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Three-dimensional (3D) global dynamo models numerically simulate
convection and magnetic field generation in the fluid interiors of plan-
ets and stars. Geodynamo models, for example, currently produce large-
scale magnetic fields that, outside the core, resemble the Earth’s surface
field to first order. However, no 3D global model has yet been able to
afford the spatial resolution required to simulate a broad spectrum of
turbulence, which surely exists in planetary and stellar interiors. A
critical question is: How realistic are the laminar flows in the interiors
of the models that generate these simulated fields? We show, via a se-
ries of two-dimensional (2D) magnetoconvection calculations, how the
structure and time dependence of even the large-scales change dramat-
ically when the solution becomes strongly turbulent. These exploratory
results highlight several issues that will need to be addressed when
designing the next generation of global dynamo models.

1. Introduction

For two decades now, 3D computer simulations have been used to study
how magnetic fields are generated by convection in the deep interiors of
stars and planets. Models of the geodynamo have become particularly
popular in recent years. They have produced dipole dominated fields
outside the core and westward drift of the non-dipolar field, similar
to that observed on the Earth’s surface. Many of these models show
an eastward rotation of the solid inner core relative to the surface as
inferred from some seismic analyses. Some models also occasionally
produce spontaneous dipole reversals on a time scale not unlike that
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seen for the paleomagnetic record. These results from magnetohydro-
dynamic (MHD) simulations have given some people the impression
that the “geodynamo problem” is solved.

However, the spectrum of turbulence in the Earth’s core spans many
orders of magnitude, from the global scale to the scale at which molec-
ular viscosity becomes important. Models of the geodynamo attempt
to resolve as much of the large-scale end of this spectrum as can be
afforded with current computational resources. The energy in a sim-
ulation that cascades down to the truncated scale is diffused away by
an artificially large scalar viscosity. That is, the transport and mixing
by the rest of the spectrum, the “subgrid scale” turbulence, is crudely
modeled as a diffusion process that is isotropic and homogeneous. This
“turbulent viscosity” used in current geodynamo simulations is roughly
ten orders of magnitude greater than the molecular viscosity of the
Earth’s fluid core. Even so, viscous forces in these simulations are rela-
tively small, typically four orders of magnitude smaller than the Corio-
lis and Lorentz forces. Therefore the argument has been made by those
of us in the geodynamo community that maybe viscosity in the current
laminar simulations is asymptotically small enough for our models to
capture the correct large-scale dynamics of the geodynamo. This seems
to be true for “large eddy simulations” of the global circulations in the
Earth’s atmosphere and ocean. Also, measurements of the depths of
turbulent boundary layers in the atmosphere and ocean (e.g., Hunkins
1966) show that they are orders of magnitude deeper than a laminar
molecular Ekman boundary depth would be. Indeed, the current geo-
dynamo models have produced relatively realistic energy spectra and
time dependencies of the surface magnetic fields, which seems to justify
the use of low spatial resolution and greatly enhanced viscosity.

After briefly reviewing some results from the Glatzmaier-Roberts
geodynamo simulations, we question if we are getting the right an-
swer for the wrong reason. Unlike the Earth’s atmosphere and ocean,
the dynamics of the fluid core can only be crudely inferred from afar,
for example, via magnetic measurements at the surface of the Earth
where only the very large length and timescales of the core’s field are
detected. Are the current geodynamo models correctly simulating the
internal dynamics of the core to first order, or are these models just
demonstrating that dipole dominated fields can be produced by many
different laminar flow structures in model cores? We try to get some
insight on this issue by comparing 2D magnetoconvection simulations
in the parameter regime of current 3D geodynamo simulations with
those in a much more realistic parameter regime that we would hope
to someday be able to reach in 3D. The effects of compressibility are of
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particular interest, not only for convection that spans a large density
stratification, as exists in stars and giant gaseous planets, but also for
the small density stratification within the Earth’s core. This exercise
highlights some of the real challenges facing the next generation of
stellar and planetary dynamo models.

2. Current 3D geodynamo simulations

The geomagnetic field, which has likely existed for most of the age of the
Earth, is maintained by convection in the electrically conducting fluid
outer core. As the core cools, iron in the iron-alloy fluid preferentially
plates onto the solid inner core releasing latent heat and leaving behind
a higher concentration of light elements. These two main sources of
buoyancy, thermal and compositional, at the inner core boundary (ICB)
drive convection in the fluid outer core. Additional sources exist due to
secular cooling of the fluid core and possibly internal heating due to
radioactive decay of potassium-40.

The trajectories of the buoyant fluid parcels, viewed in the rotat-
ing frame of the Earth, are significantly influenced by Coriolis forces
because the fluid viscosity is very small, possibly as small as that for
water, but with a density ten times greater. The twisting and shear-
ing flow of this electrically conducting fluid against existing magnetic
field generates electric currents with new magnetic field. However, the
details of how this maintains the intensity, structure and time depen-
dencies of the observed geomagnetic field, including occasional dipole
reversals, requires the solution of a coupled set of nonlinear equations
that describe the 3D evolution of the thermodynamic variables, the fluid
velocity and the magnetic field.

The first dynamically consistent 3D global simulations of a convec-
tive dynamo were designed to study the solar dynamo (Gilman and
Miller, 1981 (Boussinesq); Glatzmaier, 1984 (anelastic)). Zhang and
Busse (1988) developed a 3D model to study the onset of dynamo ac-
tion within the Boussinesq approximation. Nearly a decade later a
variety of geodynamo models, employing various approximations and
run in different parameter regimes, were developed by several groups
(e.g., Kageyama et al., 1995; Jones et al., 1995; Glatzmaier and Roberts,
1995a; Kuang and Bloxham, 1997; Sarson et al., 1997; Kida et al.,
1997; Busse et al., 1998; Christensen et al., 1998; Sakuraba and Kono,
1999; Katayama et al., 1999; Hollerbach, 2000). Several review
articles describe and compare these models (e.g., Hollerbach, 1996;
Glatzmaier and Roberts, 1997; Fearn, 1998; Busse, 2000; Roberts
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and Glatzmaier, 2000; Dormy et al., 2000; Christensen et al., 2001;
Busse, 2002; Glatzmaier, 2002; Kono and Roberts, 2002).

Since none of these models can afford to run in a realistic parameter
regime for the Earth’s core, they all make approximations (Glatzmaier,
2002). Some features of the simulated fields are robust, like the dipole
dominated field well outside the core. Other features, like the structure
and time dependence of the temperature, flow and field inside the core,
depend on the chosen boundary conditions, parameter space and nu-
merical resolution. Here we briefly describe our anelastic geodynamo
model.

The anelastic approximation, like the Boussinesq approximation,
filters out acoustic waves; effectively the sound speed is infinite so
the pressure distribution at each numerical timestep is in equilibrium
throughout the fluid core. This approximation is valid when the fluid
velocity is small relative to the local sound speed and the thermody-
namic perturbations are small relative to their reference state values;
these conditions are well satisfied for the Earth’s liquid core and for the
deep interiors of stars and giant planets. The main advantage of these
approximations over the fully compressible set of equations is that the
numerical timestep can be typically a million times larger. The addi-
tional advantage of the anelastic approximation over the Boussinesq
approximation is that the effects of compressibility in a density strat-
ified fluid are represented; that is, rising fluid expands and sinking
fluid contracts. This is certainly important for models of giant planets
and stars. Most models of the geodynamo, however, employ the simpler
Boussinesq approximation because the density at the ICB is only about
20% greater than at the core-mantle boundary (CMB). We show here,
though, that even a 20% density stratification has a major effect on
the flow structure, and consequently also on the field generation, when
the turbulent viscosity is significantly reduced below current model
values.

The following anelastic MHD equations (Glatzmaier, 1984; Bragin-
sky and Roberts, 1995) describe the 3D, time-dependent perturbations
relative to a no-flow, non-magnetic, radially dependent reference state
(the “barred” variables). This reference state of our fluid outer core is
fitted to the Preliminary Reference Earth Model (PREM) and is con-
strained to be a hydrostatic, adiabatic, well-mixed binary alloy:

∇ · (ρ̄v) = 0, ∇ · B = 0, ∇2U = 4πGρ , (1,2,3)
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ρ̄
∂ξ

∂t
= −∇ · (ρ̄ξv) + ∇ · (ρ̄κ̄ξ∇ξ ). (8)

These equations are solved to obtain the 3D time-dependent fluid flow,
v, magnetic field, B, and perturbations in density, ρ, pressure, p, spe-
cific entropy, S , light constituent mass fraction, ξ , and gravitational
potential, U , relative to the reference state in a frame of reference ro-
tating with the Earth’s angular velocity Ω. Here, ↔e is the rate of strain
tensor, µ is the magnetic permeability of free space, ν̄, κ̄S and κ̄ξ are
the turbulent viscous, thermal and compositional diffusivities, κ̄T and
η̄ are the actual thermal and magnetic diffusivities and

↔
δ is the unit

tensor. We are using the co-density (C) formulation of Braginsky and
Roberts (1995), which nicely, without any approximations other than
being anelastic, combines the pressure gradient, the gravitational po-
tential perturbation and the pressure contribution to buoyancy all into
a gradient of the reduced pressure, ( p/ρ̄+U ), leaving the actual driving
force to be only the buoyancy due to entropy and compositional pertur-
bations. These anelastic equations describe (1) mass conservation, (2)
magnetic flux conservation, (3) the perturbation of the gravitational
potential, (4) the equation of state, (5) momentum conservation, (6)
magnetic induction, (7) heat and (8) composition.

Our thermal boundary conditions at the ICB constrain the local flux
of latent heat to be proportional to the local flux of light constituent and
to the local cooling rate (Glatzmaier and Roberts, 1996a). Consequently,
neither the temperature nor the heat flux at the ICB is specified; they
are part of the solution, varying with location and time. We prescribe
the heat flux at the CMB, which controls the cooling rate of the core
and therefore the production rate of buoyancy sources at the ICB and
so ultimately the intensity of the magnetic field. For our geodynamo
simulations we set the total heat flow out of the core to 7.2 TW; of this,
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5 TW is due to heat flow conducted down the adiabat. There is no flux
of light constituent through the CMB in our model.

The ICB and CMB in the model are impermeable and either non-slip
or viscously stress free. The solid inner core and solid mantle rotate
in reaction to magnetic torques, viscous torques if non-slip boundary
conditions are applied, and gravitational torques if the gravitational
forces between the mantle and the inner core are included (Buffett and
Glatzmaier, 2000). The total angular momentum of the inner core, fluid
core and mantle remains zero in the rotating frame, but the angular
momentum of each of these is time dependent.

The magnetic field is generated in the model’s fluid outer core and
diffuses into its conducting solid inner core. A thin conducting layer ex-
ists in the model above the fluid core, at the base of the mantle, allowing
electric currents and therefore magnetic torque between the core and
mantle. Above this layer the mantle is assumed to be an insulator and
so the external magnetic field is a potential field, albeit time dependent.

Equations (1)–(8) are solved using a spectral method (spherical har-
monic and Chebyshev polynomial expansions) that treats the linear
terms implicitly and the nonlinear terms explicitly (Glatzmaier, 1984;
Glatzmaier and Roberts, 1996a). Simulations that span hundreds of
thousands of years, tens of millions of numerical timesteps, are run
at very low spatial resolution (33 radial, 32 latitudinal, 64 longitudi-
nal levels) with hyperdiffusion to damp the small scales more than the
large scales. Simulations at higher resolution (289 radial, 384 latitu-
dinal, 384 longitudinal levels), without hyperdiffusion, are now run on
massively parallel computers to resolve more of the energy spectrum;
but, of course, the higher the spatial resolution the less time can be
simulated for a given amount of computing resources.

A typical snapshot of our simulated magnetic field is illustrated in
Fig. 1 with a set of field lines. Helical fluid flow twists toroidal (east-
west) field into poloidal (meridional) field. The poloidal field extends
beyond the core where it is significantly weaker and dominantly dipo-
lar, not unlike the geomagnetic field. Within the fluid core, poloidal
magnetic field is sheared into toroidal field; this occurs mainly on the
cylinder tangent to the inner core equator and on the ICB.

The fluid flow in this region has a “thermal wind” component that,
near the inner core, is predominantly eastward relative to the mantle.
Magnetic field, which permeates both this flow and the inner core, drags
the inner core in the direction of the flow (Glatzmaier and Roberts,
1996b; Aurnou and Olson, 2000). The original super-rotation rate of
the inner core predicted by a geodynamo simulation (Glatzmaier and
Roberts, 1995a) was about 2◦ longitude per year relative to the surface.
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Figure 1. Snapshot of the 3D magnetic field structure for a Glatzmaier-Roberts geody-
namo simulation, illustrated with a set of magnetic lines of force, which are blue where
directed inward and gold where directed outward. The axis of rotation is vertical and
centered in the image. The lines are drawn out to two Earth radii. The field is a smooth,
dipole-dominated, potential field outside the core. (Reprinted with permission from the
Annual Review of Earth and Planetary Sciences, Volume 30 c©2002 by Annual Reviews,
www.annualreviews.org)

In a higher resolution simulation the magnetic torque tends to be bal-
anced by gravitational torque between the inner core and mantle
(Buffett and Glatzmaier, 2000), which opposes rotational displacement
of the inner core relative to the mantle. The model includes a sim-
ple parameterization for the deformation of the surface layer of the
inner core relative to the bulk of the inner core which rotates below
it. Fig. 2 shows the smaller resulting time-dependent angular rotation
rate of the inner core during a short interval of a simulation. Most of
the time the inner core is rotating slightly faster than the mantle; but
the rate is highly variable. The average inner core super-rotation rate
produced by this model, however, depends on the assumed value of the
very poorly constrained viscosity of the surface layer of the “solid” inner
core. The super-rotation rate of the Earth’s inner core has been inferred
from several seismic analyses (e.g., Song and Richards, 1996; Su et al.,
1996; Xu and Song, 2003), but is still uncertain (e.g., Creager, 1997;
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Figure 2. The angular velocity of the inner core and the fluid just above the ICB for a
20,000-year interval of a geodynamo simulation. Positive is eastward relative to the man-
tle. (Reproduced with permission of American Geophysical Union, from Buffett, B. A. and
Glatzmaier, G. A., “Gravitational braking of inner-core rotation in geodynamo simula-
tions”, Geophys. Res. Lett. 27, 3125–3128 (2000), Copyright by the American Geophysical
Union.)

Souriau, 1998; Laske and Masters, 1999). Currently there is a spread
in the values, from the initial estimates of 1◦ to 3◦ east per year (relative
to the Earth’s surface) to some that are zero to within an uncertainty
of 0.2◦ per year.

On a much larger timescale, geodynamo simulations produce spon-
taneous magnetic dipole reversals (e.g., Glatzmaier and Roberts, 1995b;
Sarson and Jones, 1999; Kageyama et al., 1999; Glatzmaier et al., 1999;
Kutzner and Christensen, 2002). The time between reversals is mea-
sured in hundreds of thousands of years; whereas the time to complete
a reversal is typically a few thousand years, less than a magnetic diffu-
sion time. These times are not unlike those seen in the paleomagnetic
record. On an even longer timescale the frequency of reversals seen in
the paleomagnetic record varies. The frequency of reversals in geody-
namo simulations has been found to depend on the pattern of heat flux
imposed over the CMB (Glatzmaier et al., 1999) and on the vigor of
the convection (Kutzner and Christensen, 2002). The dipole reversals
seen in these simulations are spontaneous and, as in the paleomagnetic
reversal record, are not periodic. Dynamo simulations with less convec-
tive driving can produce magnetic fields that continuously reverse as a
periodic “dynamo wave”, as seen in the early solar dynamo simulations
(Gilman, 1983) and more recently in geodynamo simulations (e.g., Kida
et al., 1997; Kida and Kittauchi, 1998; Grote et al., 1999, 2000; Simitev
and Busse, 2002).
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Figure 3. 300,000 years of a geo-
dynamo simulation illustrating
the evolution of the magnetic
dipole (outside the core) in terms
of the south magnetic pole trajec-
tory on an Aitoff-Hammer projec-
tion of the entire surface, its lat-
itude and its dipole moment (in
units of 1022 Am2) versus time (in
units of 1000 years). The tic marks
on the time axis are at intervals of
20,000 years, one dipole magnetic
diffusion time. (Reproduced with
permission of Nature, from figure
1 Glatzmaier, G. A., Coe, R. S.,
Hongre, L. and Roberts, P. H., “The
role of the Earth’s mantle in con-
trolling the frequency of geomag-
netic reversals”, Nature 401, 885–
890 (1999), Copyright by Nature,
www.nature.com) 300
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A simulation with two spontaneous reversals is illustrated in Fig. 3.
The geographic location of the south magnetic pole, outside the core, its
latitude and the dipole moment are plotted during 300,000 years of a
500,000-year simulation. The average numerical time-step in this sim-
ulation is 15 days. As seen in the paleomagnetic record, the intensity of
the field typically decreases by at least an order of magnitude during a
reversal. Hydromagnetic instabilities are continually trying to reverse
the field polarity but only after many attempts does one succeed. One
simulated reversal is portrayed in Fig. 4 with four snapshots spanning
about 15,000 years. The radial component of the field is shown at both
the CMB and the surface of the model Earth. In addition, the longitu-
dinally averaged poloidal and toroidal parts of the field inside the core
are plotted at these times. Although when viewed at the model’s sur-
face the reversal appears complete by the third snapshot, another three
thousand years are required for the original field polarity to decay out
of the inner core and the new polarity to diffuse in. More often however
a new polarity is not able to survive and the original polarity recovers.
This is likely what happens during “events” (Lund et al., 1998) when the
paleomagnetic field reverses and then reverses back, all within about
ten thousand years (Gubbins, 1999, Glatzmaier et al., 1999).
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Figure 4. A sequence of snapshots of the longitudinally averaged magnetic field through
the interior of the core and of the radial component of the field at the core-mantle boundary
and at what would be the surface of the Earth, displayed at roughly 3000-year intervals
spanning a dipole reversal from a geodynamo simulation. In the plots of the average
field, the small circle represents the inner core boundary and the large circle is the core-
mantle boundary. The poloidal field is shown as magnetic field lines on the left-hand
sides of these plots (blue is clockwise and red is counterclockwise). The toroidal field
direction and intensity are represented as contours (not magnetic field lines) on the
right-hand sides (red is eastward and blue is westward). Aitoff-Hammer projections of
the entire core-mantle boundary and surface are used to display the radial field (with
the two different surfaces displayed as the same size). Reds represent outward directed
field and blues inward field; the surface field, which is typically an order of magnitude
weaker, was multiplied by 10 to enhance the color contrast. (Reproduced with permission
of Nature, from figure 2 Glatzmaier, G. A., Coe, R. S., Hongre, L. and Roberts, P. H., “The
role of the Earth’s mantle in controlling the frequency of geomagnetic reversals”, Nature
401, 885–890 (1999), Copyright by Nature, www.nature.com)

Other geodynamo models produce somewhat similar results even
though the models differ in several respects. For example, different
thermal, velocity and magnetic boundary conditions are sometimes im-
posed, different parameter regimes are chosen, the Boussinesq instead
of the anelastic approximation is used, compositional buoyancy is ne-
glected, the inner core may be treated as an insulator instead of a con-
ductor. In addition, some employ hyperdiffusion, as we have, to be able
to lower the diffusion on the large spatial scales (Glatzmaier, 2002);
whereas others use scale-independent diffusivities. However, no model
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of the geodynamo has yet been run with a turbulent viscous diffusiv-
ity as small as even the Earth’s magnetic diffusivity, 2 m2/s. That is,
the Ekman number, Ek = ν/2�D2, (D is the depth of the fluid core)
for all geodynamo simulations has been at least four orders of magni-
tude larger than the Earth’s magnetic Ekman number, Em = η/2�D2.
Based on rough estimates of the flow velocities and length scales, the
turbulent Ek for geodynamo simulations should be no larger than the
Earth’s Em, 10−9. Although all these models produce dipole dominated
fields at the surface of the model Earth, the detailed structure and time
dependencies of the flow and field inside the model cores differ (Dormy
et al., 2000; Glatzmaier, 2002) as one would expect for different model
specifications.

3. Laminar approximations
of turbulent flows

How well do the dynamo mechanisms simulated in the models repre-
sent the actual magnetohydrodynamics of the Earth’s core? This is the
fundamental question. Many of us have suggested that the models do
capture enough of the energy spectrum and that Ekman numbers of
order 10−4 and 10−5 are asymptotically small enough that the large
(global) scales of the simulations should be fairly realistic. As comput-
ing resources improve, we will be able to resolve more of the spectrum,
reduce the turbulent diffusivities and produce turbulent simulations
that will begin to answer this fundamental question about our current
geodynamo simulations.

Since the goal is to reduce diffusion, it is helpful to characterize
our simulations with nondimensional numbers that do not involve dif-
fusivities. As recognized a quarter of a century ago (Gilman 1977), a
nondimensional number that conveniently estimates buoyancy effects
relative to Coriolis effects, without involving the presumably smaller
effects of thermal and viscous diffusivities, is the convective Rossby
number

Roc =
(

gα�T
D

)1/2/
2�.

This number is also proportional to the ratio of the rotation period to
free fall time across D for a gravitational acceleration, g, that is re-
duced by the relative density perturbation, α�T . Here α is the thermal
expansion coefficient and �T is the superadiabatic temperature drop
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across D. The α�T term could be replaced with

−
[(
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∂S

)
ξ, p

�S +
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∂ρ

∂ξ

)
S , p

�ξ

]/
ρ̄

at, for example, mid-depth for anelastic models.
Gilman (1977) found that when this number is significantly larger

than unity a differential rotation profile, with the equatorial region ro-
tating more slowly than higher latitudes, is maintained in a convecting
fluid; the opposite occurs when the convective Rossby number is signifi-
cantly less than unity. That is, when buoyancy dominates, fluid tends to
conserve its angular momentum, resulting in a lower angular velocity
in the equatorial region; whereas when the Coriolis force dominates,
the tilted convection cells in the spherical shell produce a convergence
of the nonlinear flux of angular momentum in the equatorial region,
which maintains a higher angular velocity there.

The convective Rossby number is still used in the solar physics
and computational fluid dynamics communities (e.g., Glatzmaier and
Gilman, 1982; Cabot and Pollack, 1992; Julien et al., 1996; Miesch
et al., 2000). It equals (Ra/Pr)1/2 Ek, where Ra is the classic Rayleigh
number and Pr is the Prandtl number, ν/κ. Roc is the square root of
what some authors in the geodynamics community (e.g., Christensen,
2002) have recently been calling a modified Rayleigh number. When
�T is the subadiabatic temperature difference across D for a stable
region this number is the Rossby Radius of Deformation divided by the
depth of the stable layer (e.g., Pedlosky, 1987) and equals the buoyancy
(Brunt-Väisälä) frequency divided by the Coriolis frequency, 2�. When
this number is squared it is called the Burger number (Pedlosky, 1987).

One can likewise estimate magnetic effects relative to rotational ef-
fects without involving diffusivities by constructing a magnetic Rossby
number as the ratio of an Alfvén frequency to the Coriolis frequency

Rom =
(

Bo

(ρµ)1/2 D

)/
2�,

where Bo is a typical magnetic field intensity and ρµ is taken at mid-
depth. This number is also proportional to the ratio of the rotation
period to the Alfvén travel time across D. It equals (Q/Pr q)1/2 Ek,
where Q is the Chandrasekhar number and q is the Roberts number,
κ/η.

When the diffusivities are small enough these nondimensional
Rossby numbers provide an estimate for the relative significance of
the buoyancy, Coriolis and Lorentz forces in dynamo simulations.
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However, how small do the diffusivities need to be? Because of their
relatively large values in current dynamo models, the fluid flow in dy-
namo simulations has been laminar. Mildly turbulent convection, how-
ever, has recently been simulated by Miesch et al., (2000) with a 3D
anelastic model to study solar convection. Their results show that, as
the viscous and thermal diffusivities are reduced and the flow becomes
turbulent, the convergence of the nonlinear flux of angular momentum
changes. As a result, the “constant-on-cylinders” profile of differential
rotation that was originally seen in the low-resolution simulations of
the solar dynamo (Gilman and Miller, 1981; Glatzmaier 1984) becomes
more like the “constant-on-radii” profile inferred from helioseismology
(Thompson et al., 1996). The original solar dynamo simulations are
characterized by large laminar convection cells, not unlike those seen
in current geodynamo simulations. Turbulent convection simulations,
however, demonstrate how the dynamics of small-scale plumes, after
they detach from the boundary layers, is dominated by vortex-vortex
interactions in the bulk of the fluid (e.g., Julien et al., 1996; Brummell
et al., 1996, 1998). Both the laminar and mildly turbulent solar sim-
ulations produce a surface zonal wind profile that matches the solar
surface observations; however, the original solar dynamo simulations,
which could only afford low spatial resolution at the time, apparently
got the right surface zonal wind profile for the wrong reason. In light
of this, how robust are the current geodynamo simulations, all of which
are very laminar?

4. 2D Turbulent magnetoconvection
simulations

To gain some insight to what the answer might be to this question, we
examine a series of 2D simulations of magnetoconvection within the
anelastic approximation. Although the 2D constraint precludes realistic
global flows and a dynamo mechanism, it does allow us to run at much
greater spatial resolution and therefore at much smaller viscous and
thermal diffusivities. That is, we are able to run in a more realistic
parameter regime, very high Rayleigh numbers and very low Ekman
numbers, that we would like to be able to reach someday in 3D.

Two-dimensional magnetoconvection has been studied via numeri-
cal simulation for many years (e.g., Weiss, 1981a,b). These studies have
helped us understand how thermal convection of an electrically con-
ducting fluid is affected by a magnetic field and vice versa (Proctor,
2004, Chapter 8 in this volume). However, most have been conducted
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for relatively low Rayleigh numbers and so have been studies of laminar
flows. Turbulent, high Rayleigh number simulations of non-magnetic
convection have been conducted (e.g., Werne, 1993; Vincent and Yuen,
2000), but these, like the low Rayleigh number magnetoconvection sim-
ulations, have employed the Boussinesq approximation and therefore
have not explored the effects of density stratification. In addition, for
the Boussinesq approximation in 2D, Coriolis forces are completely bal-
anced by part of the pressure field and so have no effect on the dynamics.

There are some 2D convection studies, however, that have included
the effects of density stratification. Fully compressible 2D simulations
of laminar convection have been conducted by Hurlburt et al., (1986);
and 2D turbulent convection has been simulated with anelastic mod-
els by Rogers et al., (2003) and Evonuk and Glatzmaier (2004). Here
we present additional 2D anelastic simulations of strongly turbulent
magnetoconvection in a rotating, density-stratified fluid in a parame-
ter regime that has been suggested as a grand challenge for the next
generation of 3D dynamo models.

4.1. The model

We specify a box of fluid with length L in the horizontal direction (x),
depth D in the vertical direction (z) and no flow, field or variations
in the y direction. There is a constant gravitational acceleration, −gẑ,
and a rotation rate, �ŷ, of the rotating frame of reference; the constant
centrifugal acceleration is absorbed in g. This box can be considered
a small part of the equatorial plane, with D being small relative to
the distance to the axis of rotation. The top and bottom boundaries are
impermeable, stress free and at constant entropy with a specified drop
in specific entropy, �S , across the depth D. The magnetic field at the top
and bottom boundaries is constrained to have no horizontal component,
i.e., these boundaries are magnetically stress free. The total magnetic
flux (per unit length in the y direction) through any constant z-level
is BoL, where Bo is the intensity of the externally applied, uniform,
background field in the z direction. The side boundaries are periodic.

We employ a 2D version of the anelastic equations (1)–(7) and choose
a reference state that is adiabatic and hydrostatic with no flow relative
to the rotating frame and no magnetic field. We prescribe it as a poly-
trope such that the reference state pressure, p̄, and density, ρ̄, are

p̄(z) = po

(
1 − z

zo

)(n+1)
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and

ρ̄(z) = ρo

(
1 − z

zo

)n

,

where n is the polytropic index and zo is a constant (> D) that deter-
mines the density stratification. It is related to the number of density
scale heights, Nρ , across D by

Nρ = −n ln
(

1 − D
zo

)
.

In the Boussinesq limit, zo → ∞, Nρ → 0; in the large stratification
limit, zo → D, Nρ → ∞. The reference state specific entropy is a con-
stant and the reference state (adiabatic) temperature gradient is

dT̄
dr

= −gᾱT̄ /cp.

We assume a constant specific heat capacity at constant pressure, cp,
and a thermal expansion coefficient, ᾱ = T̄ −1, so

T̄ (z) = T o

(
1 − z

zo

)
.

Here, po, ρo and T o are the values at the bottom boundary, z = 0. The
local inverse density and temperature scale height functions are

hρ = d
dz

(ln ρ̄) = − n
(zo − z)

and hT = d
dz

(lnT̄ ) = − 1
(zo − z)

respectively.
To solve the system of perturbation equations (1)–(7), we define

a stream function and vector potential and use the method that has
been employed in many previous 2D Boussinesq studies (e.g., Weiss,
1981a,b), but with the following modification for our anelastic model
(Rogers et al., 2003; Evonuk and Glatzmaier, 2004). Our streamfunc-
tion, �, is defined such that

ρ̄v = ∇ × �ŷ,

which ensures mass conservation (1). The magnetic vector potential, A,
is defined such that

B = ∇ × Aŷ,

which ensures magnetic flux conservation (2).
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Taking the curl of the momentum equation (5) gives the vorticity
equation

∂ω

∂t
= −v · ∇ω + (2� + ω)hρvz − g

cp

∂S
∂x

+ ν∇2ω + 1
ρ̄

(B · ∇J − hρ J Bz),

(9)

where ω is the vorticity, ∇ × v, and J is the electric current density,
J = µ−1∇ × B. In this 2D problem, ω and J, like Ψ and A, are all in
the y direction and their amplitudes are related by

ω = −1
ρ̄

(
∇2ψ − hρ

∂�

∂z

)
and J = − 1

µ
∇2 A.

We have assumed a constant turbulent viscous diffusivity, ν, and have
dropped the additional viscous diffusion terms that would appear due
to ρ̄(z) if we were using a molecular viscosity.

Uncurling the magnetic induction equation (6) gives us

∂ A
∂t

= −v · ∇A+ η∇2 A, (10)

where we have assumed a constant magnetic diffusivity, η.
In this simple model we neglect viscous and Joule heating, assume

a constant turbulent thermal diffusivity, κ, and do not consider compo-
sition. Therefore the heat equation (7) becomes:

∂S
∂t

= −v · ∇S + κ

[
∇2S + (hρ + hT )

∂S
∂z

]
, (11)

where (
∂ρ

∂S

)
p

= ρ̄T̄ hT

g
.

We solve this set of equations using Fourier expansions in the hor-
izontal direction and a finite difference scheme on a Chebyshev grid
in the vertical direction. The nonlinear terms are computed with a
spectral transform method. The system is evolved in time using an ex-
plicit Adams-Bashforth method for the nonlinear terms and an implicit
method for the linear terms. No hyperdiffusion is employed.

The numerical timestep is limited by a Courant condition based on
the fluid and Alfvén velocities and the grid resolution. We use 2001
Chebyshev levels in the vertical direction, which places eight levels
within what would be the Ekman boundary layer (if this were 3D) for
Ek = 10−9. Variables are expanded in 1333 complex Fourier modes
to represent their horizontal structures, using 4001 horizontal grid
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points to compute alias-free nonlinear terms. We set the aspect ratio,
L/D, to 2.

4.2. The results

We begin by describing a 2D simulation that is time dependent but
laminar. We choose a polytropic index of unity and a relatively small
density stratification, like that of the Earth’s outer fluid core, Nρ = 0.2,
for which the density at the bottom boundary is about 20% greater than
that at the top. The Rayleigh number

Ra = g�S D3

cpνκ

is set to 3×106 and the Ekman number, Ek, is set to 10−4. All diffusivi-
ties are constant and equal, making Pr and q both unity. Consequently,
for this case Roc = 1.7×10−1. We specify the background magnetic field
such that Rom = 10−2. The resulting simulation has a Reynolds number

Re = vmax D/ν

of order 103 and so the classic Rossby number

Ro = vmax/2�D = Ek Re

is of order 10−1. Here, vmax is the time-averaged maximum fluid ve-
locity. The induced magnetic field has an average maximum intensity,
Bmax, about an order of magnitude greater than the background field
intensity, Bo; the magnetic energy is comparable to the kinetic energy.
Figure 5a is a snapshot of the entropy perturbation for this Case A.
Notice how the thermal plumes extend from one boundary to the other,
similar to convection cells. The evolution of the case resembles the flow
seen in a lava lamp. This large-scale laminar convection is typical of
the style of convection simulated with current 3D geodynamo models.

Now we examine what happens if we stop the rotation, turn off the
background magnetic field and reduce the viscous and thermal diffusiv-
ities each by a factor of 577, which increases Ra to 1012. The average Re
increases to about 106, indicating turbulence. A snapshot of this Case B
is shown in Fig. 5(b). As expected, this case has much more energy in the
small spatial scales compared with Case A. Plumes become detached
from the boundaries and interact turbulently with others in the bulk
of the convection zone. Several intense, small-scale vortices are gener-
ated by the shear flows. However, as we have been suggesting in the
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Entropy

(a) (b)

(c) (d)

Figure 5. Snapshots of the entropy for four different 2D anelastic magnetoconvection
calculations. Reds are high entropy; blues are low. Gravity is downward, the bottom
boundary is hot and the top is cold. (a) Rotating and magnetic, Ra = 3 × 106, Ek = 10−4,
Pr = 1, Q = 104, q = 1, Nρ = 0.2 and n = 1, (b) nonrotating and nonmagnetic, Ra = 1012,
Pr = 1, Nρ = 0.2 and n = 1, (c) rotating but nonmagnetic, Ra = 3 × 1012, Ek = 10−9,
Pr = 1, Nρ = 0.2 and n = 1, (d) rotating and magnetic, Ra = 1011, Ek = 10−9, Pr = 1,
Q = 108, q = 1, Nρ = 2.5 and n = 1.5.

geodynamics community for years, this small-scale turbulence, which
is resolved in Case B, is crudely represented as enhanced diffusivities
in Case A. Indeed, the large-scale structures and motions in Case B are
qualitatively not unlike those of Case A. Of course part of the reason
these large-scale structures are prominent here is the inverse cascade
of the kinetic energy to small wave numbers in 2D flows.

Consider what happens when we restore rotation, now setting Ek to
10−9 and Ra to 3 × 1012. We keep Pr at unity, so Roc is 1.7 × 10−3. This
simulation produces a Re of about 4×105 and Ro of about 4×10−4, indi-
cating very strong Coriolis effects. A typical snapshot of this turbulent
rotating Case C (Figure 5(c)) shows a very different flow structure com-
pared with Cases A and B. Deep turbulent boundary layers develop. The
kinetic energy of buoyant plumes rising from the bottom boundary is
converted into rotational kinetic energy. That is, as plumes rise from the
bottom boundary the Coriolis forces resulting from the expansion gen-
erate negative vorticity, i.e., vortices with counter-clockwise rotation.
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Likewise, positive vorticity (clockwise rotating vortices) is generated in
plumes sinking from the top boundary. This vortex generation due to
compressibility was described in the early anelastic studies (Glatzmaier
and Gilman, 1981) and is represented here by the 2�hρvz term in the
vorticity equation (9). The effect is relatively insignificant in Case A and
in the current 3D anelastic geodynamo simulations because viscosity
in these calculations is relatively large, i.e., the Ekman number is not
small enough. It is completely absent in Boussinesq simulations at any
value of Ek.

When we add a background magnetic field to Case C (not shown
in Fig. 5), with Rom = 10−6 and q = 1, the induced magnetic energy
is about half the kinetic energy. The Lorentz forces somewhat weaken
the strong rotational constraint, resulting in more small scale plume
transport through the convection zone. However, high amplitude Alfvén
waves now exit in the form of local horizontal oscillations.

Accounting for the effects of compressibility becomes even more im-
portant when studying turbulent convection in the strongly density-
stratified interiors of giant planets and stars. Consider Case D, which
has Ek also at 10−9 and Pr and q still at unity. Ra is set to 1011

(Roc = 3.3 × 10−4) and Rom is set to 10−5. We choose a greater density
stratification, one with a density ratio of 12 (Nρ = 2.5) and now assume
a perfect gas (n = 1.5). The Re in this case becomes 106 (Ro = 10−3)
and the induced magnetic energy is comparable to the kinetic energy. A
snapshot of this Case D is seen in Fig. 5(d). Both the spatial structure
and the time dependency are more complicated compared with Case C.
A movie of this case shows high-frequency high-amplitude Alfvén waves
manifested as local horizontal oscillations of the entropy and magnetic
field structures. These oscillations have their largest amplitude and fre-
quency in the upper, low-density region, as would be expected. Kinetic
energy of this wave motion greatly exceeds that of the convection but is
comparable to the magnetic energy. As a result, the numerical timestep
needs to be a couple orders of magnitude smaller than what it would be
without a magnetic field. This effect is not seen in current 3D anelastic
simulations of stellar and giant planet dynamos or in 3D geodynamo
simulations, which have less density stratification but greater magnetic
energy relative to kinetic energy. It is the relatively large viscosity used
in those simulations that damps Alfvén waves, i.e., again the Ekman
number has been too large.

Figure 6 compares the mean entropy profile in the vertical direction
for these four cases. Since we specified a constant κ for all of these cases,
the mean entropy at mid-depth is greater than the average of the bound-
ary values, which it would be for Boussinesq simulations, because of the
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Figure 6. Time and horizontally averaged entropy (S) vs. height (z) for the four cases
listed in Fig. 5. In all cases, entropy is 1 at z = 0 and 0 at z = 1.

density stratification. That is, since ρ̄T̄ at the bottom boundary exceeds
that at the top boundary and the diffusive heat flux (−κρ̄T̄ ∂S/∂z) is on
average the same at both boundaries, the radial gradient of the entropy
is less steep at the bottom. Since the boundary layer depths are compa-
rable, the drop in entropy across the bottom boundary is less than that
across the top boundary (Evonuk and Glatzmaier, 2004).

However, what is dramatic about the plots of Fig. 6 is the structure
of the mean entropy profile within the interior. The profiles for cases A
and B are similar to what has traditionally been seen in non-rotating
Boussinesq simulations; that is, the interior is nearly adiabatic and
all the driving occurs within the shallow boundary layers. The profiles
for the other cases clearly show that the combination of rotation and
density stratification requires superadiabaticity in the interior to help
drive both convective and diffusive heat flux. The rotational effect is
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discussed by Julien et al., (1996) for 3D Boussinesq convection; basically,
plume-plume interactions cause enhanced lateral mixing and therefore
less efficient convective heat transfer in the vertical direction. The ex-
pansion of rising plumes due to a large density stratification and the
lateral oscillations due to an intense magnetic field also enhance lateral
mixing to the extent of producing a series of alternating stable (subadi-
abatic) and unstable (superadiabatic) layers (Fig. 6(d)). The enhanced
lateral mixing is apparent when comparing the “washed out” look of
Fig. 5(d) with the “fine structure” look of Fig. 5(c).

For the 2D cases discussed so far, we have made all three diffusiv-
ities equal and constant. However, Prandtl and Roberts numbers less
than unity may likely be more realistic for the fluid interiors of plan-
ets and stars. For our final case we choose a non-magnetic simulation
with Ra = 2 × 1012, Ek = 10−9 and Pr = 0.1 (Roc = 4.5 × 10−3).
We also further increase the density stratification by setting Nρ = 5
and n = 1.5, which makes the density at the bottom 148 times greater
than at the top. Here the Re becomes roughly 3 × 106 (Ro = 3 × 10−3).
The initial mean entropy, which linearly decreases by �S from the
bottom boundary to the top, drives vigorous turbulent convection that
generates many strong vortices by both shear flows and the density
stratification effect. Fairly quickly, though, the mean entropy profile
evolves into one with a series of stable and unstable layers, similar to
that of Case D but with a deep stable layer just below the shallow top
boundary layer. This significantly reduces the vigor of the convection,
changes its style and causes the largest flows to exist in the upper low-
density region in the form of a horizontal oscillation with a prograde
drift. Several small, intense, warm core vortices, however, continue to
exist and wander through the high-density region (Fig. 7). The prograde
drift is partially due to the prograde phase propagation described by
Glatzmaier and Gilman (1981) as Rossby waves driven by the density
stratification and may have an effect on the zonal winds in the outer,
low-conductivity layers of giant planets.

5. Discussion

Our understanding of how magnetic fields are generated by convection
in planets and stars has improved during the past decade with the
development of magnetohydrodynamic dynamo models. We would like
to believe that the relatively realistic structures and time dependencies
of the simulated geomagnetic fields (outside the core), including the
occasional spontaneous reversals, is not just a coincidence. However, no
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Entropy

Figure 7. A snapshot of the entropy for a non-magnetic case with Ra = 2 × 1012, Ek =
10−9, Pr = 0.1, Nρ = 5 and n = 1.5.

dynamo model has yet simulated strongly turbulent convection, which
is characteristic of stellar and planetary dynamos. We have assumed
that the enhanced eddy diffusivities in our laminar simulations are
adequately, albeit crudely, accounting for the mixing by the unresolved
turbulence. Although asymptotic scaling relations for fluid flow and
heat flow suggest that some of the current solutions are converging
with increasing convective Rossby number (Christensen 2002), these
simulations are still Boussinesq and laminar.

Our 2D anelastic simulations demonstrate that turbulent rotating
magnetoconvection is significantly different than the corresponding
laminar simulations obtained with much larger diffusivities. An im-
portant effect is the generation of negative vorticity in rising fluid as it
expands and rotates due to the resulting Coriolis forces; likewise, sink-
ing fluid generates positive vorticity. This effect is absent within the
Boussinesq approximation, which most dynamo models employ. The ef-
fect is present in anelastic geodynamo simulations but damped by the
large viscosity (Ek > 10−5) used in these 3D laminar simulations. Our
2D anelastic simulations with much smaller diffusivities (Ek = 10−9)
show how significant this effect is even for the small density strati-
fication of the Earth’s fluid core. Our 2D models, however, have not
included vortex stretching due to the curvature of spherical boundaries
in 3D; this would have a larger effect than the density stratification for
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laminar convection if, as for the Earth’s core, Nρ < 1. But for turbu-
lent rotating convection, eddies and plumes in the interior of the flow
have little connection with the boundaries. That is, it is unlikely that
thin Taylor columns span from the southern hemisphere to the north-
ern hemisphere without developing instabilities that destroy this 2D
structure (Christensen, 2002). However, vortex generation due to flow
through a density stratification is present even for 3D turbulence and is
likely more significant than the boundary curvature effect, even when
turbulent convection spans only a fraction of a density scale height.

When the magnetic field is strong, there is another important effect:
large-amplitude high-frequency Alfvén waves that have comparable or
greater kinetic energy than the convection. Again, the large diffusivities
of current dynamo simulations damp these waves before they develop
large amplitudes. However, in our 2D small-diffusion simulations these
horizontal oscillations have significantly larger amplitude than the con-
vective flow, which forces the numerical timestep to be extremely small
for codes that treat nonlinear advection explicitly. The spatial structure
and frequency spectrum of these waves in the Earth’s core will be ex-
citing to investigate; however, when simulating the long term evolution
of the geodynamo, at high spatial resolution and low diffusion, a fully
implicit numerical timestepping scheme may be required to effectively
filter out these waves.

Unlike laminar simulations, turbulent convection in a rotating
density-stratified fluid is not driven only by the shallow strongly su-
peradiabatic thermal boundary layers; the conversion of kinetic energy
of vertical flows to rotational kinetic energy of vortices requires a sub-
stantially superadiabatic mean entropy profile in the interior. When the
density stratification is large and the Ekman number is small, the en-
hanced lateral mixing by vortices creates a staircase of alternating sta-
ble and unstable layers within the convection zone. The associated het-
erogeneity and anisotropy of the turbulent dynamics would likely have
a significant influence on the details of the dynamo mechanism in 3D.

Although 2D dynamics certainly differ from 3D dynamics, our 2D
anelastic simulations do suggest that current 3D laminar dynamo sim-
ulations are missing critical dynamical phenomena. It is therefore im-
portant to strive for much greater spatial resolution in 3D models in
order to significantly reduce the eddy diffusion coefficients and simu-
late turbulence. This will require significant improvements in compu-
tational resources and numerical methods. In addition, subgrid scale
models are needed to better represent the transport of heat, compo-
sition, momentum and possibly also magnetic field by the part of the
turbulence spectrum that remains unresolved. We look forward to the
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next generation of turbulent dynamo models to make new discoveries
about the dynamics deep within planets and stars.
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