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A b s t r a c t  

Two ways have been suggested for using the magnetic field of a planet to estimate the radius of its electrically 
conducting core, assumed spherical and concentric with the planet's surface. In the frozen flux method, the core radius is 
assumed to have the value rFF for which the integrated unsigned radial magnetic flux, from the sphere of that radius, is most 
nearly constant in time. In the flat spectrum method, the core radius is assumed to have the value rFs for which the power 
spectrum of the field, defined as the mean square energy density in the lth spherical harmonic component of the field at that 
radius, is most nearly independent of I. These two methods are here applied to a new geodynamo integration that is a 
continuation of a recently published simulation (see Glatzmaier and Roberts, 1995a, Phys. Earth Planet. Inter., 91: 63-75; 
Glatzmaier and Roberts, 1995b, Nature, 377: 203-209) and which, like the Earth, maintains a more strongly dipole 
dominated magnetic field. The rate of change of the unsigned flux was averaged over two different 300 year intervals at a 
number of radii, r, from the geocenter. The resulting functions of r were found to have zeros at rv~ of approximately 
3550 km and 3477 km, respectively. This demonstrates how sensitive this method is to the time interval selected for the 
computation. Even if, as is often done when the flat spectrum method is applied to the Earth, the centered dipole (l = 1) is 
excluded, the spectrum of our model could not be made convincingly flat; but a radius rFS at which it is most flat can be 
defined. The value of rFs is, however, very sensitive to the number of spherical harmonics retained in the spectrum and to a 
lesser extent is time dependent. On the basis of these studies, and impressed by the lack of a sound physical justification for 
the flat spectrum method, we conclude that that method provides a less certain way of estimating the radius of a planetary 
core than does the frozen flux approximation, and that even the latter should be employed with caution. 

1. I n t r o d u c t i o n  

Two methods have been suggested for estimating the radius of a planetary core from the spatial structure of 

the magnetic field, B, it creates. We shall call these 'the frozen flux method' and ' the flat spectrum method'.  

The frozen flux method is based on the idea that the electrical conductivity, cr c, of the planetary core is so 
large compared with that of the exterior of the core that the latter can be considered to be an electrical insulator 

and ~r c can be assumed infinite. The field emerging from the core surface (which is supposed spherical, and 

henceforth termed 'the core-mant le  boundary '  or 'CMB' )  is then merely advected by motions on (or more 
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precisely at the inner edge of a thin boundary layer at) the CMB, and matches smoothly to a potential field 
outside the core; the net unsigned flux, JV(rcMB,t), out of the core is then independent of time t, where 

./V( r,t)  = ~lBr( r,O,qb,t) IdS (1) 

Br(r,O,cb,t) being the radial component of the magnetic field and dS = r2sin 0d0d~b, 0 being colatitude and ~b 
longitude; the integral Eq. (1) is taken over the entire surface (0 _< 0 < 7r, 0 _< ~b < 27r) of the sphere of radius r 
with origin at the center of the planet. 

The magnetic field is assumed to be known from observations on and/or  above the surface, r = a, of the 
planet, and it is supposed to be fitted to a potential field 

VV (2) n . ~ _  B 

V 2 V = 0  

which vanishes at great distances from the planet: 

V ~  0, as r ~ : ¢  

(3) 

(4) 

This is possible because the main magnetic field in r >_ rCM B is created within the planetary core and the 
exterior of the core is an insulator. The potential field obtained by the best fit to the observations can be used to 
evaluate Jl/(r,t) for any r. Of course, such as extrapolation is meaningless for r < rCM B, but rCM B may not be 
known. Hide (1978) proposed that, as suggested by the frozen flux approximation made above, a good estimate 
of rcM B would be the value (rFF, say) of r for which A/'(r,t) is most nearly independent of r This suggestion 
aroused considerable interest. A brief literature review is provided in Section 2, where the frozen flux method is 
described in greater detail (see also Benton (1979)). 

The flat spectrum method originates from the solution of Eq. (3) and Eq. (4) referred to above: 

V = a •  ~., [g[~(t)cosmqb+h'~(t)sinmqb]Ptm(O) (5) 
l 1 = r n = 0  

where P[~(O) are the Schmidt quasi-normalized Legendre functions and gF and h~ are the 'Gauss coefficients' 
(see, e.g. Langel (1987)). It then follows from Eq. (2) and Eq. (5) that the mean square of the field intensity 
over a spherical surface of radius r is 

c¢ 

(B  2) = ~".Wt(r,t ) (6) 
1 

where 

Wt( r,t)  = ( a / r )  2'+ 4R,(t) (7) 

and 
l 

R l ( t ) = ( l + l )  ~. [ ( g / " ) e + ( h r ) 2  ] (8) 
m = 0  

(see Mauersberger (1956), Lucke (1957) and Lowes (1966, Lowes, 1974)). If divided by 2/z 0, where go is the 
permeability of free space, R t gives the mean energy density at the surface of the planet and, excluding mantle 
conduction as well as crustal and external sources, W t gives it at arbitrary r > rcu s. 

Because of the ( a / r )  2t+4 factor in Eq. (7), it is possible to find a level within the Earth at which Wl(r,t) is 
most nearly independent of l. This level ( r  = rFS, say) is the flat-spectrum estimate of the core radius. The flat 
spectrum method is reviewed further in Section 3 (see also Benton (1979)). 

Even for Earth, both methods of assessing rCM s suffer from a lack, which grows with l, of reliable values for 
the Gauss coefficients. This also makes it hard in practice to compute B r and M," reliably at core depths. This 
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difficulty does not exist for properly resolved simulations of the planetary field. Such simulations therefore 
provide ideal testbeds for the two methods of estimating rCM B. 

In this paper, we evaluate rFF and rFS using almost exclusively the results of a 10000year continuation of 
our recent 40000 year geodynamo simulation (Glatzmaier and Roberts, 1995a, Glatzmaier and Roberts, 1995b). 
We shall refer to the former as 'the continuation' and to the latter as 'the original simulation'. Both are based on 
a nonlinear three-dimensional (3D) integration of the magnetohydrodynamic equations for Boussinesq convec- 
tion in the Earth's core. The continuation differed in several minor respects and in one major respect from the 
original simulation; these will be described below. We have also used the original simulation as the starting 
point of a further 40000year integration based on more realistic geophysics in which the Boussinesq 
approximation is replaced by the anelastic approximation, and in which both compositional and thermal 
buoyancy are included; we shall not report on this model here (see Glatzmaier and Roberts, 1996). 

For both the original simulation and its continuation, the mean density is taken to be 1.1 × l 0  4 k g m  -3 and 
the resulting gravitational acceleration varies approximately linearly in r from zero at r =  0 to 11 m s  -2 at 
r = rCM B = 3480km. The specific heat is 670J kg-1 K - I ,  the coefficient of volume expansion is 10 -5 K -~ , and 
the magnetic diffusivity, "q = 1 / /%tr  c, is 3m 2 s - l ;  these values are representative for the entire Earth's core 
(e.g. Braginsky and Roberts, 1995). The system rotates about the z-axis with angular velocity 7.27 × 10 -5 s-  l 
appropriate for Earth. The solid inner core, of radius rlc B ~- 1222 km, has the same electrical conductivity as the 
fluid outer core; this results in a strong magnetic coupling between inner and outer cores. Electrical conduction 
above the outer core is represented by a thin layer of high conductivity at the bottom of the mantle; this provides 
magnetic core-mantle coupling. Convection is driven by a radial heat flux, Q, uniformly distributed over the 
inner core boundary (ICB). This thermal source is also required to be a surrogate for compositional buoyancy 
generated by freezing at the ICB. The Q selected, 5 x 1013 W, is therefore deliberately chosen to be larger than 
some estimates of the latent heat release, such as that given by Braginsky and Roberts (1995), who considered 
that it is within a factor of three of 1012 W. Although small-scale anisotropic turbulence is plausibly the major 
vehicle for the diffusion of momentum and heat in the core, the (turbulent) viscosity and thermal conductivity 
are assumed to be isotropic. 

The major difference between the original simulation and its continuation concerns the kinematic viscosity v 
and the thermal diffusivity K. In the original simulation, v was constant throughout the bulk of the fluid core 
but smoothly increased towards the boundaries, becoming an order of magnitude greater on the boundaries 
themselves. This crudely mimics the enhanced turbulent diffusion that plausibly develops in the boundary layers 
at the ICB and CMB; it roughly compensates for the absence of topographic coupling in our models. More 
precisely, we assumed that 

v + 9 v 0 [ r -  (rCM B -- 0 . 1 d ) ] 2 / ( 0 . 1 d )  2, 

/"= /"0' 

t z'° + 9%[ rICB + 0.1d) - r]2/(O.ld) 2, 

for rCM B - -  O. 1 d < r < rCM B 

fo r  r lc  B q- 0.1 d < r < rCM B -- 0.1 d 

fo r  r l c  B < r < rlc B + 0.1 d 

(9) 

where d = rCM B - ric a is the depth of the fluid core. From numerical necessity, we could take v 0 no smaller 
than 1.5 × 103 m 2 s -  1 for the (turbulent) kinematic viscosity in the main body of the core. This is certainly too 
large by a factor of perhaps 5000, assuming that v 0 should be comparable with r / / lO.  Fortunately however, 
viscous forces in our models are still sufficiently small (five to six orders of magnitude smaller in the bulk of 
the fluid core than the Coriolis and Lorentz forces) that they play a minor role in the dynamics, except in the 
boundary layers. We also employed hyper-diffusivity, which caused the smallest spatial scales to be severely 
damped; however, the hyper-diffusivity used in the continuation is half of what it was in the original simulation. 
In the continuation, we assumed that v = % throughout the fluid core. In the original simulation, we supposed 
that K also had the form Eq. (9), with K 0 = 0.3 m 2 s -  1 replacing %. In the continuation we take a uniform K 
everywhere, equal to the value 10% = ~7= 3.0m 2 s - I  it had taken only at the boundaries in the original 
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simulation. In the original simulation, the solid inner core and mantle could rotate about any axis, in response to 
the magnetic and viscous torques to which they were subjected by the adjacent fluid. As the spheroidal forms of 
Earth's CMB and ICB, which are approximated by spherical boundaries in our models, imply strong restoring 
couples that oppose the equatorial components of the applied magnetic and viscous torques, we allow the inner 
core and mantle to rotate only about the z-axis in the continuation. The continuation also includes the 
axisymmetric zonal inertial forces and the inertia of the solid inner core and mantle; these were neglected in the 
original simulation. Assuming that we use the correct values for the mean rotation rate and the CMB radius, this 
modification removes the arbitrary scaling described by Glatzmaier and Roberts (1995a). The net conductance 
of the mantle is 104 times smaller in the continuation than it was in the original simulation and is now more 
representative of Earth's lower-mantle conductivity (see Shankland et al. (1993)). 

We conducted several 4000 year continuations of our original simulation with various combinations of the 
modifications mentioned above to discover what their individual and combined effects were on the solution. As 
the electromagnetic time constant of our model is about 13000years, the consequences of any particular 
modification cannot be fully manifest in only 4000 years. Bearing in mind, however, the great demand made by 
even a 4000year integration on our limited computing resources, this period seemed a reasonable compromise, 
the more especially as we found that 4000 years is generally sufficiently long for the major implications of a 
modification to become apparent. The only modification that we found had any significant effect was the 
removal of the enhancement of the viscosity near the CMB. With this increased v, the solution continued to 
evolve in much the same way as in our original simulation, executing in 4000 years one aborted reversal but no 
complete reversals. Without this increased v near the CMB, the magnetic field had, within 4000years of its 
initiation, shown very significant departures from the original simulation. The field intensity had dropped to 
roughly half its original value and the axisymmetric parts of the solution had become much less time dependent. 
The potential field outside the core was by then more dominated by an axial dipole, i.e. it had become more like 
Earth's present field structure and possibly more representative of the geomagnetic field between reversals than 
the structure generated by the original simulation, which executed a complete reversal in 40000years 
(Glatzmaier and Roberts, 1995b). The existence of two different 3D dynamo solutions supports the conjecture 
made by McFadden and Merrill (1995) that the geodynamo may possess two modi operandi: a reversing regime 
and a non-reversing regime. 

Fig. 1 shows snapshots of the field structure of the continuation. Fig. l(a) clearly shows the transition from a 
smooth 3D potential field structure outside the core to an intense twisted field structure inside the core. The 
dominance of the dipole components of the potential field is also evident. It should be noted also how strongly 
the toroidal field within the core is wound up by large differential motions near the tangent cylinder (i.e. the 
imaginary circular cylinder, coaxial with the rotation axis, that touches the inner core at its equator) and is 
expelled as poioidal field near the intersection of that cylinder with the CMB, so providing a significant source 
of dipole field outside the core. This suggests a reason why the axial dipole of Earth's field predominates over 
the other multipoles. The longitudinal average of the magnetic field is displayed in Fig. l(b). Compared with the 
field structure shortly after the reversal in the original simulation (see Fig. 2c of Glatzmaier and Roberts 
(1995b)), both the toroidal and poloidal parts of the field have reversed inside the tangent cylinder but not 
outside. Consequently, the dipole polarity of the poloidal field is now the same throughout the core (inward at 

Fig. 1. (a) A snapshot of the 3D magnetic field structure portrayed through lines of force plotted out to two Earth radii. The field is directed 
inward at the north (top) geographic pole and out at the south pole. (b) The longitudinally averaged magnetic field displayed with contours 
of the toroidal (east-west) part of  the field on the right and lines of  force of the poloidal (meridional) part of  the field on the left. 
Continuous (broken) contours represent eastward (westward) directed toroidal field. The direction of the poloidal field lines is clockwise. (c) 
Contours of the radial component of  the field on the CMB (r  = rCMB). Continuous (broken) contours represent outward (inward) directed 
field. The maximum outward and inward field strengths are 0.8 mT and 0.9mT, respectively. All these figures were prepared from the 
10 000 year continuation of our geodynamo simulation, not from data derived from the original 40 000 year simulation. 
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the North geographic pole). As the zonal flow is still large and mainly eastward inside the tangent cylinder and 
weak and westward outside (Glatzmaier and Roberts, 1995a), the sheafing of the poloidal field maintains a 
toroidal field that is large and eastward inside the tangent cylinder and weak and westward outside. Also, 
because the helicity of the flow is still strong and mainly fight-handed inside the tangent cylinder (in the 
northern hemisphere) and weak and left-handed outside (Glatzmaier and Roberts, 1995a), the twisting of the 
toroidal field maintains a poloidal field that has the same dipole polarity inside and outside the tangent cylinder. 
The radial component of the field on the CMB is displayed in Fig. l(c). Compared with the field structure at the 
CMB shortly after the reversal (see the lower plot in Fig. 3c of Glatzmaier and Roberts (1995b)), this new field 
has a much greater axial dipole dominance at the CMB, qualitatively more like the Earth's present field 
structure projected onto the CMB (Bloxham and Gubbins, 1985). 

2. The frozen flux method 

As observed in Section 1, the frozen flux method rests on two assumptions: (a) the conductivity, ~ ,  of the 
core is infinite; (b) the conductivity, o- m, of the mantle (rcu B < r < a) is zero. Assumption (b) permits B r to be 
extrapolated from the surface of the planet through its mantle to its core, without the need to make postulates 
about the size and spatial distribution of tr m. The resulting field covers the core surface with patches, each of 
one sign of B r, and separated from each other by null flux curves, defined to be the curves on which Br = 0. 
From assumption (a) follows the induction equation for a perfect conductor, 

aB 
- - = V x ( v x B )  (10) 
at 

leading to Alfv6n's frozen flux theorem, according to which a patch, ,~, moves across the core with the velocity 
v of the core fluid, but always contains the same net flux, 9 " ( ~ ) .  It follows that the sum, ,///'(tOMB,t), of 
I~(~)l over all patches is constant. (As 17- B = 0, the sum of 5 ¢ ( ~ )  over all patches is, of course, zero.) It 
should perhaps be mentioned that, whereas frozen flux implies constancy of M/'(rcM B,t), the converse is not true 
(except during periods when only one null flux curve--the magnetic equator--exists on the CMB). 

Neither of the assumptions (a) and (b) is geophysically correct, though we may argue that (b) is not as 
unrealistic as (a). Mantle conductivity increases with depth, very rapidly as the CMB is approached. In the 
simulation, Crrn was confined to an infinitely thin layer at the base of the mantle, and (as V- B = 0) B~ was 
necessarily continuous through that layer, as it would have been had the mantle been entirely insulating. To the 
extent that this model of tr m is geophysically realistic, assumption (b) has no effect on the results. 

If we relax (a), the flux contained by a patch of spatial scale .go may be expected to change substantially in a 
diffusion time of order c : : /~ / .  Bearing in mind the near flatness of the spectrum W l at r = rCMB, we must 
expect that, if the spherical harmonic expansion Eq. (5) is truncated at l = L, patches of scale .£:= rCMB/L will 
exist on the core surface and that the trapped flux ~ ( ~ )  in each will deviate markedly from constancy during a 
time of order T L = r~MB/71L 2. In the case of Earth, taking ~ = 3 m: s-  1 as assumed by Glatzmaier and Roberts 
(1995a, Glatzmaier and Roberts, 1995b), we find that ~J2 "~ 900years. In fact, because of the sources in the 
crust (l  _> 14), the spectrum of Earth's core field effectively terminates at L = 12. Our numerical simulations 
include all harmonics up to L = 21. 

Five questions arise, two concerning the plausibility of the hypothesis and three concerning its utility. First, 
as rCM B is known for Earth, it is possible to investigate how well the constancy of ¢4/'( FCMB ,t ) is maintained, 
both for the real Earth and for numerical simulations of the geodynamo. More precisely, if L = 12 sets the 
truncation limit in Eq. (5), does v//'(rCM B,t) vary on the 900 year time scale identified above? Second, if seismic 
information about rCM B were unavailable for Earth, would Hide's idea of finding a value, rFF, of rCM B for 
which J l : ( r ~ , t )  is most nearly constant in time give good agreement with the seismically determined rCMB? In 
other words, would the minimization of IJ/?(rFv,t)] give rFF close to rCM B ----- 3480km? If the answer to this 
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question is 'Yes',  the Hide hypothesis is accepted, and the final three questions become relevant: third, can the 
fact that JV(rCMB,t) is preserved be used to improve analyses of the geomagnetic field? Fourth, is the 
conservation of .At(rcM B,t) useful in the interpretation of paleomagnetic data? Fifth, returning to Hide's original 
proposal, what is the result of applying his hypothesis to spacecraft observations of another planet such as 
Jupiter to provide an estimate of the radius of its conducting core? 

The first question was investigated by Benton and Voorhies (1987). They found some evidence that 
./r(rcMa,t) was on average slightly greater before 1960 (36 .639+0 .086GTm 2) than it was after 1960 
(36.339 +_ 0.091GTm2). Based on post-1980 data, they derived ..¢'(rCMB,t) = 36.352 _+ 0.036GTm 2 and 
[A?(rCMB,t)[ = 30 +_ 5 MTm:  year- l ,  so that ,4/'(rCMB,t)/[~(rcMa,t)[-~ 1250 _+ 210 years. Nevertheless, of the 
28 models they examined, all except one preserved Yr(rCMB,t) over the period 1945-1985 to an accuracy 
comparable with that of the models themselves. This stood in sharp contrast to another of their findings, that 
A<(a,t), a quantity they termed 'the pole strength', has been decreasing markedly, particularly since 1960. 
Frozen flux does not imply constancy of any muitipole coefficient (although it does place bounds on them; see 
Bondi and Gold (1950), Roberts (1967) and Benton and Coulter (1982)). The decline of the pole strength 
reflects the dominance of the lower harmonics at Earth's surface, particularly of the axial dipole moment, a3g °, 
which is also currently decreasing in magnitude (see e.g. Langel (1987)). 

Turning now to the second question, Hide reported in his original proposal (Hide, 1978) that an analysis of 
the geomagnetic data performed in collaboration with Malin led to the estimate rFF = 3486 + 5km, which 
deviates by less than 2% from the seismically determined value. In their later full explication of this finding, 
Hide and Malin (1981) reported results derived from 12 models of the main field, and demonstrated how 
strongly the level, L, of truncation influenced their results. For all except L = 3 and 4, no rFF could be found 
for which ./V(rFF,t) is constant, and the hunt became that of finding (nonzero) minima of [./f'(rFF,t)[. For 
L = 7, the local minimum of I..4?(rFF,t)l was not a clear global minimum. The quality of the Gauss coefficients 
for the main field and secular variation deteriorates with increasing I. Benton et al. (1982) argued that the limit 
was L = 7 or 8. The value of rFF = 3486 + 5km obtained by Hide and Malin (1981) rested on a single success, 
for L = 8. By examining main field models alone for epochs 1930, 1940, 1950 and 1960, Voorhies and Benton 
(1987) obtained rFF = 3484 ___ 48km. Two analyses using MAGSAT data gave them rFF = 3547 + 88km and 
3433km. In summary, it appears that Hide's hypothesis, though not easily applied, has been vindicated for 
Earth. We may therefore turn to the final three questions. 

The third question was addressed by Benton et al. (1987). They compared the unconstrained fitting of series 
Eq. (5) with the geomagnetic data with a similar constrained fitting in which the fluxes through the five 
principal flux patches on the core surface were each maintained constant. They found the constrained model 
superior in predictive power to the unconstrained model. Their success partially realized an old hope, expressed 
by Roberts and Scott (1967) in the first statement of the frozen field hypothesis, that the imposition of frozen 
flux as a constraint would improve geomagnetic analyses. More recently, Constable et al. (1993) have exploited 
this idea fully. Constable and Parker (1988) have answered the fourth question in the affirmative. 

Concerning the fifth question, Hide and Malin (1979) used available spacecraft data to estimate the radius of 
Jupiter's electrically conducting core, i.e. the outermost level within the planet at which liquid hydrogen is 
electrically conducting. The sparsity of this data severely limited the accuracy to which r ~  could be 
determined. They obtained values that ranged from rFF/a = 0.60 to rFF/a = 0.99, with an average near 
rFF//a = 0 . 8 .  

We have used the continuation of our original simulation to address the first two of the questions posed 
above. We show in Fig. 2 the variation of ~V(r,t) with time, t, over a period of 300years, starting at the time 
9000years from the start of the simulation, and for three values of r, namely r = rCM B, rlc B and rMID, where 

1 rMl D = ~(rCM B + ric B) is mid-depth in the fluid core. The variability of X(r lcB, t )  is less than that of 
JV(rMID,t) simply because v r is zero at the surface of the solid ICB, and only the finite conductivity of the inner 
core allows the net unsigned flux to change at r = r~c B. The electromagnetic time constant, ~'~cB = "r2cB/1r2rl of 
the inner core is about 1600years, and this determines the rate at which ~f'(r~cB,t) can change. In contrast, the 
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Fig. 2. The net unsigned flux Jl/(r,t) over a 300year period starting 9000years into the 10000year continuation of our original simulation; 
.,4" is shown at the CMB (r = rCMB), at mid-depth (r = rmid), and at the ICB (r = riCB). 

flux threading mid- level  varies on a convect ive time scale, r v =.c.c.c.c.c.c.c.c.c.~/v,, based on typical length and radial 
velocity scales of  the flow. Taking .5~= fr(rcM a - ric B) -~ 7.1 × 106 m, and v, = l0  -3  m s - 1  (Glatzmaier  and 

Roberts,  1995a), this over turning t ime is seen to be about  220 years, which is considerably  smal ler  than r~cB, so 

explaining the greater variabil i ty of  ./f/ '(rMio,t) compared with ..4/ '(rlcs,t).  W h e n  averaged over the 300years  

shown, we obtain (N(rcMB))  = 4 1 . 6 G T m  2 and <X(rCMB)>/<I~(rCMB)I> = 1380years,  which may be com- 
pared with the corresponding values  3 6 . 3 5 2 G T m  -2 and 1250years  obta ined by Benton  and Voorhies for the 

geomagnet ic  field (see above).  We  also found that ( -4 / ' ) / ( I . / / ; ' )  is 310yea r s  at r =  rMi D and 670years  at 

r = t ic B . 
We  estimate r ~  f rom an arbitrarily selected 300 year t ime interval  in the fo l lowing way. For any putative 

value r of  r ~ ,  we evaluate ~4P(r,t) at 475 equal ly spaced t imes in the interval,  and f ind the best  straight l ine fit 
of  . .4/(r, t)  to t by l inear  regression: 

¢4/'( r , t )  = cl(  r ) + c2( r ) t  (11)  

We regard the slope, c2(r) ,  of  that line as the average, ( . d ? ( r ) ) ,  of  ~4?(r,t) over  the interval,  and we search 

over r to find the zero ( . / /?(rFF)).  Considered as a funct ion of  r ,  the ( . / /7 ( r ) )  est imated in this way vary slowly 

Table 1 
First period of 300 years 

r (km) (~e) (10 l° Tm 2) c I (10 I° Tm 2) c z (105 Tm 2 year- l) 

3600 3.920 3.908 7.395 
3590 3.937 3.928 5.968 
3580 3.956 3.949 4.512 
3570 3.974 3.970 3.024 
3560 3.993 3.991 1.503 
3550 4.012 4.012 - 0.052 
3540 4.032 4.034 - 1.641 
3530 4.052 4.057 - 3.267 
3520 4.073 4.080 - 4.930 
3510 4.093 4.103 - 6.630 
3500 4.115 4.127 - 8.366 
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Table 2 
Second period of 300 years 

215 

r (kin) (~ ' )  (10 t° Tm 2) c I (101° Tm 2) c 2 (10 S Tm 2 year- m) 

3500 4.111 4.106 3.635 
3490 4.133 4.130 2.065 
3480 4.155 4.154 0.457 
3470 4.177 4.179 - 1.188 
3460 4.200 4.205 - 2.871 
3450 4.224 4.231 - 4.596 
3440 4.248 4.257 - 6.365 
3430 4.272 4.284 - 8.177 
3420 4.297 4.312 - 10.03 
3410 4.323 4.341 - 11.94 
3400 4.349 4.370 - 13.89 

with r, so that the location of a zero is sensitive to the time interval selected. We also find, as Hide and Malin 
(1981) did, that it is very sensitive to the truncation level L. 

Using data from two different 300year periods of  the continuation simulation, we obtained a zero of (Ak( r ) )  
at rFF = 3550km for one and at rFF = 3477km for the other. Tables 1 and 2 show the ( J ( r ) )  and the 
coefficients c I and c 2 that define the best straight line fit Eq. (11) for radii at 10kin increments. Our rFF is that 
value of  r for which c:  = 0. These results demonstrate just how sensitive this method is to the time interval 
selected and, as a result, how uncertain rpe is. 

As seen from Tables 1 and 2, the corresponding average fluxes at these radii are 40.1 G T m  2 and 4 1 . 6 G T m  2, 
respectively. As (A~(r ) )  is not a strong function of  radius or the selected time interval, these values are fairly 
close and in relatively good agreement with the value 36.352 G T m  2 obtained by Voorhies and Benton (1987) 
for the geomagnetic field (see above). 

The frozen flux method was far less successful when applied to the original simulation, where for several 
choices of  a 300year  interval no zeros or even minima of  I(A; '(r)) l  were found. In two of  the 300year  periods 
selected, clear zeros of  (Ak( r ) )  were obtained, the corresponding r ~  being approximately 3500km and 
3900 km. In short, when applied to the original simulation, the frozen flux method was even more sensitive to 
the selected time interval. We were more successful in obtaining a zero (A) ' ( r ) )  if we reduced the length of the 
time intervals to 100years, but the corresponding values of  r ~  were then even more widely scattered. If we 
choose a time interval too short the field will change very little at all radii, increasing the uncertainty of  this 
method. 

3. The flat spectrum method 

The principal weakness of  the flat spectrum method as it stands today is the lack of  a compelling physical 
justification. The arguments that have been advanced in its favor, or in favor of  variants described below 
(McLeod and Coleman, 1980; McLeod, 1982, McLeod, 1985, McLeod, 1996), have been mainly statistical and, 
where they invoked geophysical assumptions, these have not been completely convincing (at least to us). Far 
from believing that the spectrum W l can lead us to a reliable estimate of  the radius of  the core-mantle  interface, 
we see no reason to believe that the spectrum W t has to be approximately fiat anywhere within Earth. In other 
words, we suppose that the fit of  log W~ to a linear expression in l need not be good throughout geological time, 
even though it happens to be good at the present epoch (provided W I is excluded from the fit). It follows that 
we also find variants of  the method equally questionable, for example that, not the spectrum W~ of B 2, but the 
spectrum W l / ( l  + 1)(21 + 1) of  V 2, or the spectrum (1 + 1)Wff(21 + 1) of  B~, or the spectrum lWt/ (21 + 1) of  
the horizontal components of  B, or (1 + 2 ) W t / ( l  + 1) (McLeod and Coleman, 1980), or (21 + 1)W l (McLeod, 
1985, McLeod, 1996) is flat at rCM ~ = rFS. These five variants all imply logarithmic corrections to the fitting of 
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log W t to a linear law but, being logarithmic, they do not drastically affect the question of flatness or otherwise 
of the Wt spectrum, though we note that Schmitz et al. (1989) found that similar logarithmic terms were useful 
in improving their fit of the crustal part of the spectrum. The insecure foundation of the flat spectrum method 
has also been apparent in applications where, very commonly for Earth, the dipole component, W~, is excluded 
when determining the linear law, and where sometimes the quadrupole part, W 2 has also been omitted, for no 
better reason than that otherwise the fit to the remaining W t would be deleteriously affected. In applications to 
other planets, however, it is the dipole and quadrupole terms that are usually the W t most convincingly 
determined. 

Because it has attracted so much attention in the literature (e.g. Hulot et al., 1991; Courtillot et al., 1992; 
Hulot and Le MouE1, 1994; the references cited above), we shall stifle our qualms about the flat spectrum 
method. We shall briefly review its history, and shall apply it to our simulations. Three of the five questions 
posed in Section 2 have parallels for the flat spectrum method. First, is Wz(rCM B) convincingly independent of l, 
both for the real Earth and for numerical simulations of the geodynamo? Second, does the flat spectrum 
hypothesis give a value of rFS in good agreement with the seismically determined rcMa? If the answer to this 
question is 'Yes' ,  then the flat spectrum hypothesis is accepted, and a final question becomes relevant: third, 
what are the results of applying the hypothesis to spacecraft observations of other planets such as Mercury or 
Jupiter to estimate the radii of their conducting cores? 

Concerning the first question, Nagata (1965) early noted that log C~', where 

+ 

C~' = (12) 
~/(2l + 1) 

is the magnitude of coefficient of the completely normalized Pt m in Eq. (5), approximately obeys for every m a 
single linear taw in l, the values for the different m at one l being scattered nearly symmetrically about this 
line. Summed over the l + 1 values of m, this is tantamount to linearity for l o g [ ( C ~ ) 2 / ( l  + 1)] and therefore 
for l o g [ R t / ( l  + 1)2(2l + 1)], which is a further variant on the five listed above. From 1945 and 1955 data sets 
truncated at L = 10, Nagata found that log C~ = - / l o g  k N plus a constant, with k N ~-2.7. He obtained a 
similar linear law for 10 ~ l < 15 which he interpreted as being crustal in origin; the constant of proportionality 
was - l o g k  N, where k~v ~ 1.11. Lowes (1974), using 3 _< l_< 10 data from IGRF1965.0, found that log R t 

varied approximately linearly with 1, with a coefficient of proportionality of - log k L, where k L ~ 4.5. Langel 
and Estes (1982) confirmed this using 2 ~ 1_< 12 MAGSAT data, their constant of proportionality being 
log k tE ,  where kLe ~ 0.270. They found a similar linear law for 16 ~ 1 ~ 23, the crustal range, for which the 
constant of proportionality was log k' te ,  where k'ae -~- 0.974. Hulot et al. (1991), like Nagata (1965), concen- 
trated on the statistics of the Gauss coefficients. They obtained a slightly red spectrum at the CMB and, 
excluding the dipole term from the power spectrum, they derived a linear fit of lnWl(rcM B) to l in which the 
constant of proportionality was - k H, where k H ~ 0.14. 

Turning to the second question, Nagata (1965) observed that the linearity of log C~' with I also implies that 
the corresponding coefficients, i o g [ ( a / r )  1+ IC~] = log C;" + ( l  + 1 ) l o g ( a / r ) ,  in the expansion of V at radius 
r is also linear in l. This is independent of l at r =- s ~ a / k N  ~- 2360km. He regarded s as the radius at which 
the sources of the main geomagnetic field lie, but his observation was perhaps the genesis of the flat spectrum 
method of determining rCM B although (maybe because, as Lowes (1974) suggested, he linearized log C~' rather 
than log R t] his value of s would have been a serious underestimate of rCM B. From k L above, we see that, 
according to Lowes (1974), rFS = k-[ ~/2a = 3001 km, or 480kin below the core-mantle boundary. The Langel 
and Estes (1982) value of kLe gives rFS = klL/2a ~ 3308 km, or 172 km below the core-mantle boundary. The 
Hulot et al. (1991) value of k H gives rFs = r C M B e x p ( - - k I 4 / 2 )  ~ 3240km, or 240km below the core-mantle 
boundary. These values of rFs all underestimate rCMB, though not as seriously as Nagata's s would. The linear 
crustal law of Langel and Estes (1982) gives a flat spectrum at a depth of 83 km beneath Earth's surface. This 
exceeds the thickness of the continental crust, and confirms that the flat spectrum method tends to overestimate 
source depths. 
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Fig. 3. The mean-square field intensity plotted as a function of the spherical harmonic degree I. O,  Earth's field at epoch 1980; open 
symbols, snapshots of  spectra derived from the 10000year continuation of our original simulation. (a) Spectra plotted for the field at Earth's 
surface at ten equally spaced times spanning the same 300years as shown in Fig. 2. (b) Specma plotted at the beginning of the 300year 
period for r = 3307km, the radius for which the spectrum for 2 _< l < 12 is the most flat in our simulation. 
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Table 3 
The flat spectrum radius (km) (truncation and time dependence) 

L Start Middle Finish 

8 4069 3794 3923 
9 3892 3746 3905 
10 3673 3620 3747 
11 3424 3451 3607 
12 3307 3348 3464 
13 3193 3261 3350 
14 3081 3190 3200 
15 3006 3116 3133 
16 2935 3037 3072 

Clearly the Lowes, the Hulot et al., and particularly the Langel and Estes values of rFS are encouraging, and 
we may consider the third question, what estimates the flat spectrum method provides for the radii of other 
planetary cores. In fact, the method was devised by Elphic and Russell (1978) for precisely that purpose. Based 
on spacecraft data, they found rFS for Mercury and Jupiter, obtaining respectively rFs/a of approximately 0.64 
and 0.53. 

Fig. 3(a) displays the spectra W t at ten epochs during the same 300year period as used for Fig. 2. Also 
shown (filled circles) is the spectrum for the true geomagnetic field at epoch 1980, as given by Langel and Estes 
(1985). Although some of the coefficients (and particularly the quadrupole and octupole coefficients) are as time 
dependent as, or even more time dependent than, they were in the original simulation, the dipole component is 
very steady. In Fig. 3(b), W I is shown (open squares) for the commencement of the period shown in Fig. 2 and 
also for the 1980 geomagnetic field (filled circles) at rFS = 3307 km, this being the radius at which the spectrum 
for 2 < l < 12 is most flat in the simulation. By 'most fiat' we mean that we determine the best straight line 
through log R l for 2 < l < 12 by linear regression and from its slope, log k, we determine the level rrs = kl/2a 
at which the corresponding line through the log WI(rFS) data would have zero slope. Our value ofrFs is in fact 
very sensitive to the truncation level L of the harmonic series, and tends to decrease with increasing L. 
Moreover, even if one accepts the frozen flux hypothesis, there is no reason why any of the multiple moments 
should be constant, or why rFS should be independent of time; in fact, rFS is somewhat sensitive to t. Table 3 
illustrates how dependent rFS is on both L and t by showing values for rFS for L from eight to 16 at the start, 
middle, and finish of the 300year period discussed above. The dipole (l = 1) was excluded in these cases. 
Similar analyses performed for the original simulation gave typically rFS = 2700km for L = 12. 

A striking feature of the spectra shown in Fig. 3, one that is typical of the continuation, is the existence of 
large and persistent deviations of the dipole, quadrupole and octupole terms, log W l, log W 2 and log W 3, from 
linearity. Even when logW l is omitted, the X 2 of the regression was much larger than it is for either the 
original simulation (Glatzmaier and Roberts, 1995b) or the observed geomagnetic field. These large departures 
cast some doubt on the soundness of the flat spectrum method. When the fiat spectrum hypothesis has been 
applied to Earth, W~ has invariably been excluded from the fitting as it lies significantly 'above' (i.e. at greater 
squared field strength) than its place on the linear log W t vs. ! law obtained from fitting the 1 _> 2 coefficients. 
This of course exacerbates the problem of finding a physical argument that supports the hypothesis. Also, it now 
seems apparent from Fig. 3 that further spectral coefficients would have to be omitted before a tight linear fit 
could be achieved for the continuation spectrum. 

Over the full time scale of the original simulation and its continuation, all the spectral coefficients R l show 
variability, but R l tends to vary least, except during the reversal that took place in the original simulation, when 
Rj actually falls below the quadrupolar contribution R z (Glatzmaier and Roberts, 1995b). As already noted, R 1 
is only about half as large in the continuation as it is in the original simulation. 
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4. Conclusions 

In this paper, we have reviewed two methods of estimating the radius of an electrically conducting planetary 
core from the magnetic field produced by electric currents flowing within it. These are the frozen flux method 
and the fiat spectrum method. We used Earth's core as a test case, for which the core radius is known. 

We have performed preliminary tests of each method by applying it to a 10000year continuation of our 
recent 40000year geodynamo simulations, reported earlier (Glatzmaier and Roberts, 1995a, Glatzmaier and 
Roberts, 1995b). The new integration, which assumes uniform viscosity and thermal conductivity in place of the 
slightly variable profiles adopted in the original simulation, has unexpectedly produced a new geodynamo 
regime, which has persisted in an apparently stable state throughout the simulation. Its field structure is 
significantly different from that of the original simulation; it is more highly dipole dominated, although the 
magnitude of the dipole component is actually less than it typically was in the original simulation. It is also 
more steady in time than the original simulation, which actually underwent a polarity reversal. 

Paradoxically, in view of the fact that the frozen flux method would be inapplicable if the geomagnetic field 
were purely dipolar, we have found that the greater relative strength of the dipole component in the continuation 
has led to a more successful application of the frozen flux method to the continuation than to the original 
simulation. We attribute this to the greater role played by the higher harmonics in the original simulation, the 
correspondingly increased emphasis on the shorter length scales of field leading to enhanced magnetic diffusion 
and to more serious violations of the frozen flux hypothesis on which the method relies. From two 300year 
intervals of the continuation, we found that the frozen flux hypothesis gave estimates of 3550 km and 3477 km 
for the radius, rCM B, of the core-mantle boundary, so illustrating the sensitivity of the method to the time span 
in which it is applied. 

The power spectrum of the original simulation with the dipole component removed is approximately flat at 
rCM B = 2700kin, a disappointingly small value perhaps explained by the fact that the spectrum at the core 
surface is significantly red in this simulation (see also Hulot et al. (1991)). The spectrum of the continuation 
cannot be made convincingly flat unless the dipole, quadrupole and octupole components of the spectrum are 
removed. If only the dipole term is removed, we find rCM B at three different times to be 3307, 3348, and 
3464km when the spectra are truncated at L = 12. In addition, the values of rCM B obtained this way increase 
(decrease) significantly as L decreases (increases). We cannot exclude the possibility that the flatness of the 
spectrum of the observed geomagnetic field when extrapolated to the core surface is not a perennial property of 
the field, though it has happened during occasional epochs in the Earth's history, of which the present is one. 

From our experiences in applying the two methods to our simulation, we believe that estimates of the radii of 
conducting planetary cores obtained by either procedure should be viewed with caution, even for the Earth's 
core. 
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