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Envelope inversion based on modulation signal mode was proposed to reconstruct large-scale structures of
undergroundmedia. In order to solve the shortcomings of conventional envelope inversion,multi-scale envelope
inversion was proposed using new envelope Fréchet derivative and multi-scale inversion strategy to invert
strong contrast models. In multi-scale envelope inversion, amplitude demodulation was used to extract the
low frequency information from envelope data. However, only to use amplitude demodulation method will
cause the loss of wavefield polarity information, thus increasing the possibility of inversion to obtain multiple
solutions. In this paper we proposed a new demodulation method which can contain both the amplitude and
polarity information of the envelope data. Thenwe introduced this demodulationmethod intomulti-scale envelope
inversion, and proposed a new misfit functional: multi-scale signed envelope inversion. In the numerical tests, we
applied the new inversion method to the salt layer model and SEG/EAGE 2-D Salt model using low-cut source
(frequency components below 4Hz were truncated). The results of numerical test demonstrated the effectiveness
of this method.
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1. Introduction

Low-frequency components of seismic data are critical in full
waveform inversion (FWI) to invert long-wavelength information of
the subsurface. However, in exploration seismology, the low frequency
components are not easy to obtain, either contaminated by noise, or be
missed due to the limitations of data acquisition technology. In order to
reconstruct the missing low-frequency components, various inversion
methods have been proposed, such as adaptive waveform inversion
(Warner and Guasch, 2014, 2016), normalized integral method
(Chauris et al., 2012; Donno et al., 2013), envelope inversion (EI)
(Bozdag et al., 2011;Wu et al., 2014; Luo and Wu, 2015; Chi et al.,
2014;Yuan et al., 2015), waveform mode decomposition method (Hu
et al., 2017). Although the envelope inversion has achieved good inver-
sion results on some models, such as Marmousi model, there are still
some problems in dealing with the velocity model with strong contrast
structure. Auxiliary bump functional was introduced into the full wave-
form inversion to further improve the envelope inversion (Bharadwaj
et al., 2016). Multi-scale envelope inversion (MS-EI) using a new enve-
lope Fréchet derivative andmulti-scale inversion strategywas proposed
to overcome the shortcomings in EI (Wu et al., 2016; Chen et al., 2017;
Zhejiang University, Hangzhou
Wu and Chen, 2017a, 2017b, Chen et al., 2018) and had been applied to
the inversion of salt model and achieved good results.

In EI (Wu et al., 2014; Luo and Wu, 2015) and multi-scale envelope
inversion, modulation signal mode (Potamianos and Maragos, 1999;
Dimitriadis and Maragos, 2006; Havlicek et al., 1996; Murray et al.,
2010) from speech and image processing was introduced to seismic
amplitude modeling to replace the traditional seismic convolution
signal mode (Robinson, 1957; Robinson et al., 1986) to reduce the
dependence of seismic inversion on low frequency information of
source wavelet. Although the new signal mode has many advantages
over the convolution model, the envelope operator is an amplitude
demodulation operator which cannot show the polarity information of
seismic data. The lack of polarity information can lead to waveform
inversion not capable of identifying the velocity variation. Xu et al.
(2014) proposed a signed demodulation method for amplitude and
frequencymodulationwhich is mainly applicable to the sine and cosine
signal. However, seismic data are much more complex than the sine or
cosine signal, so the method is hardly to be applied to seismic data.

In order to overcome the drawbacks of conventional demodulation
in envelope inversion and multi-scale envelope inversion, in this
paper we introduced the signed demodulation into multi-scale enve-
lope inversion and proposed the multi-scale signed envelope inversion
(MS-SEI). Numerical tests on a 1-D salt layer model and the SEG/EAGE
2-D Salt model demonstrated the validity and special features of the
MS-SEI using the new demodulation operator for the case of low-cut
(cut from 4 Hz below) sources.

https://doi.org/10.1016/j.jappgeo.2018.04.008
zjucgx@zju.edu.cn
Journal logo
https://doi.org/10.1016/j.jappgeo.2018.04.008
Unlabelled image
http://www.sciencedirect.com/science/journal/09552863
www.elsevier.com/locate/jappgeo
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jappgeo.2018.04.008&domain=pdf


Fig. 1. (a) Salt layer model; (b) One trace seismic data from the salt layer model (red line), the envelope (blue line) and the window averaged data (black line).
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2. Multi-scale envelope inversion

In envelope inversion (Wu et al., 2014), the misfit function is:

σ ¼ 1
2

X
SRT

epsyn tð Þ−epobs tð Þ
� �2

¼ 1
2

X
SRT

E2 tð Þ

esyn tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q

E tð Þ ¼ epsyn tð Þ−epobs tð Þ

ð1Þ

In Eq. (1), y is synthetic data and u is observed data, the envelope of
synthetic y is esyn and eobs is the envelope of observed data u. The sub-
script “H” indicates the Hilbert transform operator. The summation
over “SRT” means that S is shot coordinate, R is receiver coordinates, T
is the seismic recording time, p is a scalar integer. Using the Fréchet
derivatives developed for waveform misfit, we can derive the gradient
Fig. 2. One trace seismic data from the Salt layer model (red line), the envelope (blue line), the
end point (black triangle).
of the conventional envelope inversion, in scalar acoustic equation,
model parameters are reduced to model velocity v:
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where ∂y/∂v is the waveform Fréchet derivative. In order to distinguish
with the inversion method proposed later in this paper, we define
the envelope inversion using the Fréchet derivatives developed for
waveform misfit as the conventional envelope inversion (EI).
signed envelope (green line), local minima points (pink circle) and the starting point and
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Fig. 3. (a) Two Ricker wavelets joint together (red line) and its envelope (blue line), signed envelope (green line), the black circle is zero point; (b) the first part of the Rickerwavelet (red
line) and its signed envelope (green line); (c) the second part of the Rickerwavelet (red line) and its signed envelope (green line); (d) Two Ricker wavelets joint together (red line) and its
envelope (blue line), new signed envelope (green line).
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According to the numerical experiments in Wu et al. (2014), p=2
gives the best result, so in the below the default value for p is 2, the
gradient of the conventional envelope inversion can be written as:

∂σ
∂v

¼ 2
X
SRT

E tð Þy tð Þ−H E tð ÞyH tð Þf g½ � ∂y tð Þ
∂v

E tð Þ ¼ y2 tð Þ þ y2H tð Þ� �
− u2 tð Þ þ u2

H tð Þ� � ð3Þ
Table 1
The flow chart of the signed envelope algorithm.

Step 1 Calculate the envelope e(t) of the seismic data y(t).
Step 2 Calculate the local minima points Pk(k = 2,3,4. …m− 1) of the envelope e, P1 is th
Step 3 Using the points Pk(k = 1,2,3,4. …m) to divide the envelope into different events
Step 4 Traverse each event, find the positive maxima value Maxk and negative minima val
Step 5 Set threshold λ(0 b λ b 1). If (Maxk + Mink) N = λ(|Maxk| + |Mink|), the signed env

eSkðtÞ ¼
ekðtÞ Maxk þ Mink N ¼ 0
−ekðtÞ Maxk þ Mink b 0

	
(13)

Where subscript “S” indicates “signed”.
Step 6 If (Maxk+Mink) b λ(|Maxk| + |Mink|), find zero point lkzero between the lkmax andlkmin. Ze
are ek1(t) and ek2(t), so the signed envelope value ek

S(t) will be:

eSk1ðtÞ ¼
ek1ðtÞ if lmax

k N lmin
k

−ek1ðtÞ if lmax
k b lmin

k

(

eSk2ðtÞ ¼
−ek2ðtÞ if lmax

k N lmin
k

ek2ðtÞ if lmax
k b lmin

k

(

eSkðtÞ ¼ eSk1ðtÞ þ eSk2ðtÞ

(14)

Step 7 Get the final result of the signed envelope eS(t)
We divide the velocity field v(x,z) into two parts: the background
velocity field v0(x,z) and perturbation velocity field δv(x,z)

v x; zð Þ ¼ v0 x; zð Þ þ δv x; zð Þ ð4Þ

where x and z represent the coordinates of the horizontal and depth
directions.
e starting point and Pm is the endpoint of the seismic data.
eventk(k = 1,2,3,4. …m − 1).We define the envelope of eventk as ek(t).
ue Mink of the seismic data and the location lk

max and lk
min.

elope value ek
S(t) of eventkwill be:

ro point lkzero will divide the eventk into eventk1 and eventk2, the corresponding envelope

Image of Fig. 3


116 G.-X. Chen et al. / Journal of Applied Geophysics 153 (2018) 113–126

Image of Fig. 4


Fig. 5. The spectra of the seismic data from the SEG/EAGE Salt model (red line), envelope data (blue line) and signed envelope for windowwidthW=0ms (green line), signed envelope
for window width W=100ms (pink line), signed envelope for window width W=300ms (black line).

Fig. 6. (a) Salt layer model; (b) Initial linear gradient model.
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Corresponding to the background and perturbation velocity field,
we define background wave field y0(x,z, t) and scattered wave field
δy(x,z, t):

y x; z; tð Þ ¼ y0 x; z; tð Þ þ δy x; z; tð Þ ð5Þ

where t is time. Using the adjoint state method and Born approxi-
mation (Tarantola, 1984; Pratt et al., 1998; Pratt, 1999; Plessix,
Fig. 4. (a) One trace seismic data from the SEG/EAGE Saltmodel (red line), envelope (blue line)
from the SEG/EAGE Salt model (red line), signed envelope for window width W=0ms (gree
window width W=300ms (black line); (c) One shot profile of observed data from SEG/EAGE
model (Fig. 12(b)); (e) The signed envelope of the observed data; (f) The signed envelope of t
2006), the gradient of the conventional envelope can be obtained
as:

∂σ
∂v

¼
X
SRT

−2
v30 x; zð Þ

∂2y0 x; z; tð Þ
∂2t

G� E tð Þy tð Þ−H E tð ÞyH tð Þf g½ �

¼
X
SRT

−2
v30 x; zð Þ

∂2y0 x; z; tð Þ
∂2t

G�η tð Þ
ð6Þ
and signed envelope for windowwidthW=0ms (green line); (b) One trace seismic data
n line), signed envelope for window width W=100ms (pink line), signed envelope for
salt model (Fig. 12(a)); (d) One shot profile of synthetic data from linear gradient initial
he synthetic data.
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G is a Green's operator which represents the forward propagation
process and G∗ is the conjugate transformation of G, it represents
the wavefield backpropagation. η(t) = [E(t)y(t)− H{E(t)yH(t)}] is the
effective residual.

In conventional FWI, due to the strong non-linearity between the
waveform wavefield and model parameters, the application of the
Born approximation is limited to weak perturbation case, so the initial
model needs to be close to the true model. This is why the conventional
FWI hasmany inherent problems, such as cycle-skipping and local min-
imawhen the initialmodel is far away from the truemodel.We can find
that when we use the waveform Fréchet derivative to derive the
gradient of the envelope inversion, we still need use Born approximation
(Eq. 6). Therefore, the problems existing in the FWI also exist in the tradi-
tional EI. The difference is that low frequency information is introduced
into the residuals η in envelope inversion which can explain why EI has
some advantages over waveform inversion.

In fact, envelope can be regarded as the energy pulse records which
contain the coarse scale perturbation information of subsurface.
Because the energy scattering satisfies the principle of superposition,
the envelope of the wavefield has a better linear relationship with the
model parameters than the strong nonlinearity between the waveform
wavefield and themodel parameters. According to this theory,Wu et al.
(2016) derived the newdirect envelope Fréchet derivative, the sensitivity
operator can be written as

∂σ
∂v

¼
X
SRT

E tð Þ ∂e
2
syn tð Þ
∂v

ð7Þ

where ∂esyn2 /∂v is the new envelope Fréchet derivative. Similar to the
waveform inversion, we also use the adjoint state method to derive the
gradient of the envelope inversion:

∂σ
∂v

¼
X
SRT

−2
v30 x; zð Þ

∂2e20 x; z; tð Þ
∂2t

G�
e ðy2 tð Þ þ y2H tð Þ− u2 tð Þ þ u2

H tð Þ� �
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−2
v30 x; zð Þ

∂2e20 x; z; tð Þ
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G�
e e2syn tð Þ−e2obs tð Þ
h i ð8Þ

where e02(x,z,t) is the background envelope-field which can get from the
background wave-field y0(x,z, t) by using envelope operator. Ge is a
Green's operator of energy which represents the forward propagation
process of the energyflow. Since the inversion in this paper is implement-
ed in the time domain, the Green's function of the wave equation G in
smooth media can be used to propagate the energy pulse. Some phase
distortion information of the wave propagation in subsurface will be
neglected. So only the amplitude of the wavefield signal is considered
and instantaneous phase is dropped. Ge

∗ is the conjugate operator of Ge,
it represents the energy residual backpropagation. The subscript e de-
notes the envelope.

In order to improve the ability of the envelope inversion, multi-scale
inversion strategy is used. Because the envelope data contains low
frequency information that is missing from common seismic data, a
simple linear filtering method can meet the requirement. we choose
the time window average function to filter the envelope data:

e2Wsyn y tð Þ; tð Þ ¼ 1
W

Z W=2

−W=2
dt

0
W t−t

0
� �

y2 t
0

� �
þ y2H t

0
� �h i

ð9Þ

where W(t) is time window and W is its effective window width.
Fig. 7. The gradients of different inversion method: (a) conventional envelope inversion;
(b) FWI; (c) Multi-scale envelope inversion, with a window width of 0 ms; (d) Multi-
scale signed envelope inversion, with a window width of 0 ms; (e) Multi-scale envelope
inversion, with a window width of 100 ms; (f) Multi-scale signed envelope inversion,
with a window width of 100 ms.
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Fig. 8. Inversion result of conventional FWI.
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The misfit functional of multi-scale envelope inversion can be
written as:

σW ¼ 1
2
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SRT

r�W tð ÞrW tð Þ

rW tð Þ ¼ e2Wsyn tð Þ−e2Wobs tð Þ ¼ 1
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0
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The gradient of the multi-scale envelope inversion is:

∂σW

∂v
¼ 1
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Fig. 9. The inversion result of conventional envelope
Using the adjoint state method, the gradient of the multi-scale
envelope inversion can be calculated by:

∂σW

∂v
¼
X
SRT

−2
v30 x; zð Þ

∂2 e20 x; z; tð Þ� �
W

∂2t
GW
e

�
rW tð Þ ð12Þ

where (e02(x,z, t))W is the background window-averaged envelope-
field which can get from the background wave-field y0(x,z, t). Ge

W

is a Green's operator which represents the forward propagation
process of the window-averaged energy. Ge

W∗ is the conjugate
transformation of Ge

W, it represents the window-averaged energy
residual backpropagation.
inversion (EI); the inversion result of EI + FWI.
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Fig. 10. The inversion result of multi-scale envelope inversion (MS-EI); the inversion result of MS-EI + FWI.

Fig. 11. The inversion result of multi-scale signed envelope inversion (MS-SEI); the inversion result of MS-SEI + FWI.
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3. Signed demodulation

The modulation signal mode and new envelope Fréchet derivative
can help us to reduce the dependence on the low-frequency informa-
tion of source. However, the demodulationmethodwe used in envelope
inversion only focuses on amplitude information. In the process of
amplitude demodulation, we will lose the polarity information of the
seismic data. The lack of polarity information will make inversion not
able accurately identify the velocity variation. In Fig. 1(a), it is a salt
layer model and Fig. 1(b) shows one trace of seismic data (red line,
ignore the multiple waves) from the salt layer model, the envelope of
seismic data (blue line) and the window-averaged envelope for
window width W = 600ms (black line). From Fig. 1(b) we can find
that the envelope data has no polarity information. Therefore we can
not obtain correct solutions by using envelope inversion alone.

Solving the absence of polarity information in the amplitude demodu-
lation process will help us to improve the uniqueness of the solution. We
propose a signed demodulationmethod (Xu et al., 2014) to obtain signed
envelope based on the polarity of the original seismic data. In the signed
demodulation,we first calculate the envelope of the seismic data, then
find the local minima points of the envelope.Then we use the local mini-
ma points and the starting point and end point of the seismic record to di-
vide the envelope to different events. In order to facilitate the
understanding, we take the seismic data in Fig. 1 as an example. In
Fig. 2, we first calculate the envelope of the seismic data (blue line),
then find the local minima points of envelope (P2 and P3 in Fig. 2).
Local minima points and the starting point (P1) and endpoint (P4) of
the record divide the envelope to three different events. In each event,
the sign of the envelope is determined by the dominant energy sign in
this event area.Thenwe can get the signed envelope in Fig. 2 (Green line).

However, what is described in Fig. 2 is an ideal situation,where the re-
flection layers of the undergroundmedium are sparse and far away from
each other so that there is no interference between the reflected waves.
However, in the actual medium, the reflective layers are not often sparse.
In Fig. 3(a), there are two Ricker wavelets joint together (red line), the
blue line is the envelope and green line is the signed envelope. Because
these two wavelets are close to each other, we fail to distinguish these
two wavelets and the signed envelope is same as the envelope. In this
Fig. 12. (a) SEG/EAGE Salt m
case we need extra work to deal with this situation. Considering the
source we use is zero-phase Ricker wavelet and the reflected waves
originating from the adjacent two thin layers or the diffraction points
are close to each other. So we can assume that the absolute value of the
two reflected waves are close and no need to consider the phase deflec-
tion. We add one step to determine whether the difference between the
positive and negative domain energy values in the same event is within
a threshold. When the difference of the value dominant of the positive
and negativewave field is less than threshold, we use zero point between
the positive and negative values to separate the waves and calculate the
two parts of the signed envelope respectively (Fig. 3(b) and (c)), then
we sum the two parts of the signed envelope to get the corresponding
signed envelope of the event (Fig. 3(d)). The signed envelope algorithm
is summarized in Table 1.

We use this signed demodulation method on one trace seismic data
from SEG/EAGE salt model (Fig. 4(a)). In order to compare the influence
of the window function on the signed envelope, we also give the signed
envelope of different window width (Fig. 4(b)). One shot profile of ob-
served and synthetic data from SEG/EAGE model and their signed-
envelope are also shown in Fig. 4(c)–(f). The spectra of the data in
Fig. 4(a), Fig. 4(b) are shown in Fig. 5. From Fig. 5 we can find that the
low frequency of the signed envelope is similar to the envelope, the
high frequency components are increased due to the introduction of
envelope polarity. In the process of calculating the envelope sign will
produce some high-frequency noise, but we can use the window func-
tion to do low-pass filtering to cut the high-frequency noise (see Fig. 5).

4. Multi-scale signed envelope inversion

We introduce the signed envelope into the multi-scale envelope
inversion, the misfit function will be

σ S
W ¼ 1

2

X
SRT

rS�W tð ÞrSW tð Þ

rSW tð Þ ¼ e2Wsyn tð Þ
� �S

− e2Wobs tð Þ� �S ¼ 1
W

Z W=2

−W=2
dt

0
W t−t

0
� �

e2syn tð Þ
� �S

− e2obs tð Þ� �S� �

ð15Þ
odel; (b) Initial model.
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Fig. 13. The gradients of different inversionmethod: (a) conventional envelope inversion;
(b) FWI; (c)multi-scale envelope inversion,with awindowwidth of 0 ms; (d)multi-scale
signed envelope inversion, with a window width of 0 ms; (e) multi-scale envelope
inversion, with a window width of 300 ms; (f) multi-scale signed envelope inversion,
with a window width of 300ms;

122 G.-X. Chen et al. / Journal of Applied Geophysics 153 (2018) 113–126
where superscript "S" means “signed”. Using the new gradient formula
as we have used above:

∂σ S
W

∂v
¼
X
SRT

rSW tð Þ ∂rSW tð Þ
∂ e2Wsyn tð Þ
� �S ∂ e2Wsyn tð Þ

� �S
∂v

¼
X
SRT

rSW tð Þ 1
W

Z W=2

−W=2
dt

0
W t−t

0
� � ∂ e2syn t

0� �� �S
∂v

ð16Þ

where ∂(esyn2 (t'))S/∂v is the signed envelope derivative. For multi-scale
signed envelope inversion, the gradient is:

∂σS
W

∂v
¼

X
SRT

−2
v30 x; zð Þ

∂2 e20 x; z; tð Þ� �S
W

∂2t
GW
e

�
rW tð Þ ð17Þ

where (e02(x,z, t))WS is the background signed window-averaged
envelope-field which can get from the background wave-field
y0(x,z, t). GS

W is a propagation operator for the signed envelope. After
the introduction of polarity information in the envelope, the problem
of loss of phase information in energy propagation is partly solved.
GS
W∗ is the conjugate transformation of GS

W, it represents the signed
window-averaged energy backpropagation. The steepest descentmeth-
od is used as an optimization algorithm in this paper and the data what
we use in the inversion is the complete seismograms of scale acoustic
wave.We use iteration termination condition to determine the iteration
number of the inversion

σn−σn−1j j
σn−1j j b ε ð18Þ

where σn and σn−1 are the least-square error of the misfit function in
nth and (n-1)th iteration, respectively. ε is a positive numberwhich am-
plitude is less than1. The iterationwill be terminatedwhen the iteration
termination condition is satisfied.

5. Numerical experiments on Salt layer model

First, we use a simple salt-layer model to test the effectiveness of the
method. The testmodel has three salt layers as shown in Fig. 6(a). The ini-
tial model (Fig. 6(b)) is a 1-D linear gradient model with the velocity in-
creasing from 3000m/s to 5000m/s evenly with depth (the first 250m
of the initial model are same as the true model). The source is a low-cut
Ricker wavelet for which the frequency components below 4 Hz are
truncated.

In order to show the effect of different measurements on the
gradients calculation, we show the gradients of conventional FWI
(Fig. 7(a)), conventional EI (Fig. 7(b)), MS-EI for window width 0 ms
(Fig. 7(c)), MS-SEI for window width 0 ms (Fig. 7(d)). At the same
time, in order to show the effect of different windows on MS-EI and
MS-SEI, we give the gradient of MS-EI (Fig. 7(e)) and MS-SEI (Fig. 7(f))
for window widthW=100ms.

Compare Fig. 7(a), (b), (c), (d), we find that the conventional FWI
can only change the shallow structure of the model because of the
lack of low-frequency information. As we have analyzed in the theoret-
ical part, the gradient of conventional EI is better than FWI, but not
much change. When we use the new envelope Fréchet derivative, the
gradient has changed significantly, not only the shallow part but also
the deep part can be updated. Compared with the MS-EI, with the
help of polarity information, the layer interface information of the
model can be obtained in the gradient of the MS-SEI. This difference
will bemore obvious when the windowwidth is 100 ms (Fig. 7(e), (f)).

Image of Fig. 13


Fig. 14. Inversion result of conventional FWI.
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After 50 iterations, the inversion result of conventional FWI is shown
in Fig. 8. Because the shallow structure of the model did not have a
good inversion, as the depth increases, the inversion error becomes
more serious due to the cumulative error. Inversion result of EI(iteration
number is 20) and EI + FWI (iteration number is 50) are shown in
Fig. 9(a), and (b). Compared to the conventional FWI, there is not a
much improvement in envelope inversion result. Fig. 10(a) is the inver-
sion result of MS-EI with a window width of 100ms (iteration number
is 30). Benefit from the rich low-frequency information, the first salt
layer has got a good reconstruction, but fails to separate the first high-
velocity layer from the second low-velocity layer leading to the inversion
error in the deep part of the model. Then we use the inversion result of
MS-EI as initial model to do FWI. Fig. 10(b) is the inversion result of the
MS-EI+ FWI (iteration number is 50).With the help of polarity informa-
tion in the seismic data, inversion error in MS-EI has been modified. But
the deep inversion accuracy of the model needs to be improved.
In Fig. 11(a) is the inversion result of MS-SEI with a window width of
100ms (iteration number is 20). It can be seen from Fig. 11(b) that the
high-velocity and low-velocity layers in the model are accurately
separated. Then we use FWI to correct the high frequency inversion
error in the model. Fig. 11(b) is the inversion result of the MS-SEI +
FWI (iteration number is 50).The shallow and deep parts of the model
are precisely reconstructed.
Fig. 15. (a) Inversion result of conventional envelope
6. Numerical experiments on 2-D SEG/EAGE Salt model

We apply the method to the SEG/EAGE Salt model (Fig. 12(a)) to test
the inversion effect of the new method on models with strong contrast.
Linear gradient model (Fig. 12(b)) is used as the initial model. We use
the Ricker wavelet which dominant frequency is 9 Hz as source in the
test (cut from4Hz below). In Fig. 13,we give the gradients of different in-
version methods: FWI (Fig. 13(a)), EI (Fig. 13(b)), MS-EI for W=0ms
(Fig. 13(c)), MS-SEI for W=0ms (Fig. 13(d)), MS-EI for W=300 ms
(Fig. 13(e)), MS-SEI for W= 300 ms (Fig. 13(f)). The text results on
SEG/EAGE salt model are similar to the results in the salt layer model
inversion test.

We also show the inversion result of FWI (Fig. 14), EI (Fig. 15(a)), EI+
FWI (Fig. 15(b)). In theMS-EI, three windowwidths are used in succes-
sion: 300 ms,150 ms, 50 ms, the number of iterations is 30, 40, 50,
respectively. The inversion result obtained by the previous window
width is used as the initial model of the next window width. Then use
the MS-EI inversion result (Fig. 16(a)) as the initial model, Fig. 16(b) is
the conventional FWI inversion result (the iteration number is 40). Signif-
icantly different from conventional full waveform inversion, sufficient
low-frequency information in the wave field ensures the recovery of the
long wave-length information of the model. However, we also notice
the inversion error in the sedimentary area above the salt body. With
inversion (EI); (b) inversion result of EI + FWI.

Image of &INS id=
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Fig. 16. (a) Inversion result of multi-scale envelope inversion (MS-EI); (b) inversion result of MS-EI + FWI.
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the inversion going on, the inversion error in the shallow part of the
model causes a serious cumulative error in the deep part of the model.
We use the same inversion parameters in inversion text in MS-EI (total
iteration number is 60). Fig. 17(a) is the inversion result of MS-SEI, due
to the amplitude andpolarity information areused together, the inversion
result is better than the MS-EI, not only the velocity structure of the salt
body, but also the subsalt structural information got a good reconstruc-
tion. Then we use FWI to improve the inversion accuracy in the high fre-
quency component, Fig. 17(b) is the inversion result of MS-SEI + FWI
(iteration number is 100).
Fig. 17. (a) Inversion result of multi-scale signed envelope in
In order to show the effect of differentmisfit functions and inversion
strategies on the convergence rate of inversion, we present the conver-
gence curves of different inversion algorithms in Fig. 18. In order
to maintain consistency in the comparison, the inversion residuals
are normalized and the formula for residual calculation is the same:

Normalized Residual ¼
 X

SRT

ðyðtÞ−uðtÞÞ2
!, X

SRT

ðy0ðtÞ−uðtÞÞ2
!

,

where y0(t) is the synthetic data obtained by doing forward modeling
on the initial model. As can be seen from the convergence curve, the
version(MS-SEI); (b) Inversion result of MS-SEI + FWI.
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Fig. 18. Reduction of normalized residualswith iterations. Comparison of FWI (black line), conventional envelope inversion (EI) (cobalt blue line),EI + FWI (yellow line), MS-EI (red line),
MS-EI + FWI (pink line), MS-SEI (blue line) and MS-SEI + FWI (green line).
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residuals of the traditional FWI (black line) are rapidly decreased in the
early stage of inversion, this is because the main energy of the wave-
field recording mainly comes from the reflected wave in the shallow
part of themodel, while the traditional FWI can reconstruct the shallow
part of the model with high quality. The problem of traditional FWI is
that it is unable to reconstruct the middle and deep structure of the
model due to the lack of low frequency information. Therefore, the
inversion residuals of FWI can not be reduced in the middle and later
stages of inversion. The inversion of the conventional envelope inver-
sion is better than the traditional FWI, but limited by the Fréchet deriv-
ative developed for waveform misfit, the low frequency information in
the envelope data is not effectively utilized, and the convergence
curve (cobalt blue line) is not much different from the conventional
FWI.

Because of the direct envelope Fréchet derivative, both MS-EI and
MS-SEI are able to reconstruct the large-scale structure of the salt
model. Although the descending speed of the inversion residuals in
multi-scale inversion stage is slower than that of the conventional
FWI, after establishing a good initial model, high-quality inversion
results can be obtained by the conventional FWI and the residuals of
the inversion decreases rapidly. By comparing the convergence curves
of MS-EI(red line) and MS-SEI (blue line) we see the necessity of
introducing polarity information into the envelope data. Because of
the polarity information, the artificial noise in MS-SEI is much less
than that of MS-EI, especially at the bottom of the salt body, MS-SEI
accurately distinguished the salt body from the low velocity zone in
sub-salt, thereby improving the inversion accuracy of sub-salt. After
establishing the initial model using MS-EI and MS-SEI respectively, the
high frequency components of themodel are reconstructed by the con-
ventional FWI. From the convergence curves ofMS-EI + FWI (pink line)
andMS-SEI + FWI (green line), the quality of the initialmodel obtained
by the two inversion strategies can be seen. Although the residuals of
MS-EI + FWI decrease rapidly in the early stage, it no longer decrease
in the later stage due to the severe artificial noise in the sedimentary
and sub-salt zone in the initial model, while MS-SEI + FWI could keep
convergence until a high quality inversion result is obtained.
7. Conclusion

Polarity information of seismic data is indispensable in seismic in-
version. The signed demodulationmethod uses the polarity information
of the seismic data to reconstruct the polarity information of the
envelope. The introduction of polarity information into the multi-scale
envelope inversion can effectively handle the negative contrast
in strong-contrast media and reduce the possibility of the envelope in-
version fall into the local minima. In numerical results, significant
improvement of the signed envelope inversion over the envelope inver-
sionwithout polarity information shows the important role of polarity in
envelope inversion and the potential of our proposed approach.
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