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GLOSSARY

dispersive: Characteristic of waves whose velocity
of propagation depends on wave frequency. The
shape of a dispersive wave packet changes as it
moves along.
eigenfunction: Functional shape of the horizontal
and vertical components of wave motion versus
depth in the ocean for a specific wave frequency.
geometrical spreading: Process of amplitude
reduction resulting from the progressive expansion of a wave from its source.
run-up: Final phase of tsunami life starting when
the wave shoals to a size equal to the water
depth and begins to break; and ending when the
water runs over land and reaches its highest
level.
shoal: Process of waves coming into shallow water.
Shoaling waves slow, shorten their wavelength,
and grow in size.
wavenumber: Wavenumber k equals 2π divided by
wavelength λ. Large wavenumbers associate
with short waves and small wavenumbers associate with long waves.
Tsunami are gravity-driven water waves. They
belong to the same family as common sea waves
that we see everyday; however, tsunami are distinct in their mode of generation and in their
physical traits. Unlike common sea waves that
evolve from persistent winds, most tsunami
spring from sudden shifts of the ocean floor.
These sudden shifts can originate from undersea
landslides and volcanoes, but mostly, submarine

earthquakes parent tsunami. Compared to winddriven waves, tsunami waves have periods, velocities and wavelengths ten or a hundred times
larger and present profoundly different shoreline
consequences than do their common cousins.
I. Tsunami = Killer Wave?
In the years since the 2004 Sumatra
earthquake, everyone has seen disturbing videos
of tsunami-caused destruction. Certainly the
prospect of a "killer wave" born from some far
off earthquake is frightening. More so is the
thought that after traveling with stealth great distances, that wave might suddenly rise up without
warning at your own doorstep. Could it be me
desperately floating by in the next tsunami
video?
Understandably, worst case scenarios of
natural hazards come to mind, but it is important
to keep perspective. Tsunami over two meters
high are not common. It takes a submarine earthquake greater than magnitude M8 to source a
wave of this size. On a global average, only one
M8+ earthquake occurs per year. Of these,
maybe one in five strikes under the ocean with
an orientation favorable for tsunami excitation.
Too, tsunami decay in transit and run-up less at
distant shores, so wave damage tends to localize
within 1000 km of that one in five quake. On
these accounts, tsunami that induce widespread
damage and casualties number only about one
per decade. Even at that modest recurrence rate,
your personal risk is mitigated increasingly
through education and technology. Today, ocean
bottom pressure sensors detect stealthy tsunami
of a few centimeters height in the open sea.
Moreover, with advances in understanding,
communication and implementation since the
2004 Sumatra earthquake, scientists are better,
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quicker and more specific at prediction than they
were just a decade past. Good chance that you
will be warned and take action even if that rare
wave does come your way.
II. Tsunami Characteristics
A. Tsunami Period, Velocity and Wavelength
When discussing tsunami, I like to contrast them with something that we all have experienced -- waves at the beach. Tsunami belong to
the same family as these ordinary ocean waves
but with major distinctions: principally; tsunami
period, tsunami velocity and tsunami wavelength.
Tsunami Period. The period (T) of a
wave equals the time elapsed between one passing crest and the next. Q: What is the period of
waves at the beach? A: About 10 seconds (darkened column right side Figure 1). The period of
tsunami depends upon what creates it (earthquake, landslide, asteroid impact) but I can tell
you that tsunami have far greater periods than
beach waves. The “tsunami window” in Figure 1
covers waves of 70, 200, 500 or even 2000 s period. Unlike “splash and dash” beach waves, tsunami arrive and may continue to flow in for several minutes. I like the description -- “The ocean
turns into a river”. Anyone who has seen those
2004 Sumatra videos can testify that tsunami act
more flood-like than wave-like.
Tsunami Velocity. Under classical theory,
the phase c(ω), and group u(ω) velocity of surface gravity waves on a flat ocean of uniform
depth h are
gh tanh[k(ω )h]
c(ω ) =
(1)
k(ω )h
and

⎡ 1
k(ω )h ⎤
u(ω ) = c(ω ) ⎢ +
(2)
⎣ 2 sinh[2k(ω )h] ⎥⎦
Here, g is the acceleration of gravity (9.8 m/s2)
and k(ω) is the wavenumber associated with a
sea wave of frequency ω=2π/T. Wavenumber
connects to wavelength as λ(ω)=2π/k(ω) and to

Figure 1. (top) Phase velocity c(ω) (solid lines) and group
velocity u(ω) (dashed lines) of tsunami waves on a flat
earth covered by oceans of 100 m to 6 km depth. (bottom)
Wavelength associated with each wave period. The ’tsunami window’ is marked.

phase velocity as c(ω)=ω/k(ω). Wavenumber
also satisfies the relation

ω 2 = gk(ω )tanh[k(ω)h] (3)
For surface gravity waves spanning 1 to 50,000s
period, Figure 1 (top) plots c(ω) and u(ω). These
velocities vary widely and increase for waves of
longer period in deeper water. Q: What is the
speed of ordinary sea waves? A: About 15 m/s
(50 km/hr) – the speed of a moped. Because of
their longer period, waves in the tsunami window travel much more rapidly, reaching 160 to
250 m/s (600-900 km/hr) in the open ocean. It is
said that deep water tsunami travel at the speed
of a jet airliner. While true, be aware that wave
energy is the quantity that runs ahead at jet
speeds. The physical bits of water in a deep water tsunami move less than a meter per second
(see next section). Waves whose velocity varies
with frequency are called dispersive. During
propagation, dispersion “pulls apart” originally
pulse-like waves into their component frequencies. Dispersion is strongest for waves whose
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period falls on the steepest slopes of the group
velocity curves in Figure 1.
Tsunami Wavelength. Wavelength measures the distance between one wave crest and the
next. Wavelength equals the product of wave
period times phase velocity λ(ω)=Tc(ω). Q:
What is the wavelength of waves at the beach?
A: About 100 m – the length of a football field
(Figure 1, bottom). Tsunami, with their longer
period and higher velocity, have much longer
wavelength than beach waves. In the deep ocean,
tsunami span 10, 30 even 100 km between crests.
If you could stand on one tsunami crest, the next
one might be over the horizon. With wavelengths
this large, tsunami slopes are very small even if
the wave has large amplitude. For ships at sea,
tsunami pass completely unnoticed.
Short Wave versus Long Wave: Discussions of waves of length λ in oceans of depth h
sometimes include two simplifications: a long
wave approximation (λ>>h, 1/k>>h) and a short
wave approximation (λ<<h, 1/k<<h). Under a
long wave approximation [kh→0, tanh(kh)→kh,
sinh(2kh)→2kh] equations (1) to (3) predict nondispersive wave propagation with c(ω)=
u(ω)= gh . Long wave theory holds for the flat
part of the curves in Figure 1 (top). Under a short
wave approximation, [kh→∞, tanh(kh)→1,
sinh(kh)→∞] the equations predict dispersive
propagation with c(ω)=2u(ω)= gT 2π . Short
wave theory holds to the right in Figure 1 (top)
where all the curves lie atop each other. Waves
in the tsunami window have intermediate charac€ water waves at their
ter, behaving like shallow
longest periods and like deep-water waves at
their shortest periods. Neither the long or short
wave simplification serves adequately in tsunami
studies. A rigorous treatment requires an approach that works for waves of all lengths.
B. Tsunami Eigenfunctions
Q: How else to tsunami differ from
waves at the beach? A: Tsunami move the ocean
differently than ordinary waves. Tsunami eigenfunctions describe wave motion in a tsunami
mode of a particular frequency. Consider coordi-
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Figure 2. Tsunami eigenfunctions in a 4 km deep ocean
at periods 1500, 150 and 50 s. Vertical displacements at
the ocean surface has been normalized to Az=1 m in each
case.

nate system (x, y, z) where xˆ points north, yˆ
east, and zˆ down. Vertical (uz) and horizontal
(ux) components of tsunami eigenfunctions normalized to vertical amplitude Az at the sea surface are
k(ω )g sinh[k(ω )(h − z)] i[k( ω )x−ωt]
e
ω2
cosh[k(ω )h]
(4)
−ik(ω )g cosh[k(ω )(h − z)] i[k(ω )x−ωt]
ux(ω,z)= Az
e
ω2
cosh[k(ω )h]
Figure 2 plots tsunami eigenfunctions versus
depth in a 4 km deep ocean at long (1500 s), intermediate (150 s) and short (50 s) periods. The
ellipses trace the path of a water particle as a
wave of frequency ω passes. At 50 s period (Figure 2, right), ordinary ocean waves have deep
water behavior. Water particles move in circles
that decay exponentially from the surface. Sensibly, because the eigenfunctions of short waves
do not reach to the seafloor, their velocity is independent of ocean depth [c(ω)= 2u(ω)= gT 2π ,
Figure 1, top right]. The failure of short waves to
“feel” the seafloor also means that they can not
be excited by deformations of it. The only means
to excite ordinary ocean waves€is to disturb the
surface.

uz(ω,z)= Az
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At 1500s period (Figure 2, left), the tsunami has a wavelength of λ=297 km and it acts
like a long wave. Although vertical displacement
peaks at the ocean surface and drops to zero at
the seafloor, horizontal displacement persists undiminished through the ocean column. Unlike
ordinary waves that are confined near the sea
surface, the energy of a tsunami spreads through
the entire depth of the sea. You can't out dive a
tsunami. This fact explains why tsunami can be
detected by pressure sensors on the seafloor. A
second distinction of tsunami versus ordinary sea
waves is that their horizontal motion far exceeds
their vertical motion. Every meter of up and
down in a 1500s tsunami involves ≈10m of back
and forth. If you were to build a shore-based or
space-based 'tsunami detector', the large horizontal motions might make a better target than the
vertical motions. Applications of Doppler Radar
come to mind.
Toward the short period side of the tsunami window at 150 s (Figure 2, middle), λ decreases to 26 km -- a length comparable to the
ocean depth. For these tsunami waves, long
wave characteristics begin to break down, and
horizontal and vertical motions more closely
agree in amplitude.
From (4), it is easy to deduce the peak
velocity of surface water in waves of amplitude
Az as
AZ k(ω )g
A g
= Z (5)
ω
c(ω )
For long waves c(ω) equals gh , and peak surface water velocity in a 1 m amplitude tsunami in
4000 m of waver would be just 4.9 cm/s. Peak
water velocity at the sea floor
vmax
(ω ,z = 0) =
x

A Z k(ω )g
ω cosh[k(ω )h]
(6)
AZ g
=
c(ω )cosh[k(ω )h]
is even less. As mentioned, although tsunami
travel at several hundred m/s, the water itself
moves at a tiny fraction of this.
vmax
x (ω ,z = h) =
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III. Tsunami Excitation
Tsunami get started in many ways. Suppose that the seafloor at positions r0 uplift instantaneously by an amount u bot
z (r0) at time τ(r0).
Under classical tsunami theory in a uniform
ocean of depth h, this sea bottom disturbance
produces surface tsunami waveforms (vertical
component) at observation point r=x xˆ +y yˆ and
time t of

u

surf
z

ei[k• r−ω (k) t ]
(r,t) = Re ∫ dk 2
F(k)
4π cosh(kh)
k
(7a,b)

with
F(k) = ∫ dr0 u bot
z (r0 )e

−i[ k• r0 −ω (k)τ (r0 )]

r0

k=|k|, and ω 2 (k) = gktanh(kh) . The integrals in
(7) cover all wavenumber space and locations r0
where the seafloor disturbance u bot
z (r0)≠0.
Equation (7a) looks scary but it has three
identifiable pieces:
a) The F(k) term is the wavenumber spectrum
of the seafloor uplift. This number relates to the
amplitude, spatial and time distribution of the
uplift. Tsunami trains are dominated by wavenumbers in the span where F(k) is greatest. The
peak of F(k) corresponds to the characteristic
dimension of the uplift. Large-dimensioned uplifts produce longer wavelength, lower frequency
tsunami than small-dimensioned sources.
b) The 1/cosh(kh) term comes from the tsunami eigenfunction shapes (4) and it acts to lowpass filter the source spectrum F(k). Because
1/cosh(kh)→1 when kh→0, and 1/cosh(kh)→0
when kh→∞, the filter favors long waves. Due to
the low-pass filter effect of the ocean layer, only
wavelengths of the uplift that exceed three times
the ocean depth (i.e. kh=2πh/λ<≈2) contribute
much to tsunami.
c) The exponential term in (7a) contains all of
the propagation information including travel
time, geometrical spreading, and frequency dispersion.
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By rearranging equations (7a,b), vertical
tsunami motions at r can also be written as

u surf
z (r,t) = Re ∫

∞

0

k dk e − iω (k )t ∞
Jn (kr)e inθ Fn (k)
∑
2π cosh(kh) n= −∞

with
bot

i (ω (k)τ (r0 )−nθ 0 )

Fn (k) = ∫ dr0 uz (r0 ) Jn (kr0 ) e

(8)

r0

Here θ marks azimuth from north (the xˆ direction) of the observation point r from the coordinate origin. The Jn(x) are cylindrical Bessel
functions. For simply distributed uplift sources,
(8) might be easier to evaluate than (7).
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angle the “rake”.) The role of fault mechanism
on tsunami production is not as obvious as the
influence of moment; however, one might suspect that earthquakes that affect large vertical
displacements of the seafloor would be more effective than faults that make large horizontal displacements.
Earthquake depth needs no explanation. Because seafloor shifts cause tsunami, the distance
of the fault from the seafloor should be important. Presumably, deep earthquakes produce less
potent tsunami than similar shallow earthquakes.
Numerical, or synthetic waveforms quantify
the roles of earthquake parameters on tsunami
generation. For illustration, insert into (7) the
bot
surface uplift pattern u z (r0) of a small earthquake fault (point source really) placed at depth
d in a halfspace. Further assume that the uplift
occurs instantly with τ(r0)=0. (Actually, real
earthquakes uplift the seafloor over several, or
several tens of seconds. This distinction is not a
big issue because tsunami waves have periods of
many hundreds of seconds. Uplifts taking a few
dozen seconds to develop look “instantaneous”
to tsunamis). Equation (7) becomes

A. Tsunami excitation by earthquakes
Earthquakes produce 80%-90% of tsunami. Not surprisingly, earthquake features determine many sea wave characteristics. Earthquakes result from slip on faults and three primary parameters describe the process -- moment,
mechanism and depth.
Moment measures earthquake strength.
Moment Mo is the product of rigidity µ of the
source region’s rocks, fault area A, and average
fault slip Δu. Earthquake moment and earth∞
quake magnitude tie through a number of emcos ω (k)t
surf
u
(r,t)
=
k
dk
AΔuM ijε ij (9)
z
∫
pirical formulae. One formula defines moment
0
2π cosh(kh)
magnitude Mw as Mw=(2/3)(logMo-9.05). Earthwhere
quake moment varies by 2x104 within the magnitude range 6.5≤Mw≤9.5 (Table 1). Even without
a detailed understanding of tsunami generation, it is safe to supMagnitude
Moment
Area
Length
Width
Slip
pose that the larger the earthquake
Mw
M0 (Nm)
A (km2) L (km)
W (km)
Δu (m)
moment, the larger the tsunami, all
6.5
6.3 x 1018
224
28
8
0.56
7.0
3.5 x 1019
708
50
14
1.00
else fixed.
20
7.5
2.0
x
10
2,239
89
25
1.78
Mechanism specifies the
21
8.0
1.1
x
10
7,079
158
45
3.17
orientation of the earthquake fault
8.5
6.3 x 1021
22,387
282
79
5.66
and the direction of slip on it. Usu9.0
3.5 x 1022
70,794
501
141
10.0
ally, faults are idealized as plane
9.5
2.0 x 1023
223,872
891
251
17.8
rectangles with normal nˆ . Three Table 1. Relationship between earthquake magnitude and moment with valangles then, summarize earthquake ues of fault area, length and mean slip for typical tsunami-generating earthThis paper assumes log(L)=0.5Mw-1.8, Δu =2x10-5L, and λ=µ=
mechanisms -- the strike and dip of quakes.
10
the fault and the angle of slip vec- 5x10 Pa
tor aˆ measured from the horizontal
in the plane of the fault. (Seismologists call this

[

]
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1 ⎛ µ
⎞
ε xx = − ⎜
− kd [ J0 (kr) − J2 (kr)cos2θ ]e − kd
⎠
4 ⎝ λ + µ
1 ⎛ µ
⎞
− kd
ε yy = − ⎜
− kd [J0 (kr) + J2 (kr)cos2θ ]e
⎝
⎠
4 λ +µ
1 ⎛⎜ µ
⎞
− kd [J2 (kr)sin2θ ]e − kd
⎠
4 ⎝ λ + µ
1 ⎛ µ
⎞
ε zz = − ⎜
+ kd [ J0 (kr)]e −kd
2 ⎝ λ + µ
⎠

ε xy = ε yx =

kd
(10)
J1 (kr)cosθ ]e − kd
[
2
kd
ε yz = ε zy =
J1 (kr)sinθ ]e − kd
[
2
The six elements of symmetric tensor
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Time (hours)
3
2
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Dip Slip

e=90

Peak Amplitude
25.2 cm

200

500

M = 7.5
Depth=10 km

11.3
5.9

1000

2.8

Distance = 2000 km

ε xz = ε xz =

Mjk= ( aˆ j nˆ k + nˆ j aˆ k) (11)
capsulize the mechanism of the earthquake. In
(11), nˆ , aˆ are the fault normal and slip vectors
introduced above. A pure dip slip earthquake on
a vertical north-south trending fault for instance,
has nˆ = yˆ and aˆ = zˆ , so Myz=Mzy=1 and
Mxx=Myy=Mzz=Mxz=Mzx=Mxy=Myx=0.
The bracketed terms in (9) contain all of
the relationships between earthquake parameters
and tsunami features. Some relationships are
easy to spot: tsunami amplitudes from earthquakes are proportional to the product of fault
area and average slip (AΔu); tsunami amplitudes
decrease with earthquake depth via the e-kd terms.
The εij provide the dependence of tsunami amplitude and azimuthal radiation pattern on source
type. Equation (10) says that tsunami from point
sources radiate in azimuthal patterns no more
intricate than sin2θ or cos2θ.
Figure 3 shows five hours of tsunami
waveforms calculated from (9) at distances of
r=200, 500, 1000, 2000 km from dip slip
(Myz=Mzy=1) and strike slip (Mxy=Myx=1) point
sources
of
magnitude
Mw=7.5
(ΔuA=
3.98x106m3. See Table 1) buried at 10 km depth.
Sea waves from these sources have radiation patterns of sinθ and sin2θ respectively. I compute
the waveforms in Figure 3 at the azimuth of
maximum strength, θ=900 and θ=450. Frequency

1

200

Strike Slip

8.1 cm

e=45
500

3.5
1.7

1000
2000 km

0.8

Figure 3. Synthetic record sections of vertical tsunami
motions at distances of 200, 500, 1000 and 2000km from
point dip slip (top) and strike slip (bottom) earthquakes of
magnitude Mw=7.5 and depth 10 km. Time runs for five
hours and the peak amplitude of each trace is given in cm
at the right. The lower half of the focal sphere and azimuth
of observation θ are shown toward the right. For other
directions, the waveforms should be scaled by sinθ and
sin2θ respectively.

dispersion, with the long periods arriving first, is
the most conspicuous feature of the waveforms.
Tsunami onset rapidly. They reach maximum
height in the first few cycles and then decay
slowly over an hour or more. Even for this large
earthquake, tsunami beyond 500 km distance
reach just a few cm --hardly killer waves. Note
that if the observation direction was west versus
east (Figure 3, top), or northwest versus northeast (Figure 3, bottom), the tsunami waveforms
would be inverted. Whether tsunami onset in a
withdrawal or an inundation at a particular shoreline strictly depends on the style of faulting and
the relative positions of the shore and the fault.
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Figure 3 demonstrates that for point
sources, dip slip earthquakes produce three or
four times larger tsunami than strike slip earthquakes of equal moment. The differences in generation efficiency are understood most easily by
considering directly the seafloor deformation
bot
patterns u z (r0 ) . I find these by setting t=0 and
h=0 in (9) so cosω(k)t/cosh(kh)=1. Figure 4 pictures the uplift patterns for the two faults of Figure 3 where two (sinθ) and four-lobed (sin2θ)
deformations spread over a region 40 km wide.
The most striking contrast in the fields is maximum vertical displacement -- 1.4 m for the strike
slip versus 5.4 m for the dip slip. It is no coincidence that the ratio of maximum uplift for these
Uplift Patterns for Dip Slip and Strike Slip Point Sources
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Figure 4. Static vertical displacements of the seafloor for
the dip slip (top) and strike slip (bottom) earthquake point
sources that generated the tsunamis of Figure 3. Maximum
excursions of the seafloor are 5.4 and 1.4 m respectively.

two faults replicates the ratio of tsunami heights
in Figure 3. Afterall, vertical seafloor deformation drives tsunami and vertical deformation is
controlled largely by the rake of the slip vector
aˆ . Strike slip faults have a rake of 00. Dip slip
faults have rake equal ±900. Further simulations
show that, excepting very shallow, nearly hori-
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zontal faults, dip is not a terribly significant factor in tsunami production.
The sea surface cross-sections in Figure 5
(left and middle) chronicle the birth and early life
of a sea wave spawned by M7.5 thrust earthquakes on 450 dipping planes. In these figures, I
replace the idealized point sources of Figure 3
with faults of typical dimension (L= 89 km, W=
25 km and Δu= 1.78 m. See Table 1). In Figure 5
(left) the fault reaches to the sea floor. In Figure
5 (middle) the fault stops 30 km down. Soon after the earthquake, the sea surface forms “dimples” similar to those on the deformed sea floor.
The sea surface dimples however, are smoother
and a bit lower in amplitude because of the
1/cosh(kh) low pass filtering effect of the ocean
layer. After a time roughly equal to the dimension of the uplift divided by tsunami speed gh ,
the leading edges of the wave organize and begin
to propagate outward as expanding rings (Figure
5, right). Early on, the wave appears as a single
pulse. Characteristic tsunami dispersion begins
to be seen only after 10 or 20 minutes. Consequently, for shorelines close to tsunami sources,
seismic sea waves arrive mostly as a single
pulse. For distant shorelines, sea waves arrive
with many oscillations, dispersion having spread
out the initial pulse.
The e-kd terms in the tsunami excitation
functions (10) let shallow earthquakes excite
higher frequency tsunami than deep earthquakes
(compare Figure 5 left, with Figure 5 middle).
Higher frequency waves travel more slowly than
longer period waves, so high frequency waves
contribute to peak tsunami height only while it
propagates as a single pulse. After a few hundred
kilometers of travel, high frequency waves drift
to the back of the wave train (Figure 5, left) and
no longer add to the tsunami maximum. At 200
km distance, the shallow earthquake generates a
wave about 3 times larger than the 30 km deep
event. If you track the waves out to 2000 km
however, you would find that the extra high frequencies in the shallow event will have fallen
behind and that the maximum wave heights for
the two events would be nearly equal. Beyond
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Figure 5 Left. Cross sections of expanding tsunami rings from a M7.5 thrust earthquake. The fault strikes north-south (into
the page) and the sections are taken east-west. Elapsed time in minutes and maximum amplitude in cm are given at the left
and right sides. Middle. Cross sections of expanding tsunami rings from the same M7.5 thrust earthquake now buried 30
km. Deeper earthquakes make smaller and longer wavelength tsunamis. Right. Views of the expanding tsunami rings from
the shallow earthquake case at t=6 and 12 minutes.. The dashed rectangle in the center traces the surface projection of the
fault. For large earthquakes, nearly all tsunami energy beams perpendicular to the strike of the fault (toward the left and
right in this picture).

2000 km distance, any earthquake depth less
than 30 km appears to be equally efficient in tsunamigenesis.
Faults of finite size, like those in Figure
5, radiate tsunami in distributions more complex
than the sinθ and sin2θ patterns from point
sources. The largest earthquakes have fault
lengths of several hundred kilometers. Simulations show that long earthquake faults preferentially emit tsunami in a tight beam perpendicular
to the fault strike, regardless of the focal mechanism. This preferential beaming simplifies tsunami forecasting because it tells us which direction to look for the biggest waves.
B. Tsunami excitation from submarine landslides
Earthquakes parent most tsunami, but
other things do too. For instance, earthquake
shaking often triggers landslides. If the slide

happens under the sea, then tsunami may form.
Consider a seafloor landslide confined in a rectangle of length L and width W. Let a constant
uplift u0 start along one width of the rectangle
and run down its length ( xˆ direction, say) at vebot
locity vr, i.e. τ(r0)=x/vr. Placing this u z (r0 ) and
τ(r0) into (7), I find the tsunami from this uplift
source at observation point r and time t to be
u 0 LW
4π 2
e i(k •r−ω (k )t )e − iX(k) sinX(k) sinY(k)
Re ∫ dk
cosh(kh)
X(k) Y(k)
k
where
kL ˆ
X(k) =
k • xˆ − c(k)/vr
and
2
kW ˆ
Y(k) =
k • yˆ
2
u surf
z (r,t) =

(

)

(

)

(12)
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are available for viewing. See Table 2.) Submarine landslides are prime suspects in the creation
of “surprise tsunami” from small or distant
quakes. Surprise landslide tsunami might initiate
well outside of the earthquake uplift area or be
far larger than expected given the magnitude of
the quake. Historical examples of surprise landslide tsunami include the 1929 Grand Banks and
the 1998 Papua New Guinea waves.

Figure 6. Tsunami produced by a submarine landslide.
The slide block is 10 m thick and 2 km wide. The slide
starts to the left and runs to the right at 49 m/s. Note the
amplification of the wave in the slide direction.

The X(k) and Y(k) factors, because they depend
on the relative positions of the observation point
and the landslide source, instill radiation patterns
to the tsunami much like the εij do for earthquakes.
By adding a trailing excavation source to
the uplift source (12), I simulate tsunami from a
sliding submarine block. Figure 6 pictures in
cross section the waves stirred from a 2 km wide
block, 10 m thick sliding at 49 m/s for 6 km
along the bottom of an ocean 500 m deep. As the
block moves, the water must go around the obstruction. Water gets pushed up in front and
drawn down behind the slide block. Experiments
reveal that, depending on the aspect ratio of the
block and the ratio of slide velocity to the tsunami phase velocity, significant beaming and
amplification of the tsunami are possible. In particular, when the slide velocity vr approaches the
tsunami speed c(k)≈ gh , then X(k) is nearly
zero for waves travelling in the slide direction. In
this direction, the waves from different parts of
the landslide arrive nearly “in phase” and constructively build. Figures 6 and 7 highlight the
beaming and amplification effects. In both cases,
witness the large tsunami pulse sent off in the
direction of the slide. (Quicktime movies of Figures 6 and 7 and many other Figures in this paper

C. Tsunami excitation from impacts
In addition to tsunami from earthquakes
and landslides, another class holds interest –
those generated from surface detonations, explosive volcanoes, and asteroid strikes. I call waves
from these sources "impact tsunami". Imagine
that the initial stage of cratering by an impact
excavates a radially symmetric, parabolic cavity
of depth DC and radius RC
u impact
(r) = DC (1 − r 2 R 2C )
r ≤ 2R C = R D
z
impact
u z (r) = 0
r > 2RC = R D
Based on equation (8), the impact tsunami at observation point r and time t is
∞

u surf
z (r,t) = ∫0

k dk
cos[ω (k)t]J 0 (kr)F0 (k)
2π

(13)

Figure 7. Map view of a tsunami from a landslide block
similar to Figure 6. Note the dipole form of the wave in its
early stages and the beaming in the southeast direction of
the slide.
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where
F0 (k) = ∫ r dr0 uimpact
(r0 ) J0 (kr0 ) =
z
r0

2πD CR D
J3 (kRD )
k

The principal distinction between (8) and (13) is
the absence in the latter of the 1/cosh(kh) low
pass ocean filter. Impacts crater the surface of
the ocean not the sea floor, so this filter does not
come into play.
If we restrict ourselves to asteroid induced tsunami and suppose that the depth of the
impact cavities equals 1/3 their diameter dc=2RC,
then Dc relates scales with the density, velocity
and radius of the impacting asteroid as
DC= dc/3 =(8ερIV2I /9ρwg)1/4 R 3/4
(14)
I
In (14), ε is the fraction of the kinetic energy of
the asteroid that goes into the tsunami wave.
High velocity impact experiments suggest that
ε≈0.15. With ρI=3gm/cm3, ρw=1gm/cm3 and VI
=20km/s, (14) returns crater depths of 1195,
2010, and 4000m for asteroids of radius RI = 50,
100, and 250m.
Figure 8 plots cross-sections of the expanding rings of tsunami waves induced by the
impact of a 200 m diameter asteroid at 20 km/s
as computed by equation (13). Within 100 km of
ground zero, tsunami from moderate size (100250 m) asteroids have heights of many 100s of
meters and dwarf the largest (10-15 m) waves
parented by earthquakes. Fortunately, impact
tsunami fall on the steep-sloped part of the group
velocity curve (Figure 1) so they decay faster
with distance than earthquake tsunami (more
like r—1 versus r-3/4 for earthquake tsunami). Figure 9 illustrates how dispersion quickly pulls
apart the initial impulse into dozens of waves. At
1000 and 3000 km, the tsunami in Figure 8
would decay to 6 and 2 m amplitude – still a
concern, but not catastrophic. For perspective,
asteroids with diameters >200 m impact Earth
about every 10,000 years, far less frequently than
great M9 earthquakes that strike the planet once
in 25 years or so.
IV. Tsunami Propagation

Figure 8. Computed tsunami induced by the impact of a
200 m diameter asteroid at 20 km/s. The waveforms
(shown at 10 s intervals) trace the surface of the ocean
over a 30 km cross section that cuts rings of tsunami waves
expanding from the impact site at x=0. Maximum amplitude in meters is listed to the left.

Figure 10. Real tsunami rays (top left) versus network rays
(top, right). I track the curvature of the ray (right, bottom)
rather than the curvature of the wave front (left, bottom) to
account for wave size losses as tsunami propagate around
obstacles.
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Figure 11. Effect of shoaling on tsunami eigenfunctions.
The shallowing ocean near shore concentrates wave energy
into smaller and smaller volumes and tsunami grow in
response.
Figure 9. Expanding rings of an impact tsunami in a 3Dlike style. Note the strong wave spreading due to dispersion.

In uniform depth oceans, tsunami propagate out from their source in circular rings (e.g.
Figure 9) with ray paths that look like spokes on
a wheel. In real oceans, tsunami speeds vary
place to place (even at a fixed frequency) so tsunami ray paths refract and become bent. Consequently, in real oceans, both tsunami travel time
and amplitude have to be adjusted relative to
their values in uniform depth ones. To propagate
tsunami in real oceans, I find it best to keep tsunami 'mode like' versus depth but 'ray-like' horizontally. I first transform the various integrals
over wavenumber (7, 8, 9, etc.) to integrals over
frequency because wave frequency, not wave
number, is conserved throughout. Using the relations u(ω)=dω/dk and c(ω)=ω/k(ω), I find that
tsunami vertical motions from (13) for instance,
are to a good approximation
cos(ωt)dω
2πk(ω )u(ω )
usurf
(15)
z (r,t) = ∫
J (ωT(r, ω ))F0 (k(ω ))
0 0
G(r)SL (ω ,r)
∞

Figure 12. Shoaling amplification factor for ocean waves
of various frequencies and source depths. The dashed red
line is Green's Law.

In (15) the travel time of waves of frequency ω
has been changed from r/c(ω) to

T(r, ω ) =

∫ dr / c(ω ,h(r))

ray path

(16)

Ward: Tsunami

12

Figure 13. Run up and inundation of a 20 m high, 1200 s
duration wave on a steep 0.5o slope. On steep beaches
breaking has little time to operate so run up amplifications are large.

where the integral path traces the tsunami ray
from the source to the observation point. Equation (15) also incorporates a new shoaling factor
SL(ω,r) that accounts for wave height changes
due to water depth and new ray geometrical
spreading factor G(r)≤1 that takes into consideration the reduction of wave amplitudes into
shadow zones.
Real geometrical rays for tsunami can be
very messy (top left, Figure 10). Rather, I employ "network rays" which are simply minimum
time paths between source and receiver (top
right, Figure 10). Unlike geometrical rays, network rays possess neither caustics nor shadow
zones. To compute the ray geometrical spreading
factor G(r), I replace the curvature of the wavefront with curvature of the ray in the path integral (Figure 10, bottom row)

Figure 14. Simulation of 2 m tsunami wave beaching at
Galveston Texas. Red area blankets the predicted inundation zone. Note the multiple wave reflections and wave
interference that contribute to run-up complexity and
randomness.

⎡ 1
∂α (s) ⎤
G(r) = exp ⎢ −
ds⎥
∫
⎣ 2 raypath dw
⎦

(17)
⎡ 1
∂θ (s) ⎤
⇒ exp ⎢ −
]ds⎥
∫ [
⎣ 2 raypath ds
⎦
In this approach the distinction between wave
refraction and diffraction blurs.
V. Tsunami Shoaling & Run Up
Shoaling. Toward shore, real oceans shallow and the waves carried on them amplify in a
process called shoaling. Shoaling is easy to understand. The tsunami velocity depends on the
ocean depth so as water shallows, tsunami waves
slow down. Because their frequency is fixed, the
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wavelength of a slowing tsunami decreases (Figure 11, inset) and its energy compresses horizontally. Secondly, because a tsunami occupies the
entire water column, as it enters shallow water its
energy also gets compressed vertically. The only
way for the compressing wave to maintain the
same energy flux is for it to grow in amplitude.
For the shoaling factor in (15), linear theory
gives

u(ω ,h 0 )
(18)
u(ω ,h(r))
Shoaling amplification depends on the ratio of
group velocity at the nucleation-site and the
coast-site (ocean depths h0 and h(r) respectively). As does G(r), SL reverts to one in oceans
of uniform depth.
Figure 11 pictures a shoaling tsunami
wave of 150 s period. Initially, a unit height
wave comes ashore from 4000 m of water at the
left. As the water shallows, the velocity of the
wave decreases and the wave grows in amplitude. By the time it reaches 125 m depth it has
slowed from 137 m/s group velocity to 35 m/s
and grown in height by a factor of two. Figure 12
plots (18) as a function of coast-site depth for sea
wave periods from 10 s, and ocean depths of 2, 4
SL (ω ,r) =

13

and 6 km. Because their energy does not occupy
the entire water column, beach waves at 10 s period do not amplify much (perhaps 50%) in
shoaling. Tsunami waves (100-2000 s period)
experience much stronger shoaling amplification
-- about 3 to 6 over a wide range of conditions.
For waves of period greater than 250 s,
u(ω,h0)=(gh0)1/2, u(ω,h(r))=(gh(r))1/2, and the
shoaling factor reduces to Green’s Law,
SL=(h0/h(r))1/4 (dashed red line in Figure 12).
Run-Up. Run-up is the final phase of
tsunami life. The run-up phase begins when the
approaching tsunami shoals to an amplitude
roughly equal to the water depth and the wave
begins to break. Run-up also covers the inundation phase where the water runs over land and
reaches its maximum excursion above sea level.
Run-up is the most complicated phase of tsunami
life; nevertheless, "Will I get wet?" is the question everyone wants answered, so tsunami scientists have to take their best shot at carrying the
waves the last mile.
One approach to run-up are wave tank or
computer experiments like Figures 13 and 14
where waves of various sizes and periods are
sent onto model beaches. These experiments reveal a wide range of behaviors depending on

Figure 15. Simulation of the Sumatra Earthquake Tsunami of December 2004. Note the large wave directed toward the
northern tip of Sumatra due to the small thrust ramp offshore there (upper left).
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wave period, wave size, wave direction, number
of waves, beach slope, and beach friction. In real
world situations, this information is not known
well, so the direct application of the experimental results are limited. I follow an alternative approach that takes a broad brush view of run-up,
but allows for considerable random uncertainty
in the outcome. Using the methods above, I
propagate tsunami to a position close to shore in
shallow water where it can be considered a long
wave, but not so shallow that its amplitude A(h)
exceeds water depth h there. I estimate run up
height η, on shore by
η=A(h)4/5 h1/5 (19)
Because A(h)<h, run up always exceeds the offshore wave amplitude. Considering the large uncertainties involved, I view run up at any field
site to be a random variable drawn from a distribution function with (19) being its mean and its
spread ranging from 1/2 to 2 times the mean . Q:
At what depth should we evaluate (19)? A: It
does not matter provided the water is shallow
enough for the tsunami to act like a long wave.
According to Green's Law, a long wave with
amplitude A(h1) in water of depth h1, has an amplitude A(h2)=A(h1) (h1/h2)1/4 in water of depth h2.
Runup estimate at η2 at depth h2
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η2 = A(h2 )

4 /5

1/ 5
2

h

⎡ h ⎤
= [A(h1 ) 1
⎢⎣ h2 ⎥⎦

= A 4/ 5 (h1 )h11/ 5 = η1
equals estimate η1 at depth h1.

1/ 4

]4/ 5 h1/2 5
(20)

VI. Tsunami Samples
Sumatra Earthquake 12/26/2004. Figure
15 snapshots a simulation of the 2004 Sumatra
tsunami. As modeled by several rectangular
patches, the megathrust fault that sourced the
wave trends north south for several 100 km and
(Figure 15 top left). As the example in Figure 5
predicted, nearly all of the wave energy in the
2004 tsunami emits perpendicular to the fault --toward Sumatra and Thailand toward the east
and India and Sri Lanka toward the west. Not
surprisingly, these locations suffered the lion's
share of tsunami damage. I believe that the very
large run-up near Banda Aceh was due to concentrated slip on a thrust ramp splaying up from
the megathrust just offshore at that latitude.
La Palma Landslide Tsunami. Like its
fellows in the Canary Island chain, the volcanic
Island of La Palma, has experienced cycles of
growth and partial collapse. Its flank last failed
550 thousand years ago. Since then, new Cumbre
Vieja volcano has filled the vacant scar. For the
last 125 thousand years this volcano grew steadily but in the last 7000, its structure changed. It

Figure 16. (Top row) First twelve minutes of the La Palma Tsunami. Initial wave heights exceed 500 m. (Bottom row)
Landslide and tsunami in cross section. Just like the simple example in Figure 6, water gets pushed up in front of the slide
and drawn down behind.
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cles over the next few thousand years to give it
that final shove, the volcano will collapse so it is
sensible to consider the consequences (Figure
16). If 500 cubic km of its flank falls into the sea
like it did last time, a La Palma collapse will
spawn a mega tsunami 100s of meters high locally that will buffet all coasts of the Atlantic
with 10-30 m waves.
Gulf of Guinea Impact Tsunami. In a
2008 training exercise, the U. S. Air Force considered the consequences of, and response to, an
impact of a small comet into the Atlantic Ocean
off the coast of Guinea. In this scenario, pictured
in Figure 17, tsunami run ups exceed 10 m along
a 1200 km stretch of coastline. This wave would
knock out coastal shipping and oil production
facilities for many months and trigger major ripple effects in the global economy. Unlike those
Hollywood movies, currently there is no defense
against an asteroid impact.
VII. Tsunami Forecasting

Figure 17. Guinea Impact Tsunami. Four hour sequence of waves from the impact of a 270m diameter
icy bolide off the west coast of Africa.

now mainly erupts along a north–south trending
rift that splits the mountain in half. Moreover,
during an eruption in 1949 a fault broke surface
along the crest of the volcano and part of its
western side slid 5 m down and toward the
ocean. The volcano again may be showing initial
stages of instability. While certainly collapse is
not imminent and it may take many eruptive cy-

Official Approach: Perhaps the ultimate
goal of tsunami research is forecasting. A forecast predicts the size of a particular tsunami
given the knowledge that a potentially dangerous
earthquake has occurred already. Tsunami travel
at jet speeds, but for many places there may be
several hours between the earthquake and the
arrival of the sea waves. This time can be spent
analyzing seismograms, estimating earthquake
parameters and forecasting the expected height
of the oncoming wave with the aid of computer
models and initial field reports. This is precisely
the mission of the various warning centers like
NOAA's Pacific Tsunami Warning Center
(PTWC). The past decade has witnessed considerable progress in tsunami forecasting coupled
with faster and more geographically selective
warnings. By and large, the current tsunami prediction system functions well. Figure 18 pictures
a nearly real time prediction of tsunami run-up
from the M8.1 Samoa Earthquake of September
29, 2009. Based on rapid calculations like these,
the PTWC issued accurate advanced warnings
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and watches for this tsunami -- at least for locations greater than 2000 km distance from the
quake where sufficient delay time existed.
The biggest uncertainly in the current
procedures lay in fixing earthquake parameters
quickly. For instance, in the first hours after a
quake, it is not uncommon for estimates of
earthquake magnitude to vary 0.3 or 0.4 units as
more extensive seismic data arrive. Because
earthquake magnitude or earthquake moment is
the prime driver for tsunami (equation 9), a 0.4
unit uncertainly makes for a factor of 2 or 3 uncertainly in tsunami height all else aside. Partly
on this concern, the DART buoy network that
provides real time measurements of passing tsunami was expanded from six to twenty-four sites
after the Sumatra earthquake. Information from
the DART sensors provides a real time "reality
check" on computer simulations run rapidly on
uncertain earthquake parameters.
Do-it-yourself Approach: Apart from official predictions, readers of this article have
enough information to produce a Do-It-Yourself
tsunami forecast. The three step recipe needs:
earthquake magnitude M; the ocean depth at
source Ho; distance to the quake R; and mean
ocean depth H between the earthquake and you.
⇒Step 1 -- Find Initial Tsunami Amplitude A0.
Let's approximate initial tsunami height by

16

(surface breaking, pure dip slip on planes dipping near 45 degrees) for tsunami generation
gives α=0.55
⇒Step 2 -- Correct for Propagation Loss P.
Tsunami waves decay as they travel due to geometrical spreading and frequency dispersion. For
an ocean of constant depth H , the propagation
loss is roughly
−ψ
⎛⎜
2R ⎞
P = 1+
(21)
⎝
L(M) ⎠
where
L(M ) ⎞
⎛
ψ = 0.5 + 0.575exp ⎝ −0.0175
(22)
H ⎠
The first term in exponent (22) accounts for
square root of distance losses due to geometrical
spreading. The second term in (22) accounts for
additional losses due to frequency dispersion
with larger dimensioned tsunami decaying more
slowly. Peak deep water tsunami amplitude
Ad(R) at distance R is
Ad (R) = A0 P

(23)
−ψ

⎛⎜
αΔu(M)
2R ⎞
=
1+
cosh[4πH 0 /(W(M) + L(M))] ⎝ L(M) ⎠
Propagation loss (23) supposes an unobstructed
wave path to the observation location. If the

αΔu(M)
(20)
⎡
4πH 0
⎤
cosh ⎢
⎣ W(M) + L(M) ⎥⎦
where α is the fraction of earthquake slip that
transforms into tsunami-making uplift
A0 =

α = (1 − θ /180) sinθ | sin φ |
with θ and φ being the fault dip and rake angles
in degrees. Fault slip Δu(M), width W(M) and
length L(M) are functions of magnitude and can
€ read from Table 1 or computed from the forbe
mulas in its caption. You recognize the 1/cosh as
the low pass filter due the ocean layer. Unlike
equation (9), equation (20) makes no assumption
about radiation pattern, so in this sense it represents worst case. The most efficient mechanism

Figure 18. Nearly real time prediction of run-up height
from the 9/29/09 M8.1 Samoa Earthquake. Colors correspond to run up heights: Brown 10-25 cm; Yellow 25-50
cm; Orange 50-100 cm; Red 1-2 m; Pink >2 m.
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waves pass around headlands, squeeze through
narrows, or cut into shadow zones, then (23)
again overestimates tsunami size.
⇒ Step 3-- Correct for Shoaling and Run-Up.
For long waves, the shoaling correction SL (18)
reduces to Green's Law SL=(H0/H)1/4 and the
shoaled tsunami amplitude AS(R) at distance R is

AS (R) = A0 PSL
−ψ

1/ 4
⎛⎜
αΔu(M)
2R ⎞ ⎡ H0 ⎤
=
1+
⎡
4πH0
⎤ ⎝
L(M)⎠ ⎣ H ⎦
cosh ⎢
⎣ W(M) + L(M) ⎥⎦
Applying (19) on (24) returns peak wave run up
height η(R)

η(R) = [A0 PSL ]4/ 5 H1/ 5

(25)

⎡
⎤
−ψ
⎢
⎛⎜
αΔu(M)
2R ⎞ ⎥
=
1+
⎢
⎡
4πH0
⎤ ⎝
L(M)⎠ ⎥
cosh ⎢
⎢⎣
⎥⎦
⎣ W(M) + L(M) ⎥⎦

4 /5

H1/0 5

Figure 19 plots Do-It-Yourself prediction
(25) for earthquake magnitudes 6.5 to 9.5, at distances R to 10,000 km, for H between 1000 and
4000 m and H0=1000 m (top panel) and H0=4000
m (bottom panel). Because several steps above
selected extreme assumptions, these curves represent a mean worst case. The worst worst case
might be twice as large still. For M=8,
H0= H =4000m, Figure 19 (bottom) predicts
runups of: 3 m at 300 km distance, 2 m at 600
km distance, 1 m at 2000 km distance and 0.5 m
at 5000 km distance. These numbers compare
well with the more rigorous calculations in Figure 18.
Whether by official channels or by your own
calculation, next time a large quake strikes at sea
you should be better equipped to decide whether

Figure 19. Mean worst case tsunami run up height versus
distance from earthquakes of magnitude 6.5 to 9.5. The
blue areas include an allowance for mean ocean depth between 1000 m (upper limit) and 4000 m (lower limit). Top
and Bottom panels assume 1000 m and 4000 m water
depth at the source.

to stay and play in the surf or to pick-up and
leave the beach.
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Table 2. Quicktime movie links to many of the figures in this article, plus a few
others. If you want your own copy: Play the Movie in a Browser, then click
“Save to Disk”.

Figure 6:
Figure 7:
Figure 8:
Figure 9:
Figure 13:
Figure 14:
Figure 15:
Figure 16:
Figure 17:
Figure 18:

http://es.ucsc.edu/~ward/landslide(1_big).mov
http://es.ucsc.edu/~ward/generic-slide.mov
http://es.ucsc.edu/~ward/imp-parab1.mov
http://es.ucsc.edu/~ward/impact-example-3d.mov
http://es.ucsc.edu/~ward/RU(1200s-20m-0.5).mov
http://es.ucsc.edu/~ward/galveston-2m-close.mov
http://es.ucsc.edu/~ward/galveston-2m.mov
http://es.ucsc.edu/~ward/indo-3D3.mov
http://es.ucsc.edu/~ward/indo-3D2.mov
http://es.ucsc.edu/~ward/LP-3D.mov
http://es.ucsc.edu/~ward/guinea(270).mov
http://es.ucsc.edu/~ward/ire-nn.mov
http://es.ucsc.edu/~ward/samoa-92909(c).mov
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