the
gradient operator ∂J (m)/∂m of the proposed misfit function
can be calculated using the back propagation method through
(3), in which the back propagated wavefield qs (t) satisfies
the following wave equation (for more detailed information,
please refer to Appendix A):

(
1
m2

∂2

∂t2 −∆
)
qs (t) = −

∑
r
STs,rD (x (T − t)− y (T − t)) ,

x (t) = z (t)D (Ss,rus (t)) ,
y (t) = H (z (t)H (D (Ss,rus (t)))) ,
z (t) = 1−G (ds,r (t))/G (Ss,rus (t)),

(19)
To show the advantage of the proposed misfit function, we

compare it with the misfit function of EI as defined in (7), by
using a numerical example, which is based on a velocity model
as shown in Fig. 4. The velocity model contains 3 layers, in
which velocities are 2500 m/s, 3500 m/s and 4000 m/s
from top to bottom. The velocity model has 2000 m along the
horizontal direction and 1000 m along the vertical direction.
We set a single shot located at a horizontal distance of 1000 m
and a depth of 20 m. A fix-spread surface acquisition is used
with 200 receivers equally spaced at 10 m intervals located at
a depth of 20 m. A Ricker wavelet with a dominant frequency
of 20 Hz is used in this example. The amplitude spectrum of
d (t) for the FCEO is the same as that shown in Fig. 3 (a).
We first generate the observed data using the velocity model
in Fig. 4, and then generate several calculated data by varying
the velocity of the top layer in Fig. 4 from 1500 m/s to 3500
m/s with the interval of 20 m/s. Based on the above data, the
value of the two misfit functions are calculated given different
calculated data, and the results are shown in Fig. 5.

Fig. 4. The velocity model of a horizontally layered medium. There are 3
layers in the model, and their velocities are 2500 m/s, 3500 m/s and 4000
m/s from top to bottom.

The misfit function of EI has two minima points: one is
the global minimum located at 2500 m/s, another is a local
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Fig. 5. The value of normalized misfit function of EI (red curve) and the
proposed misfit function (blue curve) change along with the velocity of the
top layer in Fig. 4. The misfit function of EI contains not only the global
minimum but also a local minimum because of cycle skipping, while the
proposed misfit function only contains the global minimum.

minimum located at about 3100 m/s. Different from EI, the
proposed misfit function is much smoother and only has one
minimum point, i.e., the global minimum. Compared with
the misfit function of EI, the proposed misfit function has
less requirements on the initial velocity of the top layer in
Fig. 4 to ensure convergence to the global minimum. The
above experiment further demonstrates that the proposed misfit
function is less sensitive to cycle skipping.

C. Multi-scale FWI method

From the definition, we can see that the frequency control-
lable envelope of a wavefield is calculated by a two-step pro-
cedure: first, the original wavefield is operated by a filter d (t);
second, the envelope of the filtered wavefield is calculated. The
relationship shown in (15) indicates that the shape of the filter
d (t) can be easily adjusted by changing its parameters, thus,
it is very convenient to control which frequency information is
used in the proposed misfit function as defined in (18). In this
subsection, we propose a new multi-scale FWI method called
frequency controllable envelope inversion (FCEI) to optimize
the proposed misfit function. In FCEI, the inversion is begin
from low-frequency data and the higher frequency data will
be gradually added into inversion. The algorithmic flow of
FCEI is shown in Algorithm 1. Compared with EI, because of
the multi-scale scheme, FCEI starts doing inversion from low
frequency data instead of the entire data, thus, should be less
sensitive to cycle skipping.

IV. EXPERIMENTAL RESULTS

In this section, we demonstrate the performance and ad-
vantages of FCEI by applying it to two different numerical
experiments, which are based on the Marmousi model. In
the first experiment, we compare the performance of FCEI
and EI in overcoming cycle skipping during data fitting. In
the second experiment, we use the long-wavelength velocity
models estimated by FCEI and EI as the initial model for
conventional FWI to compare their effects on improving the
result of conventional FWI.

Algorithm 1 Frequency controllable envelope inversion
(FCEI)
Input: Observed data dobs (t,xs,xr), initial velocity model

m0 (x), source signature f (t)
Output: Estimated velocity model mest (x)

1: Determine the number of frequency bands Nf used in
inversion and the scope of each frequency band

2: For each frequency band, determine its corresponding
iteration number Mn, (n = 1, 2, ..., Nf )

3: for n = 1 : Nf do
4: For the current frequency band, determine the parame-

ters of the FCEO based on (15)
5: for m = 1 : Mn do
6: Calculate the gradient operator
7: Calculate the step length
8: Update the velocity model
9: end for

10: end for
11: return mest (x)

In all these experiments, the forward modeling is realized
using the staggered-grid finite-difference method [30] with
eighth-order accuracy for spatial and second-order accuracy
for time. The steepest descent method is used to minimize the
misfit function, and the gradient operator is computed follow-
ing the adjoint state method. For more efficient implementa-
tion, the FWI code is paralleled by using hybrid MPI/CUDA
scheme. The spatial finite-difference loops are accelerated by
using GPU device, and the calculation of shot gathers is
assigned to different GPUs by the MPI communicator.

Fig. 6. The velocity models of the Marmousi model: (a) The true P -wave
velocity and (b) the 1-D initial velocity model, which ranges from 1500 to
3500 m/s from top to bottom.

The true P -wave velocity of the Marmousi model, as shown
in Fig. 6, has 5090 m and 1330 m along the horizontal and
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vertical directions, respectively. For the Marmousi model, at
a depth of 20 m, we evenly distribute 48 shots with the
horizontal interval of 100 m, and each shot is recorded by
510 receivers located every 10 m. Fig. 6 (b) shows the 1-D
initial P -wave velocity model that is used for inversion. It
is worth noting that the initial model is not obtained from
the true model by smoothing. Such a procedure will lead
to unduly accurate long-wavelength components of the initial
model. Here, the initial model is just a rough guess of the true
model under the assumption that the velocity should increase
along with depth. Because the long-wavelength components
of the 1-D initial model are far from that of the true model,
this initial model is more suitable for testing the ability of
different inversion methods in overcoming cycle skipping and
recovering long-wavelength velocity structure.

In all these experiments, a Ricker wavelet with a dominant
frequency of 20 Hz is used for generating both the observed
and calculated data. According to the Courant-Friedrichs-
Lewy (CFL) condition, the spatial discretization step and
the time discretization step are set to 10 m and 0.001 s,
respectively. The forward modeling is performed over 3000
time steps, thus, the total recording time is 3.0 s.

A. Experiment 1: Comparison of FCEI and EI in overcoming
cycle skipping

In the first experiment, the comparison of FCEI and EI in
overcoming cycle skipping is presented. For FCEI, there are
three different frequency bands will be used. The frequency
band will be extended from Phase I to Phase III, as shown in
Fig. 7, during the inversion.

Fig. 7. The frequency bands for three phases of inversion.

Starting from the 1-D initial model, both FCEI and EI are
applied to estimate the velocity model. The inverted velocity
models of FCEI after Phase I, Phase II and Phase III are shown
in Fig. 8 (a), (b) and (c), respectively. The inverted velocity
model of EI is shown in 8 (d). To see if cycle skipping occurs
during data fitting, the envelope residuals for the 1-D initial
model and the inverted model of EI are shown in Fig. 9 (a)
and (b), respectively. In addition, the frequency controllable
envelope residuals for the 1-D initial model and the inverted
model of FCEI after Phase I are shown in Fig. 10 (a) and (b),
respectively. These residuals are corresponding to shot gathers
whose source is located at 2545 m in the horizontal direction.

In this experiment, the performance of EI is not satisfactory.
The residual shown in Fig. 9 (b) still has strong energy, which

means some mismatches occur during data fitting because of
cycle skipping. As a consequence, the inverted velocity model
of EI is far from the true velocity model, especially for the
left part of the model (from 0 to 2000 m in the horizontal
direction).

Different from EI, starting from the 1-D initial model, the
residual shown in Fig. 10 (b) demonstartes that the frequency
controllable envelope of shot gathers, which are corresponding
to the true velocity model and the inverted model of FCEI after
Phase I, are consistent. Thus, the data fitting of FCEI in Phase
I is successful without any obvious cycle skipping happens.
In addition, by finishing all three phases, the structure of the
inverted velocity model of FCEI, shown in Fig. 8 (c), has
a good consistency with the true velocity model. The above
experimental results indicate that FCEI is better than EI in
overcoming cycle skipping.

B. Experiment 2: Comparison of FCEI and EI in improving
the result of conventional FWI

In the second experiment, the comparison of FCEI and EI
in improving the result of conventional FWI is presented. We
build a long-wavelength velocity model by using an isotropic
Gaussian filter to extract long-wavelength components of the
inverted velocity model of FCEI after Phase I, and name the
long-wavelength velocity model as the initial velocity model
from FCEI. Based on the inverted velocity model of EI, we
also build another long-wavelength velocity model and name
it as the initial velocity model from EI.

Starting from three different velocity models, i.e., the 1-D
initial velocity model, the initial velocity model from FCEI
and the initial velocity model from EI, conventional FWI has
been used to estimate the true velocity model. Fig. 11 shows
the evolution of the misfit function values of conventional
FWI based on three different initial models. Fig. 12 shows
three different initial velocity models and their corresponding
inverted velocity models of conventional FWI. Fig. 13 shows
residuals for the true velocity model and six different velocity
models, as shown in Fig. 12. These residuals are corresponding
to shot gathers whose source is located at 2545 m in the
horizontal direction.

Starting from the 1-D initial model, the inverted velocity
model of conventional FWI, shown in Fig. 12 (b), is far from
the true velocity model. Although fine structure has appeared,
it is generally poorly focused and misplaced in depth. There
are one high-velocity and one low-velocity anomalies in the
estimated velocity model, as marked by the yellow and the
red ellipse, respectively. In addition, conventional FWI is
trapped into a local minimum of the misfit function after 120
iterations since the convergence curve nearly stops descending.
The above experimental results indicate that cycle skipping
appears in this situation, which can be further verified by
residual between shot gathers in the true velocity model and
the inverted velocity model of conventional FWI, shown in
Fig. 13 (b). There are two distinct areas, as marked by green
rectangles, in which the energy of residual is strong.

Starting from the initial velocity model from EI, the inverted
velocity model of conventional FWI, as shown in Fig. 12 (d),
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Fig. 8. The velocity models of the Marmousi model: (a) inverted P -wave velocity model of FCEI after Phase I, (b) inverted P -wave velocity model of FCEI
after Phase II, (c) inverted P -wave velocity model of FCEI after Phase III and (d) inverted P -wave velocity model of EI.

Fig. 9. Envelope residuals corresponding to shot gathers whose source is
located at 2545 m in the horizontal direction: (a) the envelope residual
between shot gathers in the true P -wave velocity model and the 1-D initial
P -wave velocity model as shown in Fig. 6 (b) and (b) the envelope residual
between shot gathers in the true P -wave velocity model and the inverted
P -wave velocity model of EI, as shown in Fig. 8 (d).

Fig. 10. Frequency controllable envelope residuals corresponding to shot
gathers whose source is located at 2545 m in the horizontal direction: (a) the
frequency controllable envelope residual between shot gathers in the true P -
wave velocity model and the 1-D initial P -wave velocity model as shown in
Fig. 6 (b) and (b) the frequency controllable envelope residual between shot
gathers in the true P -wave velocity model and the inverted P -wave velocity
model of FCEI after Phase I, as shown in Fig. 8 (a).
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Fig. 11. The evolution of the misfit function value of conventional FWI over
the iteration number based on different initial models.

is also not satisfactory, however this model is obviously better
than the inverted velocity model corresponding to the 1-D
initial model, especially for the right side of the shallow part.
This improvement can also be observed in Fig. 13 (d), which
shows the residual between shot gathers in the true velocity
model and the inverted velocity model of conventional FWI,
as shown in Fig. 12 (d). Compared with the residual shown in
Fig. 13 (b), the residual shown in Fig. 13 (d) has weak energy
on the right side, which means data fitting of this part has
not been affected by cycle skipping. The above experimental
results indicate that the initial velocity model from EI is indeed
better than the 1-D initial velocity model.

Starting from the initial model from FCEI, conventional
FWI can estimate a velocity model, which is sufficiently close
to the true velocity model and has been shown in Fig. 12
(f). It is worth noting that the velocity model shown in Fig.
12 (f) has no velocity artifact and its structure is consistent
with the true velocity model. The misfit function value of
conventional FWI is significantly reduced after 120 iterations
in this situation that means no cycle skipping happens during
data fitting. In addition, the residual shown in Fig. 13 (f)
demonstrates that shot gathers in the true velocity model and
the inverted velocity model shown in Fig. 12 (f) are almost
the same. The above experimental results verify that the initial
velocity model from FCEI is obviously better than not only
the 1-D initial model but also the initial velocity model from
EI. In other words, FCEI is better than EI in improving the
result of conventional FWI.

Based on the above two experiments, we can achieve a
conclusion as: compared with EI, FCEI is less sensitive to
cycle skipping and it is a better choice for building an initial
model for conventional FWI. The advantage of FCEI over EI
comes from the frequency control mechanism embedded in the
frequency controllable envelope operator, which makes FCEI
can be performed in a multi-scale way.

V. CONCLUSION

In this paper, a new nonlinear operator called frequency
controllable envelope operator (FCEO) has been proposed.
The FCEO is constructed by embedding a frequency control
mechanism into conventional envelope operator (EO) and can
be interpreted as a generalized EO. By applying the FCEO and
the EO to a signal, we can obtain its frequency controllable

envelope and envelope, respectively. We have compared the
frequency controllable envelope and the envelope of a signal
and demonstrated that its frequency controllable envelope can
be better concentrated on low frequencies than its envelope,
which leads to the data fitting of two signals in the sense of
their frequency controllable envelopes becomes less sensitive
to cycle skipping than the data fitting of their envelopes.

We have proposed a misfit function based on the FCEO and
proved that the gradient operator of the proposed misfit func-
tion can be calculated by using the back propagation method.
In addition, we also proposed a multi-scale FWI method called
frequency controllable envelope inversion (FCEI).

Numerical experiments using the Marmousi model show
that FCEI is less sensitive to cycle skipping than envelope
inversion (EI). In addition, the long-wavelength velocity model
generated by FCEI is significantly better than the long-
wavelength velocity model generated by EI in improving the
final inverted model of conventional FWI.

APPENDIX A
DEDUCTION OF THE GRADIENT OPERATOR OF FREQUENCY

CONTROLLABLE ENVELOPE INVERSION

In this appendix, we show how to obtain the gradient of
frequency controllable envelope inversion (FCEI) by using the
adjoint state method (for more detailed information, please
refer to Plessix [29]). In the adjoint state method, the model
parameter space and the state variable space are denoted by
M and U, respectively. In addition, we use U∗ to represent
the dual of U.

The acoustic wave equation with the initial boundary con-
ditions can be expressed as

u (0,xs,x) = 0,
∂u(t,xs,x)

∂t

∣∣∣
t=0

= 0,(
1

υ2(x)
∂2

∂t2 −∆
)
u (t,xs,x) = f (t) δ (x− xs) .

(20)

For simplicity, the dependency of all variables on the spatial
cooridinates, x, will not be written in the following and
we will use us (t) and fs (t) to represent u (t,xs,x) and
f (t) δ (x− xs), respectively.

We define two adjoint state variables µ̃0
s (t) ∈ U∗ and

µ̃1
s (t) ∈ U∗ and associate them with the initial boundary

conditions. We also define one state variable ũs (t) ∈ U and
one adjoint state variable λ̃s (t) ∈ U∗ and associate them with
the wave equation. Based on the misfit function of FCEI given
in (18) and (20), we define an augmented function as

`
(
ũs (t) , λ̃s (t) , µ̃0

s (t) , µ̃1
s (t) ,m

)
=

1
2

∑
s,r

∫ T
0

[G (Ss,rus (t))−G (ds,r (t))]
2
dt

−
∑
s

∫ T
0

〈
λ̃s (t) , 1

m2

∂2ũs(t)
∂t2 −∆ũs (t)− fs (t)

〉
x
dt

−
∑
s

〈
µ̃0
s (t) , ũs (0)

〉
x
−
∑
s

〈
µ̃1
s (t) , ∂ũs(0)∂t

〉
x
,

(21)
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Fig. 12. (a) The 1-D initial velocity model, which is the same as the model shown in Fig. 6 (b), (b) the inverted velocity model of conventional FWI using (a)
as the initial model, (c) the initial velocity model from EI generated from Fig. 8 (d) by smoothing, (d) the inverted velocity model of conventional FWI using
(c) as the initial model, (e) the initial velocity model from EI generated from Fig. 8 (c) by smoothing and (f) the inverted velocity model of conventional FWI
using (e) as the initial model. Some high-velocity and low-velocity artifacts, which are symptoms of cycle skipping, are marked by yellow and red ellipses,
respectively.

where 〈, 〉x denotes the real scalar product in the coordinate
space. By using the integrations by parts, we can obtain∫ T

0

〈
λ̃s (t) , 1

m2

∂2ũs(t)
∂t2

〉
x
dt =

∫ T
0

〈
1
m2

∂2λ̃s(t)
∂t2 , ũs (t)

〉
x
dt

+
〈
λ̃s (T ) , 1

m2

∂2ũs(T )
∂t2

〉
x
−
〈
λ̃s (0) , 1

m2

∂2ũs(0)
∂t2

〉
x

−
〈

1
m2

∂λ̃s(T )
∂t , ũs (T )

〉
x

+
〈

1
m2

∂λ̃s(0)
∂t , ũs (0)

〉
x
.

(22)
With (21) and (22), the adjoint state equations are defined
by ∂`

(
ũs (t) , λ̃s (t) , µ̃0

s (t) , µ̃1
s (t) ,m

)/
∂ũs (t) = 0, where

the derivatives are evaluated at (us (t) , λs (t)). To obtain
the adjoint state equations, we begin with the calculation of
∂J (m)/∂us (t) as follows:

∂J (m)

∂us (t)
=

1

2

∑
s,r

∫ T

0

∂
(

[G (Ss,rus (t))−G (ds,r (t))]
2
)

∂us (t)
dt

=
∑
s,r

∫ T

0

[G (Ss,rus (t))−G (ds,r (t))]
∂G (Ss,rus (t))

us (t)
dt.

(23)

Considering the definition of the frequency controllable enve-
lope operator G (.), (23) can be further expressed as

∂J(m)
∂us(t)

=
∑
s,r

∫ T
0
z (t)

[
D (Ss,rus (t))

∂D(Ss,rus(t))
∂us(t)

+H (D (Ss,rus (t)))
∂H(D(Ss,rus(t)))

∂us(t)

]
dt,

(24)

where z (t) = 1 − G (ds,r (t))/G (Ss,rus (t)). As defined in
(6),

H (f (t)) = f (t) ∗ h (t) , (25)

where ∗ denotes the convolution in the time domain. Consid-
ering that h (−t) = −h (t), we obtain∫∞

−∞ s (t) δH [f (t)] dt

=
∫∞
−∞ s (t)

∫∞
−∞ h (t− t′) δf (t′)dt′dt

=
∫∞
−∞

∫∞
−∞ h (t− t′) s (t) dtδf (t′)dt′

=
∫∞
−∞

∫∞
−∞ h [− (t′ − t)] s (t) dtδf (t′) dt′

= −
∫∞
−∞

∫∞
−∞ h (t′ − t) s (t) dtδf (t′) dt′

= −
∫∞
−∞H [s (t)] δf (t) dt.

(26)
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Fig. 13. Residuals corresponding to shot gathers whose source is located at 2545 m in the horizontal direction: (a)-(f) shows the residual between shot
gathers in the true velocity model and the velocity models shown in Fig. 12 (a)-(f), respectively. The energy of residuals shown in the green rectangles is
strong, which indicates that cycle skipping occurs.

Using (26), (24) becomes

∂J(m)
∂us(t)

=
∑
s,r

∫ T
0

[z (t)D (Ss,rus (t))

−H (z (t)H (D (Ss,rus (t))))]
∂D(Ss,rus(t))

∂us(t)
dt.

(27)

Considering the definition in (14),

D (f (t)) = f (t) ∗ d (t) , (28)

and d (−t) = −d (t), we can obtain∫∞
−∞ s (t) δD [f (t)] dt

=
∫∞
−∞ s (t)

∫∞
−∞ d (t− t′) δf (t′)dt′dt

=
∫∞
−∞

∫∞
−∞ d (t− t′) s (t) dtδf (t′)dt′

=
∫∞
−∞

∫∞
−∞ d [− (t′ − t)] s (t) dtδf (t′) dt′

= −
∫∞
−∞

∫∞
−∞ d (t′ − t) s (t) dtδf (t′) dt′

= −
∫∞
−∞D [s (t)] δf (t) dt.

(29)

By using (29), (27) can be further expressed as
∂J(m)
∂us(t)

= −
∑
s,r

∫ T
0
D (x (t)− y (t))dt,

x (t) = z (t)D (Ss,rus (t)) ,
y (t) = H (z (t)H (D (Ss,rus (t)))) ,
z (t) = 1−G (ds,r (t))/G (Ss,rus (t)).

(30)

Based on (30), the final adjoint state equations can be shown
as 

λs (T ) = 0,
∂λs(t)
∂t

∣∣∣
t=T

= 0,

µ0
s = 1

m2

∂λs(t)
∂t

∣∣∣
t=0

,

µ1
s = 1

m2λs (0) ,(
1
m2

∂2

∂t2 −∆
)
λs (t) = −

∑
r
STs,rD (x (t)− y (t)) ,

x (t) = z (t)D (Ss,rus (t)) ,
y (t) = H (z (t)H (D (Ss,rus (t)))) ,
z (t) = 1−G (ds,r (t))/G (Ss,rus (t)),

(31)
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where T denotes the transpose.
The gradient of misfit function ∂J (m)/∂m is equal to

∂`
(
us (t) , λs (t) , µ0

s (t) , µ1
s (t) ,m

)/
∂m, and it can be ex-

pressed as

∂J (m)

∂m
=

2

m3

∑
s

∫ T

0

λs (t)
∂2us (t)

∂t2
dt. (32)

To give a physical sense to the adjoint state, a new adjoint
state qs (t) is defined as

qs (t) = λs (T − t) . (33)

Based on (33), the adjoint state equations shown in (31) can
be rewritten as

qs (0) = 0,
∂qs(t)
∂t

∣∣∣
t=0

= 0,(
1
m2

∂2

∂t2 −∆
)
qs (t) = −

∑
r
STs,rD (x (T − t)− y (T − t)) ,

x (t) = z (t)D (Ss,rus (t)) ,
y (t) = H (z (t)H (D (Ss,rus (t)))) ,
z (t) = 1−G (ds,r (t))/G (Ss,rus (t)),

(34)
(The adjoint states µ0

s and µ1
s have been ignored because they

have no contributions to the gradient).
Despite the initial boundary condition, (34) is the same as

(19). In addition, by substituting (33) into (32), the gradient
can also be expressed as

∂J (m)

∂m
=

2

m3

∑
s

∫ T

0

qs (T − t) ∂
2us (t)

∂t2
dt, (35)

which shows that the gradient operator of FCEI can be calcu-
lated by the convolution of the forward propagated wavefield
and the back propagated one.
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