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Abstract 

We have extended our geodynamo simulation 40 000 years using a more realistic representation of the thermodynamics and 
convection. The anelastic approximation replaces the Boussinesq approximation; and compositional buoyancy, in addition 
to thermal buoyancy, drives convection in the fluid outer core. Boundary conditions at the inner core boundary model the 
freezing of the heavy constituent onto the solid inner core and the release of the light constituent into the fluid outer core. The 
resulting simulated magnetic field has a strongly dipole dominated structure outside the core, similar to the Earth's field, so 
far displaying no tendency to reverse its dipole polarity. The non-dipolar structure of the field at the core-mantle boundary 
is also quite similar to the Earth's, including the rate of its general westward drift. As in our original simulation, the solid 
inner core typically rotates about l°/yr faster than the mantle, in agreement with recent seismic studies of the Earth. This 
three-dimensional self-consistent solution seems to be simulating the stable regime of the geodynamo between reversals. 

1. Introduct ion  

The first fully self-consistent three-dimensional 
(3D) numerical simulation of  the "geodynamo" [1-3], 
the mechanism in the Earth's core that generates the 
geomagnetic field, has demonstrated that a magnetic 
field with an intensity, structure, and time dependence 
somewhat similar to the Earth's can be maintained 
by a relatively simple Boussinesq model of  thermal 
convection that prescribes the Earth's mass, dimen- 
sions, rotation rate, and as much as possible, realistic 
material properties and heat flux. In this paper we 
describe a 40 000-year continuation of  the original 
geodynamo simulation that employs a more realistic 
representation of  the thermodynamics and convection. 

* Corresponding author. 

The Boussinesq approximation is replaced by the 
anelastic approximation of  the magnetohydrodynamic 
equations; and compositional buoyancy, in addition 
to thermal buoyancy, drives convection. 

The Earth's solid inner core slowly grows as the 
heavy constituent in the fluid alloy outer core freezes 
onto it. Verhoogen [4], in 1961, first proposed the re- 
lease of  latent heat in this process to be a source of  
thermal buoyancy that drives convection in the outer 
core. In 1963, Braginsky [5] first pointed out that the 
release of  light constituent in this process would pro- 
vide a source of  compositional buoyancy that might 
be more important in driving convection. Here we in- 
vestigate the combined effects of  these two buoyancy 
sources in an anelastic simulation of  the geodynamo 
that accounts for the evolution of  the core's entropy 
and composition. 
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The anelastic approximation of the fluid dynamic 
equations [6-11] allows for radially dependent ther- 
modynamic variables (which the Boussinesq ap- 
proximation considers constant) without requiring 
prohibitively small numerical time steps that would 
be needed to resolve acoustic waves in a fully com- 
pressible representation. The anelastic approximation 
is based on the assumption that fluid flow velocities 
are small compared with acoustic velocities. This is 
a very good approximation for the Earth's outer core 
where acoustic velocities are seven orders of magni- 
tude greater than fluid flow velocities. The equations 
describe 3D time-dependent perturbations relative to 
a radially dependent reference state. Various versions 
of the anelastic approximation have been used to sim- 
ulate convection and magnetic field generation in stars 
[12-18] and convection in the Earth's mantle [19-22]. 

2. The anelastic model  

Our anelastic model of the geodynamo was devel- 
oped from an original version of a solar dynamo model 
[15]. It has been modified in many ways since then, 
most recently due to the influence of [11]. 

Here we fit our no-flow non-magnetic reference 
state of the Earth's fluid, iron-rich, outer core to the 
Preliminary Reference Earth Model, PREM [23], con- 
straining it to be a hydrostatic, adiabatic, well-mixed 
binary alloy. Therefore, the generalized potential /7 
(the sum of specific enthalpy and gravitational poten- 
tial), the specific entropy, S, and the mass fraction of 
light constituent, ~', are all independent of radius, r 
(in addition to being independent of colatitude, 0, and 
longitude, ¢). That is, from the definitions of specific 
enthalpy and gravitational potential, we have 

d H  _ T d S  ~ 1 d/3 dU 
dr d r  + / 2  + p--~-r ÷-d~-r = 0  

because d S / d r  = 0 since the reference state is 
adiabatic, d ~ / d r  = 0 since it is well-mixed, and 
d p / d r  = - /5 d U / d r  since it is hydrostatic. Here T, 
/2, p, p, and U are the reference state temperature, 
chemical potential, density, pressure, and gravitational 
potential. Although /7, S, and ~ are independent of 

space (in the outer core), they are time dependent 
because of the slow secular cooling of the Earth. 

The mean radii of the inner core boundary (ICB) and 
core-mantle boundary (CMB) are set to the Earth's 
values, qCB = 1.222 × 106 m and rCMB = 3.480× 
106m, respectively; and the reference state fluid den- 
sities at these boundaries are set to PREM values, 
/5ICB = 12.166 x 103 kg/m 3 and /5CMB = 9.903 × 
103 kg/m 3, respectively. We then employ the two- 
parameter polynomial, 

/5 = Cl(1 - c2r 2) 

to fit these constraints, where the constants, Cl and 
c2, are determined from rICB, rCMB, /SICB, and/~CMB. 
Next we set the mass of the solid inner core (SIC) 
to the PREM value, msic = 9.839 x 1022 kg, and 
obtain the reference state gravitational acceleration 
at the ICB, gICB = GmsIc/qCB 2. The gravitational 
equation, d(r2~)/ dr = 4rcG/sr 2, is then integrated 
through the fluid outer core (using the above polyno- 
mial fit) to get the gravitational acceleration, 

dU _ c3/r 2 + c4r(1 - c5r2), 
g - -  dr 
where the constants, c3, c4, and c5, are in terms of rlCB, 
rCMB, mSIC, Cl, c2, and the gravitational constant, G. 
The gravitational potential, U, in the outer core is ob- 
tained by integrating the above equation in radius, us- 
ing the PREM value U--ICB = 4.402 × 10 -2 m2/s 2. The 
reference state pressure, /5, is then obtained by inte- 
grating the hydrostatic equation, d/3/dr  = -/5~, and 
taking the PREM value PICB ---= 3.289 × 1011 N/m 2. 
Note that using this procedure, starting with the above 
two-parameter fit for/5, we get values for ~ and/5 at 
the CMB that agree with PREM to within 0.2% and 
0.4%, respectively. Of course we could have obtained 
better agreement with PREM had we used a higher or- 
der polynomial fit for/5; but we chose not to because 
it would make very little difference to our dynamical 
solution and because many of the other material prop- 
erties we assume are much more uncertain. 

Our reference state (adiabatic) temperature is 
T = TICB(/5//SICB) ~', where we assume a constant 
Griineisen parameter in the fluid outer core, y ----- 
1.35 [24], and TICB = 5300 K [11]. We assume the 
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reference state chemical potential, /2, has the same 
radial dependence as the reference state gravitational 
potential: 

/2 ~--- C6 (-U -- UCMB),  

where c6 = -0 .6  [11] and/2CMB has been set to zero 
(see discussion after Eq. (11)). 

The following thermodynamic derivatives are 
needed for the equation of state that gives the density 
perturbation,/9, as a function of the perturbations in 
specific entropy S, pressure p, and mass fraction of 
light constituent ~: 

s,~ /5~, d r '  

- ~  p, = ~  dr '  

~ S,p ~ dr -- c60. 

The following additional thermodynamic derivatives 
are used to obtain the temperature perturbation for 
diagnostics: 

~P  s,~ ~2~ d r '  

g-~-) = T, 

S,p co 

We assume Cp and h ~ are constants equal to 840 
J/(kgK) and - 5  x 106 J/kg, respectively [11]. 

We also specify the radially dependent magnetic 
diffusivity, ~, and turbulent diffusivities of entropy, 
~s, light constituent, ~ ,  and viscosity, fi; however, 
for the solution presented here, we choose them to be 
constants, without the boundary layer enhancements 
they had in the original simulation [1,2]. The mag- 
netic diffusivity (in both the inner and outer cores) and 
the turbulent entropy and light constituent diffusivi- 
ties are set to 2 m2/s [11]; the turbulent viscous diffu- 
sivity is set to 1450 m2/s. For computational reasons 

the Ekman number (i.e., the ratio of the viscous force 
to Coriolis force) is only 2 x 10 -6 in our simulation, 
which is about 700 times larger than it should be even 
for a turbulent viscosity in the Earth's outer core. We 
have chosen to use the correct rotational and magnetic 
time scales by using the correct values of the bound- 
ar-y radii, rlcB and rCMB, magnetic diffusivity, ~, and 
angular velocity, £2 = 7.29 x 10 -5 s -~, for the Earth's 
fluid core since the two major forces in the outer core 
are the Coriolis and Lorentz forces. Consequently, the 
only major discrepancy in our model is the larger than 
realistic turbulent viscosity. However, as discussed in 
[1-3], the viscous forces (outside the viscous bound- 
ary layers) are already more than five orders of mag- 
nitude smaller than the Coriolis and Lorentz forces in 
our simulation; so the fact that they should be two to 
three orders of magnitude smaller is likely not impor- 
tant to the dynamics of the solution. This will have to 
be tested with higher resolution simulations that can 
cope with smaller viscosity; however, it is encourag- 
ing that our present simulation maintains a magnetic 
field with an intensity, structure, and time dependence 
similar to the Earth's. 

We continue to use hyper-diffusivities (mainly 
for computational reasons), which damp the smaller 
scales more than the larger scales. However, compared 
with our original simulation [1,2] we have reduced the 
amount of extra damping by a factor of two and by 
more than a factor of four for the magnetic diffusivity. 

Our reference state also includes the conductive heat 
flux down the adiabat: 

_ ¢ p ~ T  OT 
Or 

where the thermal diffusivity is taken to be 

as suggested in [11], with c7 =0.02 kg m3/(K 2 s4). This 
makes/? r more than five orders of magnitude smaller 
than ~? s. However, the superadiabatic temperature gra- 
dient, 

T OS 
cp Or' 
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is roughly five orders of magnitude smaller then the 
adiabatic gradient; so the turbulent diffusive heat flux 
is comparable to the conductive heat flux down the 
adiabat. The divergence of this reference state heat 
flux down the adiabat provides a cooling term in the 
entropy equation (7). On the other hand, since temper- 
ature perturbations relative to the adiabatic reference 
state temperature (in our simulation) are only a few 
times 10 -4 K, we neglect the small conductive heat 
flux due to the gradient of these temperature pertur- 
bations. We also assume no radioactive heating in the 
core. 

Having established the radially dependent reference 
state (the "barred" variables), the following anelastic 
magnetohydrodynamic equations are solved to obtain 
the 3D time dependent fluid flow, v, magnetic field, 
B, and perturbations in density, p, pressure, p, spe- 
cific entropy, S, light constituent mass fraction, ~, and 
gravitational potential, U, relative to the radially de- 
pendent reference state, in a frame of reference rotat- 
ing at constant angular velocity $2: 

V.FSv = O, 
V . B = O ,  
V 2 U  = 43rGp, 

(1) 
(2) 
(3) 

p = 

P , 
s,~ 

(4) 

_0v 
PoT = - v .  (~Svv) - ~ V ( p / ~  + u )  - c ~ f  

+2tSv x $ ? + V .  (2tS~(e - l ( V . v )  6)) 
1 

+ - - ( V x B )  x B ,  (5) 
/z0 

0B - - = W x ( v x B ) - W x ( ~ W x B ) ,  (6) 
8t 

ÜS 1 d 
fS--~- = - V .  (/SSv) + V .  G6£-Svs) + Tr----- ~ d----~ 

( Or ] T 

-gr + s,p 

- /5S,  (7) 
_0~ 
p ~  = - v .  ( ~ v )  + v .  (ts~ v ~ )  - ~ .  (8) 

Here, e is the rate of strain tensor and/x0 is the mag- 
netic permeability of free space. This set of anelastic 
equations describes (1) mass conservation, (2) mag- 
netic flux conservation, (3) the perturbation of the 
gravitational potential, (4) the equation of state, (5) 
momentum conservation, (6) magnetic induction, (7) 
heat, and (8) composition. 

In Eq. (5) we use the formulation obtained in [11] 
that conveniently combines (without any approxima- 
tion other then being anelastic) the contributions to 
buoyancy from the pressure perturbation and the gra- 
dient of the gravitational potential perturbation into a 
gradient of a "reduced pressure", p /~  + U. The re- 
maining buoyancy force is due to the "co-density" de- 
fined as 

[() <)1 V 
C f, = -gS ~,p s,p 

As described in [11], this formulation clearly illus- 
trates how the buoyancy sources that drive convection 
are due to the entropy S and light constituent ~ per- 
turbations. It also includes the effects of the gravita- 
tional potential perturbation at no extra computational 
cost since Eq.(3) does not have to be solved unless the 
actual pressure perturbation, p, is desired. 

In our original simulation [1,2] we neglected the 
inertial term in the momentum equation for the fluid 
outer core and for the solid body rotation of the inner 
core and mantle. Here, as in our recent Boussinesq 
simulation [3], we retain the largest part of the inertial 
term, i.e., the axisymmetric east-west fluid flow in the 
outer core and the variable rotation about ~ of the 
inner core and mantle. Therefore, as long as we use the 
correct values of 52, qCB, rCMB, and 3, which we do, 
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our solution cannot be arbitrarily scaled as discussed 
in [1]. 

If we would include centrifugal acceleration with 
the reference state gravitational acceleration, sur- 
faces of constant reference state variables would 
be spheroidal geopotential surfaces. However, since 
these deviate so little from spherical surfaces in 
the Earth's core and since the destruction of spher- 
ical symmetry of the reference state introduces 
many complications having little to do with the 
subject under study, we neglect centrifugal forces 
in this model. We also neglect the Poincar6 force 
in (5) that would be present if we were account- 
ing for the luni-solar precession of the Earth's 
mantle. 

The heating terms in Eq. (7) also deserve some dis- 
cussion. Diffusive heat flux due to unresolved turbu- 
lence is driven by the entropy gradient; whereas the 
conductive heat flux down the adiabat is driven by the 
reference state temperature gradient. Although these 
two diffusive heat fluxes are comparable in our sim- 
ulation, the divergence of the turbulent heat flux is 
almost two orders of magnitude greater than the diver- 
gence of conductive heat flux. The divergence of the 
convective heat flux (due to the resolved large scales) 
is comparable to the divergence of the turbulent heat 
flux (due to the parametrized unresolved small scales); 
they typically have opposite signs at a given loca- 
tion and are largest near the boundaries. Joule heat- 
ing, the divergence of the conductive heat flux, and 
the heating due to the terms involving the radial gra- 
dients of S and ~ are all roughly three to ten times 
smaller than the net heating/cooling due to the sum 
of the divergences of convective and turbulent heat 
fluxes. We neglect viscous heating because it is even 
smaller. 

The heating term that involves the radial gradients 
of S and ~ in (7) is proportional to the radial diffusive 
flux of buoyancy and naturally occurs because of the 
internal energy balance (see [11], Section 2). A con- 
venient way to see this is to notice that since 

-~ - )  /5 dT  
O-S ~,p-- ~ dr (9) 

we have 

(which is the way this has been represented in the heat 
equation for some models of solar [15] and mantle 
[21] convection) and that since 

-ffp) _ p d/z 
s,/,  Trr 

(lo) 

we have 

(Sv ) s,p Or 
= v .  

These expressions establish that, taken together, the 
terms are contributions from the net flux of internal 
energy into a fluid volume, as is required for conser- 
vation of total energy in the volume. 

The "~ term in Eq. (7) and the ~ term in Eq. (8) 
have no spatial dependencies and represent the grad- 
ual decrease with time of the reference state entropy 
and increase of the reference state light constituent, 
respectively. Being independent of space, they do not 
affect the dynamical solution; they serve only to con- 
tinually subtract spatially independent parts, AS and 
A~, from the evolving perturbations S and ~. Other 
than maintaining a reference state close to the mean 
state, the exact choice of these incremental changes is 
arbitrary. Instead of using long time averaged values 
[11], we choose to calculate, at each time step, what 
they need to be to maintain 

f/sSdV=Oand f /sedV=0, 
FOC FOC 

where the volume integral is over the fluid outer core 
(FOC). That is, after updating S via (7) and ~ via (8) 
without the S and ~ terms, we compute 

i 
FOC FOC 
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and 

FOC FOC 

and subtract these from S and 8; so effectively S = 
"4-S/At and ~ = A-(/,4t, where At is the time step. In 
our simulation, ~ is typically 5 x 10 -20 s -1 and S is 
typically - 10 -16 W/(kg K); the - tSS heating in Eq.(7) 
is typically five times smaller than the Joule heating. 

To determine A/-/, we make use of the easily de- 
rived result 

,4/7 = TCMBAS +/2CMB A~, (11) 

which supposes that the mantle is not evolving, so that 
the radius of the CMB, together with/SCMB and UCMB, 
are time independent. For simplicity, we may choose 
the zero energy level o f /2  to be /2CMB, this choice 
removing the ambiguity in the zero energy level of the 
enthalpy and/7.  Then (11) determines ,4/7. 

We also assume the spherically symmetric part of 
the reduced pressure vanishes at the CMB. This pro- 
vides the one boundary condition required to solve the 
spherically symmetric part of the momentum equation 
(5) for the spherically symmetric part of the reduced 
pressure throughout the outer core. Although it is con- 
venient for the diagnostics to compute this time de- 
pendent radial profile, it does not feedback onto the 
dynamical solution. 

The changes, ,4/7, AS and "4~-, could be used to 
update the reference state, including all "barred" vari- 
ables; at the same time, since/2 depends on S and g, 
/2CMa3 would evolve from zero. However, for our sim- 
ulations, which span only tens of thousands of years, 
these small changes would have little effect on the dy- 
namics. 

We impose impermeable n0n-slip boundary condi- 
tions at the ICB and CMB and allow the SIC and Solid 
mantle to rotate about the z-axis relative tO the rotat- 
ing frame of reference (where /2 = ~ ) .  These ro- 
tation rates are updated each time step using the net 
torques on these boundaries and the moments of iner- 
tia of the inner core, 5.86 × 1034 kg m 2, and mantle, 
7.12 x 1037 kg m 2. The total angular momentum of 

the inner core, outer core, and mantle is constrained 
to be zero in the rotating frame. 

The magnetic field is solved throughout the inner 
and outer cores and the field is continuous at the ICB, 
providing magnetic torque between the inner and outer 
cores. An infinitely thin, spherically symmetric, elec- 
trically conducting layer above the CMB with total 
inductance of 4 × 106 S [25] provides magnetic cou- 
pling between the fluid core and the mantle. The rest 
of the mantle is considered an electrical insulator; so 
the external field is a source free potential field. 

A major improvement to our geodynamo model is 
the addition of compositional convection. It is gener- 
ally accepted that, as the Earth cools, the heavy con- 
stituent (mainly iron) in the fluid alloy freezes onto the 
inner core and, in the process, releases latent heat and 
the light constituent (probably oxygen, silicon, sul- 
fur), providing thermal and compositional buoyancy 
sources, respectively [5,11]. In our model we assume 
the latent heat released at the ICB all diffuses into the 
fluid core since the turbulent diffusivity in the fluid is 
several orders of magnitude greater than the conduc- 
tive diffusivity of the SIC. We simulate this by impos- 
ing two boundary conditions at the ICB. According 
to [11], the growth of the local inner core radius, 
R(O, (~, t), is proportional to the local turbulent (ra- 
dial) fluxes of entropy and light constituent at the ICB: 

/)SIC --~-----  /~/~S 
ICB 

pslcA~ Ot P~?~ icB' 

(12) 

(13) 

where PsIc = 12.764 x 103 kg/m 3 is the density of the 
SIC at the ICB and qcB is the spherically symmetric 
part of R. According to [11], A~, the mass of light 
constituent released when unit mass of alloy freezes at 
the ICB, is within 10% of 0.065, the value we adopt, 
while the corresponding entropy release, AS = 190 
J/(kg K) is less well determined, being possibly 50% or 
more in error. These uncertainties are hardly surprising 
when it is recalled that even the composition of the 
fluid core is unknown. The radial flux of buoyancy at 
the ICB, 
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therefore depends on location and time; however, 
based on (12) and (13) and on our reference state 
model specifications so far, the ratio of the composi- 
tional to thermal buoyancy fluxes is 3.0 everywhere 
on the ICB, at all times. Note this number is not a 
result of our 3D solution but a result of our specifica- 
tion of the reference state and material properties; it is 
in rough agreement, considering how uncertain many 
of the material properties are, with the estimate of 
4 obtained in another analysis [26]. Conditions (12) 
and (13), are combined, via the elimination of OR/Ot, 
to give us one of our boundary conditions at the 
ICB, which is imposed on each spherical harmonic 
component of S and ~. 

The other condition is an expression of the fact that 
the ICB is perpetually at the freezing point. This leads 
to an equation that expresses the time rate of change of 
R as a linear combination of the time rates of change 
of p, S and ~ at the ICB. It is argued in [11] that the 
variation of P~CB has negligible effect on OR/Ot, and 
our numerical work confirms this; the contributions 
made by Op/Ot are at least two orders of magnitude 
smaller than those made by OS/Ot and O~/Ot. The 
condition then reduces to a relation between the time 
rates of change of R, S and ~: 

1 O R _  1 OS 700~ (14) 
rICB Ot 0.03Cp Ot at'  

where the coefficients 0.03 and 70 come from an anal- 
ysis of the freezing process and, due to the unknown 
chemistry of the alloy, are relatively uncertain. Ex- 
cept for the slow spherically-symmetric evolution of 
the reference state, the time derivatives of S and ~ are 
determined by (7) and (8). The time rate of change of 
~" is simply related to that of rICB through the flux of 
light constituent released at the ICB during freezing 
[11]: 

~- = 9.527 x 10 -3/~ICB 
r l C B  " 

Consequently, the spherically symmetric part of (14) 
obeys 

87 

1 OR 1 OS 
-- (15) 

rICB Ot 0.05Cp Ot 

It is suggested in [11] that (15) can be used in place 
of (14) for the complete S and R, and not merely 
for their spherically symmetric parts. We have indeed 
found that (15) does not result in significant differ- 
ences from (14) in our simulations. We have never- 
theless preferred to use (14) for the asymmetric parts, 
which we believe to be more precise than (15). 

We assume the CMB is impermeable and stationary 
and therefore force the radial flux of light constituent 
to vanish at the CMB by setting the radial gradient of 

to zero there. Heat, on the other hand, flows from the 
core to the mantle. We specify the spherically symmet- 
ric heat flow at the CMB to be 7.2 x 1012 W, which is 
23% of the estimated heat loss from the Earth's mantle 
(excluding crustal heat loss) and is more than twice as 
large as estimates [24] of this poorly known quantity. 
This total radial heat flow at the CMB (on the fluid 
side) is the sum of the conductive heat flow down the 
adiabat and the turbulent diffusive heat flow: 

Cp~T dy -i- 

Based on our specification of the reference state, the 
flow down the adiabat (the first term) is 4.96 x 1012 
W, which accounts for two-third of the heat flow at the 
CMB. The remaining one-third is due to the superadi- 
abatic temperature gradient (i.e., the entropy gradient), 
which also drives large-scale thermal convection. 

Whereas our boundary conditions on S and ~ at 
the ICB result in a time dependent, heterogeneous 
heat flux at the ICB that responds to the dynamic 
solution in the FOC, our heat flux boundary condi- 
tion at the CMB serves as a '"valve" controlled by the 
lower mantle that determines the strength of the con- 
vection (both thermal and compositional) in the FOC 
which, together with the rotation rate, ultimately de- 
termines the strength of the generated magnetic field. 
The structure of the convection and field could also 
be influenced by prescribing a heterogeneous heat 
flux boundary condition at the CMB [27]; however, 
for the solution presented here, we have prescribed a 
homogeneous radial heat flux at the CMB. 
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The numerical method of solving this system of 
equations has been briefly described in [1]. One addi- 
tional complication is that the prognostic equations for 
S (7) and ~ (8) are solved simultaneously since there 
is now the additional heating term in (7) that involves 

and since the boundary conditions at the ICB couple 
S and ~. However, these (linear) terms and boundary 
conditions are decoupled in spherical harmonic degree 
and order; so a separate matrix equation is solved in 
radius for each spherical harmonic coefficient of the 
combined S-~ vector. 

We also now use a third-order accurate Runge- 
Kutta time integration scheme [28] that treats the lin- 
ear terms implicitly and the nonlinear terms explic- 
itly. This new scheme is also used for updating the 
rotation rates of the SIC and mantle and for the prog- 
nostic part of the boundary conditions on S and 
at ICB. Although each computational time step now 
requires three times as much cpu time, the scheme 
is more accurate and stable and allows longer time 
steps. 
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Fig. 1. A snapshot (at 38 000 years into the new simulation) 
of the radial profile of the symmetric parts of the perturbations 
(relative to the reference state) of the specific entropy, S, and 
light constituent mass fraction, ~. 

3. The geodynamo solution 

We used our Boussinesq geodynamo solution at 
50000 years into the simulation [3] as the initial con- 
dition for the anelastic solution presented here, which 
spans 40 000 years. To provide a smooth transition, 
we set the initial 3D structure of the light constituent, 
~, to be essentially the same as that of the entropy, S, 
at that time. The amplitudes of S and ~ where also ad- 
justed to satisfy the new boundary conditions. As the 
solution evolved, the structures of S and ~ diverged 
somewhat due to differences in their equations and 
boundary conditions. However, since the fluxes of en- 
tropy and light constituent at the ICB are locally al- 
ways in the same proportion, are advected by the same 
flow, and have the same turbulent diffusivities, the 3D 
structure of the entropy and light constituent do re- 
main fairly similar, especially near the ICB. 

As in our original simulations [ 1-3], the largest spa- 
tial gradients in the axisymmetric part of the entropy, 
occur near the ICB and inside the imaginary cylinder 
tangent to the SIC and co-axial with g~; the region 

outside this "tangent cylinder" has a somewhat weaker 
entropy maximum in the equatorial region. The tan- 
gent cylinder divides the region outside it where asym- 
metric Taylor columns develop with axes parallel to J2 
from the polar regions inside it where nearly axisym- 
metric Taylor columns develop with axes co-axial with 
~ .  This tangent cylinder effect occurs when the vis- 
cous force is small compared with the Coriolis force 
and the Lorentz force is comparable to the Coriolis 
force [29]. 

The light constituent mass fraction, ~, has a similar 
spatial structure, but with no radial gradient at the 
CMB. Fig. 1 shows a snap shot of the radial profiles 
of the spherically symmetric parts of S and ~. These 
profiles illustrate how most of the convective driving 
occurs near the ICB where the radial gradients of S 
and ~ are most steep; the gradients are relatively small 

throughout the bulk of the fluid core. Snapshots of S 
and ~ in a spherical surface at mid-depth in the fluid 
core (Figs. 2(a) and (b)) illustrate the warmer (high 
S) and lighter (high ~) regions near' the equator and 
inside the tangent cylinder, i.e., at high latitude. The 
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Fig. 2. A snapshot (at the same time as in Fig. 1) of the (a) specific entropy perturbation, (b) light constituent mass fraction 
perturbation, (c) radial component of the velocity, and (d) radial component of the magnetic field. (a), (b), and (c) are in the spherical 
surface at mid-depth in the outer core; (d) is at the CMB. For each of these equal area projections, the north (south) geographic pole 
is at the top (bottom) of the projection, with the equator being a horizontal line through the middle. Solid contours represent positive 
perturbations relative to the reference state; broken contours represent negative perturbations. The maximum and minimum contours 
in (a) are 9.0 × 10 -5 and -1.2 × 10 -5 J/(kgK), in (b) are 2.8 x 10 ~8 and -0.4 x 10 -8, in (c) are 6.3 × 10 -4 and -5.6 x 10 -4 
m/s, and in (d) are 0.63 and -0.42 mT. 

similarity in the structures is quite obvious in these 
surfaces as it is in the equatorial plane (Figs. 3(a) 
and (b)) where it is seen how the warm, light fluid is 
advected outward from the ICB by the flow (Fig. 3(c)). 
Also notice the steep radial gradients at the ICB in 
Figs. 3(a) and (b). 

There is a tendency for the radial gradient of  ~ to 
become slightly positive at times, i.e., composi t ional ly 
stable, near the CMB; however, since~upward convec- 
tive heat flux is converted to diffusive heat flux near 
the CMB, the radial gradient of  S there is negative, i.e., 
thermally unstable, and limits the stable stratification 
of  the light constituent. That  is, as the composit ional  
gradient  becomes more stable due to the accumulation 
of  light constituent at the top of  the fluid core, convec- 
tive heat  flux decreases there and diffusive heat flux 
increases as the temperature gradient steepens; but the 
steeper temperature gradient then drives more thermal 
convection which reduces the stable stratification of  
the light constituent. 

The axisymmetric  parts of  the fluid flow are also 
similar to those in our original simulations with east- 
ward flow (relative to the rotating frame of  reference) 
inside the tangent cylinder near the ICB and westward 
inside the tangent cylinder near the CMB; weak west- 
ward flow that is nearly in solid body rotation exists 
outside the tangent cylinder, as can be seen in Fig. 3(c). 
The SIC always rotates eastward (relative to the rotat- 
ing frame), as can be seen in Fig. 3(c), with a typical 
angular velocity of  l ° /y r  ( ~  10 -5  ~ ) ;  the mantle also 
usually rotates eastward but with a typical angular ve- 
locity of  0.01°/yr ( ~  10 -7  ~ ) .  As  in our original sim- 
ulation [1], the rotation rate of  the inner core can be 
at t imes as high a s  1.8°/yr, in fairly good agreement 
with recent seismic studies of  the Earth [30], which 
estimate the present rotation rate of  the Earth 's  inner 
core to be 1.5°/yr faster than the mantle. 

Our meridional circulation typically has its great- 
est amplitude inside the tangent cylinder where it is 
usually directed outward, parallel  to the rotation axis. 
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Fig. 3. A snapshot (at the same time as in Fig. 1) of the (a) specific entropy perturbation, (b) fight constituent mass fraction 
perturbation, (c) velocity, and (d) magnetic field in the equatorial plane. The outer circular boundary is the CMB and the inner one 
is the ICB. These are viewed in the direction of/2,  i.e., from south to north, so the direction of (the eastward) rotation is clockwise. 
Fields are plotted only in the outer fluid core. Solid (broken) contours represent positive (negative) perturbations relative to the 
reference state. The maximum and minimum contours in (a) are 12.0 X 10 -5 and -6 .0  x 10 -5 J/(kgK) and in (b) are 3.8 x 10 -8 
and -0.8 x 10 -8. The maximum vectors (in the equatorial plane) in (c) are 16.9 x 10 -4 m/s and in (d) are 6.19 mT. 

This is evident  in  Fig. 2(c) which  shows a snapshot  
o f  the radial  componen t  of  the flow in  a spherical 
surface at mid-depth  in the fluid core. Weak Taylor 
co lumn  structure is also evident  outside the tangent  
cylinder,  i.e., at low lati tude in Fig. 2(c). The snapshot  
of  the flow in the equatorial  p lane  (Fig. 3(c)) shows 
the cross-sect ions of  the Taylor co lumns  and how they 
are drawn out  in longi tude in  order to min imize  flow 

across the strong eas t -wes t  componen t  of  the mag-  
netic field (Fig. 3(d)) [29]. Figs. 3(c) and (d) il lustrate 
how the flow and the field tend to be a l igned locally. 

Like our  recent  Bouss inesq  s imula t ion  of the geo- 
dynamo  [3], but  unl ike  our  first Bouss inesq  s imulat ion 
[1,2], the poloidal  (mer id iona l )magne t i c  field in this 
anelastic s imulat ion has one dipole polari ty through- 
out  the inner  and outer cores. The axisymmetr ic  part 
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of the toroidal (east-west) field is anti-symmetric with 
respect to the equator and, for a given hemisphere, is 
usually oppositely directed inside and outside the tan- 
gent cylinder. Also, as in our more recent Boussinesq 
simulation, the field has a strong axial dipole compo- 
nent, like the Earth's present field, This is seen in the 
large I = 1 contribution to the mean square magnetic 
field intensity at the surface (6371 km radius) shown 
in Fig. 4. This is also very apparent in the snapshot of 
the radial component of our simulated magnetic field 
plotted in the spherical surface at the CMB in Fig. 2(d). 
Several test simulations have demonstrated that the 
less dominant dipolar structure of our first simulation 
was due to an enhanced viscosity that was specified 
in the boundary layer below the CMB. Without this 
viscous enhancement, the fields generated in our re- 
cent Boussinesq Simulation [3] and in this anelastic 
simulation are more strongly dipolar (i.e., more like 
the Earth's field) and, so far, show no tendency for a 
magnetic dipole reversal as occurred in [1,2]. 

As described in [3], the tangent cylinder and ICB 
play important roles in the maintenance of the strong 
dipole component of our simulated magnetic field. He- 
lical fluid flow, mainly inside the tangent cylinder and 
near the ICB [1], twists toroidal field into poloidal 
field; and, as seen in the snapshot (Fig. 5) of the 3D 
field structure, poloidal field lines that penetrate the 
tangent cylinder are stretched into an east-west orien- 
tation by the shear of the zonal (east-west) flow on and 
inside the tangent cylinder, producing large toroidal 
field wound around the tangent cylinder. This field is 
expelled as poloidal field where the tangent cylinder 
intersects the CMB, i.e, in the polar regions, provid- 
ing a large supply of outward directed field in one po- 
lar region and inward directed field in the other, thus 
maintaining an external potential field having a strong 
dipolar structure with an axis nearly aligned with the 
rotation axis. 

As seen in Fig. 4, the field intensity at the surface of 
our anelastic simulation is about three times smaller 
than the Earth's was in 1980 [31] even though our pre- 
scribed heat flow at the CMB may be too large by a 
factor of two. It is, however, still in the range of the 
Earth's palaeointensity record [32]. It is also possible 
that the Poincar6 force due to the luni-solar precession 

of the mantle (which we have not yet included) could 
provide additional fluid dynamical driving [33,34] that 
could increase the intensity of the generated magnetic 
field. As in our Boussinesq simulations, the generated 
magnetic energy is typically three orders of magnitude 
greater than the convective kinetic energy (in the rotat- 
ing frame) that maintains it, which is expected for the 
Earth's strong-field dynamo. The spectrum is some- 
what time dependent; however, as in our recent Boussi- 
nesq simulation [3], the intensity of the dipole (l = 1) 
is the least time dependent. The maximum flow (rel- 
ative to the rotating frame) is typically 2 x 10 -3 m/s  
and the maximum field is typically 20 mT. 

The intensity and structure of the non-dipolar part 
of our magnetic field at the CMB (Fig. 2(d)) are Earth- 
like [35]. A movie of the radial component of our 
field at the CMB also shows a "general" westward 
drift with an Earth-like longitudinal phase velocity of 
0.2°/yr (relative to the rotating frame), which, like the 
Earth's, is most evident in the equatorial region where, 
at mid-depth in our simulated fluid core, the westward 
zonal flow peaks at typically 0.4°/yr. As mentioned 
above, our mantle typically rotates eastward (relative 
to the rotating frame) at about 0.01°/yr; so, as observed 
on the surface of our modeled Earth, the westward 
drift velocity would be slightly larger. Like the Earth's 
CMB field, not all features participate in the westward 
drift and the field patterns and phase velocities are 
time dependent as are the structures of the flow and 
the field within the fluid core. 

4. Conclusions 

We have extended our geodynamo simulation 
40 000 years using a more realistic representation of 
the thermodynamics and convection by replacing the 
Boussinesq approximation with the anelastic approx- 
imation and by including compositional convection 
in addition to thermal convection. The resulting gen- 
erated magnetic field has a strongly dipole dominated 
structure outside the core similar to (albeit a little 
weaker in strength than) the Earth's field; and there 
has been no tendency for a dipole polarity reversal 
during this 40 000 years. The non-dipolar structure 
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Fig. 4. The mean square magnetic field intensity as measured at the surface, i.e., at radius 6371 kin, as a function of spherical 
harmonic degree, I. Open squares represent our simulated field (at the same time as in Fig. 1); solid circles represent the actual 
geomagnetic field in 1980 [33]. 

at the CMB is also quite similar to the Earth's, as 
is its general westward drift velocity. Recent seismic 
studies of  the Earth [30] also provide preliminary 
confirmation of  our prediction [1] that the solid inner 
core rotates about l°/yr faster than the mantle. Our 
present 3D self-consistent solution seems to be sim- 
ulating the stable regime of  the geodynamo between 
reversals. 

Our time dependent heterogeneous boundary con- 
ditions on the entropy and light constituent (of our bi- 
nary fluid alloy) at the ICB model the freezing of  the 
heavy constituent onto the SIC, which is determined 
by the dynamical solution in the fluid outer core. Con- 
sequently, our solution is controlled by our prescrip- 
tion (7.2 x 1012 W) of  the Earth's (poorly known) 
total radial heat flow at the CMB, which could be too 
large by a factor of  two. Two-third of  this is due to 
thermal conduction down the adiabat. The remaining 
one-third requires a superadiabatic temperature gra- 
dient at the CMB, which drives convection and so 
limits the degree of  a stable compositional gradient 
there. 

If  we would instead prescribe the total radial heat 
flow at the CMB to be less than the conductive heat 
flow down the adiabat, the region just below the CMB 
would probably be both thermally and composition- 
ally stable, i.e., the radial gradients of  entropy and 
light constituent would be positive near the CMB. If  
the region near the CMB were strongly stable, turbu- 
lence there would be much weaker because it would be 
generated non-locally, below the stable region. A thor- 
ough investigation of  this would require a more sophis- 
ticated, spatially and temporally dependent, turbulent 
diffusivity that would respond to local (and non-local) 
conditions. It should also be anisotropic, depending 
on the directions of  g2 and the local magnetic field. 

Our boundary conditions at the ICB on entropy and 
light constituent allow us to analyze the rate of growth 
of  the inner core, including its time dependent topog- 
raphy; we will describe these results in a future paper. 
Future simulations will also need tO test the effects of  
a heterogeneous heat flux and electrical conductivity 
at the CMB and the effects of  luni-solar precession of 
the mantle. 
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Fig. 5. A snapshot (at the same time as in Fig. 1) of  the 3D field portrayed via fines of  force that are plotted out to two Earth 
radii. Gold (blue) lines represent outward (inward) directed magnetic field. The rotation axis is vertical. The transition at the CMB 
from the smooth, external potential field to the more intense, complicated field inside the core is quite striking. The maximum field 
intensity is 29 roT. 
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