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The global shape of Europa: Constraints on lateral shell thickness variations
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Abstract

The global shape of Europa is controlled by tidal and rotational potentials and possibly by lateral variations in ice shell thickness. We use limb

profiles from four Galileo images to determine the best-fit hydrostatic shape, yielding a mean radius of 1560.8 ± 0.3 km and a radius difference

a − c of 3.0±0.9 km, consistent with previous determinations and inferences from gravity observations. Adding long-wavelength topography due

to proposed lateral variations in shell thickness results in poorer fits to the limb profiles. We conclude that lateral shell thickness variations and

long-wavelength isostatically supported topographic variations do not exceed 7 and 0.7 km, respectively. For the range of rheologies investigated

(basal viscosities from 1014 to 1015 Pa s) the maximum permissible (conductive) shell thickness is 35 km. The relative uniformity of Europa’s

shell thickness is due to either a heat flux �7 mW m−2 from the silicate interior, lateral ice flow at the base of the shell, or convection within the

shell.

 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Determining the global shape of Europa is an important geo-

physical objective (Davies et al., 1998), since a satellite’s shape

may be used to make inferences about its internal structure (e.g.,

Dermott and Thomas, 1988; Anderson et al., 2001). In the ab-

sence of significant elastic stresses, a satellite’s shape is usually

determined by its density structure and the tidal and rotational

potentials present (e.g., Murray and Dermott, 1999). However,

in the case of Europa, an additional effect may be important:

lateral variations in the floating ice shell thickness (Ojakangas

and Stevenson, 1989) can generate long-wavelength topogra-

phy which will affect the global shape. Similar effects are likely

to be important on other satellites, such as Enceladus, which

may also possess floating ice shells (Nimmo et al., 2007). The

aim of this paper is to provide a determination of the global
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shape of Europa based on limb profile observations, and to in-

vestigate whether lateral variations in ice shell thickness are

likely to be an important factor.

The available observations are sufficient to determine a well-

constrained global shape model. However, the data provide no

evidence for the expected lateral variations in shell thickness.

There are several possible mechanisms which could account for

the lack of lateral shell thickness variations. While the resulting

constraints on shell properties are less stringent than one would

like, it is clear that additional data acquired in future, either at

Europa or elsewhere, can be used to probe the nature of satel-

lites possessing floating ice shells.

The rest of this paper is organized as follows. We first dis-

cuss the available limb profile observations, and then detail the

theory used to predict the satellite’s global shape, including the

effect of lateral shell thickness contrasts. The global shape re-

sults are compared with previous determinations (Davies et al.,

1998). We then assess the evidence for lateral shell thickness

variations, and conclude with a discussion of our findings, and

suggestions for future work.

0019-1035/$ – see front matter  2007 Elsevier Inc. All rights reserved.
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Fig. 1. Location of individual Galileo limb profiles (see Table 1 for details) superimposed on a global image mosaic of Europa in simple cylindrical projection. Note

that for 3600639.26 both eastern and western limbs are observed.

Table 1

Galileo (G) and Voyager 2 (V) spacecraft (S/C) images used to generate limb

profiles

S/C Clock count N km/pxl Latitude Longitude Latitude range

G 04665818.66 1043 4.11 −0.61 162.43 −87.3 to 89.4

G 04137427.78 591 7.36 0.10 282.57 −89.9 to 88.7

G 03600639.26 1164 6.89 1.02 292.62 −89.0 to 89.0

G 03897045.00 802 3.25 −0.14 164.26 −53.5 to 59.6

V 20650.22 898 2.31 −21.64 129.80 −40.9 to 17.8

V 20651.59 893 2.15 −25.25 122.45 −27.6 to 26.2

Note. N is the number of data points, “Latitude” and “Longitude” refer to sub-

spacecraft latitude and longitude. “Latitude range” gives the range of latitudes

of the profiles. Clock count (FDS count for Voyager) identifies individual im-

age. Profile positions are plotted in Fig. 1.

2. Limb profile observations

Fig. 1 shows the location of the Galileo limb profiles de-

tailed in Table 1 and used to obtain the global shape of Eu-

ropa. Although coverage is modest, the four profiles sample

the regions of the 3 principal axes well, while the smooth-

ness of the limbs strongly restrict the range of possible solu-

tions. Two Voyager limb profiles (FDS counts 20650.22 and

20651.59) were also examined, but despite the higher nominal

resolution (see Table 1), these two profiles proved sufficiently

noisy that they provided no additional constraints on the global

shape.

The observations which we use are the radial distance and

position of points along the observed limbs. The limb coordi-

nates are measured by fitting a Gaussian spread function to a

model sharp limb and matching the observed brightness pro-

file to ∼0.1 pixels along scans crossing the limb (Thomas et al.,

1998). Accuracies are estimated by comparing results of low

and high resolution images of the same target. Camera distor-

tion (Davies et al., 1994) is then removed, and the relative po-

sitions of the limb in different views, are compared to those of

projected ellipses of triaxial ellipsoids. Residuals are the radial

difference between the observed pixel location and predicted

pixel location, and the shape with minimal RMS residuals is the

solution. Uncertainties are estimated by allowing tested shapes

(a, b, c axes in km), to vary, within a range of residuals esti-

mated to account for measurement uncertainties and effects of

departures from ideal ellipsoid shape (see Dermott and Thomas,

1988). Smoothness of the limbs and completeness of coverage

play the dominant role in determining the uncertainty of the

overall shape solution.

Fig. 2 shows the residuals with the best-fit ellipsoidal shape

added back in as a function of latitude. These will be re-

ferred to as the “raw radii,” because they contain the observed

long-wavelength topography, and form the observations against

which our theoretical models will be compared. The profiles

contain significant amounts of short-wavelength topography,

such that the envelope described by the points at any one lat-

itude is ≈1 km wide. However, it is clear that there is long-

wavelength (degree 2) structure in the profiles. Furthermore,

some shorter-wavelength topography with amplitudes exceed-

ing 1 km is also apparent, e.g., at about 75◦ S in Fig. 2a and

5◦ S in Fig. 2b.

In order to quantify the amount of short-wavelength topog-

raphy, which is noise as far as the global shape is concerned,

the profiles were high-pass filtered using a window centered on

100 km with a half-width of 50 km. The standard deviation of

the resulting high-frequency profiles was 0.32 km. Models, de-

scribed below, which failed to reduce the RMS misfit below this

value were deemed inadequate. While this approach neglects

the possibility of long-wavelength systematic errors in the data,
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Fig. 2. Observed limb profile raw radii robs as a function of latitude. (a–d) Solid line shows model radius r as a function of latitude for minimum misfit hydrostatic

model (see Table 3). The RMS misfit is 0.229 km. (e–h) Solid line shows example model radius r ′ for minimum misfit model when lateral shell thickness variations

are included (Fb = 5 mW m−2 and ηb = 1015 Pa s; see Fig. 4a). The RMS misfit is 0.279 km. In Figs. 2c and 2g the model lines for both the eastern and western

limb are shown; because of the symmetry of the problem the lines plot on top of each other.

it provides a quantitative measure of the quality of theoretical

model fits. Note that we fit all the data, including the short-

wavelength topography, to our theoretical models as described

in the next section.

3. Theory

The global shape of Europa is controlled primarily by its

rotational and tidal potentials (e.g., Davies et al., 1998). How-
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ever, if lateral shell thickness variations occur, these will cause

long-wavelength topographic variations which will also affect

the global shape. Below we discuss each of these contributions

in turn.

3.1. Global shape

Under the influence of tidal and rotational potentials, and in

the absence of elasticity, a satellite’s shape is expected to be a

triaxial ellipsoid (e.g., Murray and Dermott, 1999). The radial

distance r to a point (θ,φ) on an ellipsoidal figure is given by

(1)r2(θ,φ) = sin2 φ
(

a2 cos2 θ + b2 sin2 θ
)

+ c2 cos2 φ,

where a, b, c are the principal axes of the ellipsoid, θ and φ are

the longitude and colatitude, respectively. For a synchronous ro-

tator in hydrostatic equilibrium 4(b − c) = a − c (Murray and

Dermott, 1999). Because Europa’s ice shell is relatively thin,

we expect it to be close to hydrostatic equilibrium (Moore and

Schubert, 2000) and the hydrostatic equality will therefore gen-

erally be adopted.

The observed raw radius measurements robs(θ,φ) are given

for a nominal center of figure. If this center of figure changes,

then so too will robs, θ and φ. Since the center of figure is un-

certain, when fitting the theoretical radii r to the observed raw

radii robs, it is necessary to vary not only the parameters a, b

and c which describe the theoretical ellipsoidal figure, but to

also vary the location of the center of figure. In Appendix A we

describe how to recalculate the observed radii and coordinates

when the center of figure changes. The location of the center

of figure is described by �x, �y and �z, where each para-

meter is the offset from the nominal position in the x-, y- and

z-directions, respectively.

For a set of observed raw radius measurements, Eq. (1) and

Appendix A may be used to determine which values of a, b, c,

�x, �y and �z give the minimum misfit between r and robs.

If, as discussed below, lateral shell thickness variations are im-

portant, then local topography h(θ,φ) will be superimposed on

the equilibrium figure. In this case the predicted radius at any

point is given by r ′(θ,φ) = r(θ,φ) + h(θ,φ) and it is the dif-

ference between r ′ and robs that must be minimized to obtain

the values of a, b, c, �x, �y and �z.

An independent constraint on a − c may be obtained from

gravity observations. Assuming hydrostatic equilibrium, the

satellite’s rotational parameter and second-degree gravity co-

efficient(s) may be used to constrain the interior density distri-

bution (e.g., Anderson et al., 1998). Given an internal density

distribution, the amount of flattening, parameterized as a − c,

may be directly derived (e.g., Dermott and Thomas, 1988).

Importantly, this estimate is not affected by any (isostatically-

compensated) shell thickness variations. Anderson et al. (1998)

give a value for a−c of 3.2±0.08 km,1 indicating a body which

is relatively centrally condensed (a uniform Europa would have

a − c = 3.9 km). Thus, the hydrostatic a − c derived using the

1 Here we have assumed an uncertainty of 2.5% based on the published un-

certainties in C22 and q of 2% and 1.5%, respectively.

Fig. 3. Variation in laterally-averaged strain rate (solid line) and surface tem-

perature (dashed line) as a function of latitude, calculated using the methods

described in Section 3.2.

gravity observations can be used as a constraint on the values

derived from limb profile fitting.

3.2. Shell thickness variations and topography

We will begin by assuming that Europa’s ice shell is conduc-

tive and in equilibrium (i.e., that heat transport is balanced by

heat production). Alternatively, the ice shell may be convect-

ing (e.g., Pappalardo et al., 1998), in which case the analysis

below undergoes slight modifications; this case is discussed fur-

ther below (Section 5). In the conductive case, the local shell

thickness is mainly controlled by four factors: the surface tem-

perature Ts ; the tidal heat production within the shell H ; the

heat delivered to the base of the ice shell Fb; and the ability

of the shell to conduct heat. Of these factors, at least the first

two, and possibly the third, vary with position on the satellite

(see Fig. 3). Thus, the shell thickness is expected to show lateral

variations. This theory was worked out in considerable detail by

Ojakangas and Stevenson (1989) and only a brief summary will

be given here.

Assuming that the deformation of the satellite may be de-

scribed by a viscoelastic (Maxwell) model, the local volumetric

tidal heating H(θ,φ) is given by

(2)H(θ,φ,η) =
2µ ¯̇ε

2
ij

ω

[

ωτM

1 + (ωτM)2

]

,

where µ is the rigidity, ˙εij is the local tidal strain rate, an over-

bar denotes time-averaging over one tidal cycle, ω is the tidal

frequency and τM = η/µ is the Maxwell time, where η is the

local viscosity. For a thin shell, we assume that neither the strain

rate nor the rigidity vary significantly with depth. However, the

viscosity is temperature-dependent and thus depth-dependent,

so that the volumetric heating H varies vertically as well as lat-

erally.

Rather than adopt a strict Arrhenius relationship for the

temperature-dependence of the viscosity, we instead use the

simplified Frank–Kamenetski approximation (e.g., Solomatov,

1995):

(3)η(T ) = ηb exp
[

−γ (T − Tb)
]

,
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where ηb is the reference viscosity at the base of the ice shell

(temperature Tb) and γ = Q/RT 2
b , where Q is the activation

energy and R is the gas constant. The heat production depends

strongly on the viscosity structure; thus, by varying the refer-

ence viscosity we can investigate the behavior of conductive

shells of varying thicknesses.

The different components of tidal strain tensor εij may be

calculated using the satellite parameters and expressions (B.19)–

(B.26) given in Ojakangas and Stevenson (1989), with one

typographical correction (g4 = 135/88 in Eq. (B.25)). The re-

sulting time- and laterally-averaged strain rate is plotted in

Fig. 3. It varies from 1.67 × 10−10 s−1 at the equator to

2.81 × 10−10 s−1 at the poles, with a global mean value of

2 × 10−10 s−1. Neglecting other effects, the volumetric heating

therefore increases by a factor of 2.8 from equator to pole. The

annually-averaged surface temperature Ts(φ) is calculated us-

ing Ojakangas and Stevenson (1989) (their Appendix A) and

is also shown in Fig. 3. The global mean value is 101.2 K

and it varies from 39 K at the poles to 109 K at the equator.

This equatorial temperature is comparable to the mean equator-

ial temperature of 106 K derived from radiometer observations

(Spencer et al., 1999).

The equilibrium shell thickness D(θ,φ) is then determined

by a finite-difference shooting technique (Press et al., 1992). In

equilibrium, the finite-difference version of the heat conduction

equation may be written

(4)Ti = 2Ti+1 − Ti+2 −
(

H(Ti+1)�z2/k
)

,

where Ti is the temperature at the ith grid point, �z is the grid

point spacing and k is the (constant) thermal conductivity. Note

that the volumetric heating rate is a function of both surface

position and temperature. Temperature and heat flux bound-

ary conditions at the base of the shell (i = N ) give TN = Tb

and TN−1 = TN − Fb�z/k, where Fb is assumed to be con-

stant. Given these boundary conditions, Eq. (4) may be used

to determine the temperature at the surface. The local shell

thickness D(θ,φ) is then adjusted and the process iterated until

the correct surface temperature Ts(θ,φ) is obtained. Although

this approach does not require it, for simplicity we assume that

k is constant. Introducing a variable thermal conductivity (cf.

Ojakangas and Stevenson, 1989) slightly changes the results

with effects that are discussed in Section 4.2.

If the ice shell thickness D(θ,φ) varies laterally, then in the

absence of elastic effects these variations will give rise to corre-

sponding variations in topography due to isostasy. The resulting

topography h(θ,φ) is simply given by

(5)h =
�ρ

ρ + �ρ
�D,

where ρ is the ice density, �ρ is the ice-water density contrast,

and �D is the ice shell thickness difference from some back-

ground value.

Topography is defined relative to an equipotential surface;

thus, lateral shell thickness variations will cause the apparent

shape of a hydrostatic body to depart from the expected equilib-

rium shape. Here we assume that the mean value of h integrated

across the satellite is zero; thus, a hydrostatic shell with no

Table 2

Nominal parameter values employed

Symbol Value Units Symbol Value Units

ρ 900 kg m−3 �ρ 100 kg m−3

k 3 W m−1 K−1 ω 2.048 × 10−5 s−1

Tb 270 K µ 4 GPa

Q 59 kJ mol−1

thickness variations will conform to the expected equilibrium

shape. Because of the long wavelength of the thickness vari-

ations, it is appropriate to assume that elastic stresses play no

significant role and thus that the ice shell is hydrostatic.

3.3. Parameters adopted

In general, parameter values were chosen to be similar to

those adopted by Ojakangas and Stevenson (1989). Table 2

gives the values adopted for this work.

We will assume that the basal ice viscosity ηb varies between

1014 and 1015 Pa s and adopt an activation energy of 59 kJ/mol.

This viscosity range is consistent with grain sizes ≈1 mm for

the diffusion creep regime of Goldsby and Kohlstedt (2001).

As noted above, varying the basal viscosity will cause the mean

shell thickness, and shell thickness contrasts, to vary.

The heat flux into the base of the ice shell depends on the

radiogenic and tidal heat generated in the silicate interior. The

radiogenic contribution is about 7 mW m−2, assuming chon-

dritic abundances (Hussmann and Spohn, 2004). The tidal con-

tribution depends on the (unknown) viscosity structure of the

silicate interior, and could be negligible (Ojakangas and Steven-

son, 1989) to as high as 200 mW m−2 (O’Brien et al., 2002). As

discussed below (Section 4.2), such high heat fluxes result in

thin shells and thus negligible lateral shell thickness variations.

For simplicity, we assume that Fb does not vary in space. We

note that in reality tidal dissipation within the silicate shell will

show some spatial variability (e.g., Segatz et al., 1988); what is

unclear is the extent to which the overlying ocean will smooth

out such variations.

4. Results

4.1. Global shape

The solid lines in Figs. 2a–2d show the shape of the best-fit

hydrostatic ellipsoid, tabulated in Table 3. The individual pro-

file fits are generally within the noise, although there appears

to be a systematic offset in the N hemisphere of Fig. 2b. This

offset is most likely not a real feature, since Fig. 2c shows a

profile from a nearby limb which lacks any corresponding off-

set. We carried out misfits excluding the 04137427.78 data set

but found that there was no appreciable change in the results

(apart from a reduction in the minimum RMS misfit). This lack

of change likely arises because the apparent systematic offset

cannot be fit by any of the models (assuming small obliquities)

and thus the data set in question essentially provides no con-

straint on a, b and c.
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Table 3

Minimum misfit ellipsoidal shape results (Eq. (1))

a b c �x �y �z Misfit R̄-1560 a − c
(b−c)
(a−c)

Hydrostatic, nominal 1562.6 1560.1 1559.3 0 0 0 0.255 0.7 ± 0.3 3.2 ± 0.8 0.25

Hydrostatic, adjusted 1562.6 1560.3 1559.5 0.2 −0.45 0 0.229 0.8 ± 0.3 3.0 ± 0.9 0.25

Davies hydrostatic 1562.4 1560.2 1559.4 – – – – 0.7 ± 0.65 3.0 0.25

Ellipsoid, nominal 1562.7 1559.8 1559.5 0 0 0 0.229 0.7 ± 0.3 3.2 ± 0.9 0.09

Ellipsoid, adjusted 1562.6 1560.3 1559.5 0.2 −0.5 0 0.229 0.8 ± 0.3 3.0 ± 1.0 0.26

Model, nominal 1561.6 1560.4 1560.0 0 0 0 0.304 0.7 ± 0.1 1.6 ± 0.5 0.25

Model, adjusted 1561.6 1560.5 1560.2 0.1 −0.4 0 0.279 0.8 ± 0.2 1.4 ± 0.7 0.25

Note. All quantities except the last column in km. R̄ is the mean satellite radius, �x, �y and �z are the adjustments to the nominal best-fit center of figure (see

Appendix A). Hydrostatic results are constrained by 4(b − c) = (a − c). “Davies” refers to the estimates by Davies et al. (1998). The best-fit hydrostatic profiles

and an example model profiles are shown in Figs. 2a–2d and 2e–2h, respectively. Errors in R̄ and a − c are calculated from the envelope of models which fit the

data with an RMS error of better than 0.32 km (see text).

(a) (b)

Fig. 4. (a) Predicted topography variations, calculated as described in Section 3.2 with ηb = 1015 Pa s and Fb = 5 mW m−2. Bold contour line is zero, dashed lines

are negative, solid lines are positive, contour interval 200 m. (b) Longitudinally averaged shell thickness for models with the same basal viscosity (1015 Pa s) but

different basal heat fluxes Fb .

For the complete data set, the overall RMS misfit is 0.229

km, a 28% reduction compared with the standard-deviation of

the short-wavelength noise. This reduction indicates that the

long-wavelength shape is being matched reasonably well. Fits

using a general ellipsoid, rather than a hydrostatic one, yield

very similar values and an almost identical misfit. The mean ra-

dius is 1560.8 ± 0.3 km, where the error bars are derived from

the envelope of models which have an RMS misfit of less than

0.32 km (see Section 2). The value of a − c is 3.0 ± 0.9 km,

which agrees with the estimate obtained from gravity obser-

vations of 3.2 km (Section 3.1). Note, however, that while the

gravity observations (Anderson et al., 2001) are capable of de-

tecting the fact that Europa is centrally condensed, the errors

associated with a − c are sufficiently large that a homogeneous

Europa (a − c = 3.9 km) would just be permitted.

The general ellipsoidal solution (Table 3) results in very sim-

ilar values of both a − c and the mean radius, and has a misfit

which is identical. Furthermore, the value of (b − c)/(a − c)

is very close to that expected for a hydrostatic solution. There

is thus currently no evidence that Europa possesses a non-

hydrostatic global shape.

Table 3 also compares our results with those obtained by

Davies et al. (1998) which were derived using regional images

to set up a geodetic control network, and also assumed a hydro-

static shape. The agreement is striking: both the mean radius

and the value of a − c are identical within error, though the es-

timated uncertainties for the limb profile values are somewhat

smaller.

We also attempted to investigate whether a non-zero obliq-

uity for Europa could be detected (see Bills, 2005). To do so

we looked for the minimum misfit hydrostatic solution while

varying an offset (positive or negative) applied to all the lati-

tude values. We found the minimum misfit to occur at an offset

of −2◦. However, since this minimum misfit value is only 1.3%

smaller than the value found for the nominal obliquity (zero),

we conclude that our current shape model is insufficient to de-

tect obliquity variations, which are expected to be ≈0.1◦ (Bills,

2005).

4.2. Shell thickness variations

Fig. 4a shows the predicted global variation in topography

due to shell thickness variations for a specific set of parame-

ter values (Fb = 5 mW m−2 and ηb = 1015 Pa s) which result

in a relatively thick ice shell. The high elevations above the

equilibrium height (maximum shell thickness) at the sub- and

anti-jovian points are due to the minimum in tidal strain at these

points. The increasing elevations towards the poles is primar-

ily a consequence of the shell thickening due to the polewards

reduction in surface temperature—Fig. 3 shows the sharp re-
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(a) (b)

Fig. 5. (a) Variation in RMS misfit (relative to the misfit of 0.229 km for the simple hydrostatic model) as a function of mean conductive shell thickness for three

different basal rheologies. Individual points are labeled by the basal heat flux Fb in mW m−2. Filled symbols denote models which have an a − c consistent with

gravity observations (see Fig. 6 below). Here �x, �y and �z are fixed at 0.2 km, −0.45 km and 0, respectively. (b) RMS misfit as a function of the maximum

contrast between laterally-averaged topography for the same models as shown in (a).

duction in surface temperatures at high latitudes. The amplitude

of the topographic variations approaches 2 km, due to the large

background thickness of the ice shell (mean value 42.6 km).

These large amplitude, long-wavelength topographic variations

should be detectable in global shape measurements (see below).

Although the rotational and tidal potentials of the satellite also

induce long-wavelength topographic variations of similar am-

plitude, the spatial patterns are different (the tidal and rotational

patterns are both pure spherical harmonic degree 2).

Fig. 4b shows the longitudinally averaged variations in shell

thickness for two different values of Fb . The case with the

smaller Fb exhibits large shell thickness variations around the

mean value; these arise due to the lateral variations in tidal

heating and surface temperature. The maximum longitudinally

averaged shell thickness contrast is 10 km, which would re-

sult in 1 km of topography (Eq. (5)). This result is similar

to those shown in Ojakangas and Stevenson (1989), although

the mean shell thickness is larger because of the larger basal

viscosity adopted. The case with the larger value of Fb has a

much smaller mean shell thickness (22.4 km) as expected. More

importantly, the lateral shell thickness variations are smaller

(maximum contrast 6 km) and almost non-existent away from

the poles. This latter effect occurs because Fb is constant and

significantly exceeds the local, spatially variable tidal heating.

Thus, higher values of Fb result in smaller lateral thickness vari-

ations and more subdued long-wavelength topography.

Figs. 2e–2h show the limb profile observations, but this

time using the best-fit model when the shell thickness varia-

tions shown in Fig. 4a are also included (Fb = 5 mW m−2 and

ηb = 1015 Pa s). Although the differences are subtle, in general

the fits are actually worse, especially in Figs. 2e and 2h. The

RMS misfit is 0.279 km, a factor of 22% larger than the models

neglecting shell thickness variations. This is a surprising result:

an apparently more physically realistic model has resulted in a

worse fit between model and data. Carrying out the same exer-

cise with a reduced activation energy (20 kJ/mol) results in a

misfit 10% larger than the model without shell thickness varia-

tions. Thus, these observations suggest that large shell thickness

variations of the kind shown in Fig. 4 are not present on Europa.

Fig. 4b shows that larger basal heat fluxes tend to reduce

lateral shell thickness variations, and should thus reduce the

misfit between model shape and that observed. Accordingly,

we determined the best-fit shape parameters for models simi-

lar to those shown in Fig. 4a but having different values of Fb

and ηb. Fig. 5a summarizes the variation in misfit as a function

of mean shell thickness. Here �x, �y and �z are all kept con-

stant at the best-fit values determined for the constant-thickness

case; this was done to reduce computation and introduces neg-

ligible changes to the final results. As expected, larger basal

heat fluxes lead to reduced misfits, and also reduced mean shell

thicknesses. Fig. 5b shows that the reduction in mean shell

thickness is accompanied by a reduction in lateral shell thick-

ness variations, as also demonstrated in Fig. 4b. These results

thus suggest that thick, conductive shells are incompatible with

the observations.

However, because the RMS misfit only increases slowly with

decreasing Fb , the maximum permitted shell thickness is only

weakly constrained. Furthermore, this maximum value is de-

pendent on the ice rheology adopted: three different rheologies

are plotted in Fig. 5, and demonstrate that a basal viscosity of

1015 Pa s results in significantly higher shell thicknesses than

for lower viscosities. As discussed below, the model a −c value

yields a stronger constraint on the shell properties. In Fig. 5,

only the filled symbols satisfy this additional constraint, and

suggest that upper bounds on the mean thickness of a conduc-

tive ice shell can in fact be derived.

For an isostatic shell which is thin compared to the satellite

radius, lateral variations in shell thickness will have a negligible

effect on the degree-2 gravitational potential of the satellite (this

may be demonstrated using Eq. (2.1.29) in Kaula, 1968). Thus,

it is permissible to use the inferred value of a − c derived from

gravity observations as a constraint on our models.

Because the global shape is being matched with a combina-

tion of ellipsoidal distortion and lateral topographic variations,

larger shell thickness contrasts tend to result in less ellipsoidal
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(a) (b)

Fig. 6. (a) Variation in model a − c as a function of mean shell thickness for three different basal rheologies, assuming a hydrostatic shell. Individual points are

labeled by the basal heat flux Fb in mW m−2. Error bars for each model point are obtained by treating all combinations of a, b and c with an RMS misfit of

<0.32 km as acceptable. Filled symbols are models which satisfy (within uncertainty) the value of a − c = 3.2 km deduced from gravity observations (Section 3.1).

All such successful models are associated with basal heat fluxes of 10 mW m−2 or higher. Here �x, �y and �z are fixed at 0.2 km, −0.45 km and 0, respectively.

(b) Variation in model a − c as a function of maximum contrast between laterally-averaged topography for the same models as shown in (a).

figures and thus smaller values of a − c. Figs. 6a and 6b show

how the model a − c varies as a function of shell thickness

and shell thickness contrast, respectively, and compares these

values with the observed one. As expected, larger shell thick-

nesses and thickness contrasts lead to smaller values of a − c.

The error bars for each value of ηb and Fb are derived by treat-

ing all combinations of a, b and c with an RMS misfit of less

than 0.32 km as acceptable. Models which generate values of

a − c consistent with the observations have filled symbols. For

the range of rheologies investigated, the maximum permissible

(conductive) shell thickness is 35 km, the minimum basal heat

flux is 10 mW m−2 and the maximum global topographic con-

trast is 0.7 km. Adopting a thermal conductivity which varies as

1/T (cf. Ojakangas and Stevenson, 1989) rather than remain-

ing constant has no effect on the maximum shell thickness but

reduces the minimum heat flux required to 7 mW m−2.

5. Discussion and conclusions

The preceding sections have shown that there is no evidence

in the global shape data for the lateral shell thickness variations

predicted by the conductive model of Ojakangas and Steven-

son (1989). Based primarily on the value of a − c inferred from

gravity observations, maximum values for the total shell thick-

ness and lateral shell thickness contrasts can be derived. Be-

cause of the noisy nature of the limb profiles, these constraints

are not as tight as one would like; nonetheless, the upper bounds

on shell thickness and global isostatic topographic variation are

35 km and 0.7 km, respectively. For the constant-conductivity

models, the lower bound on the basal heat flux is 10 mW m−2,

while variable-conductivity models permit values as small as

7 mW m−2.

There are at least two ways to interpret these conclusions.

The first is to simply assume that the ice shell is relatively

thin (<35 km) due to heating from below, and that lateral shell

thickness variations do exist but are not detectable with the cur-

rent observations. This conclusion is interesting in two ways.

Firstly, it requires heat fluxes which are comparable to or in

excess of the radiogenic contribution from the silicate interior

(Hussmann and Spohn, 2004). Secondly, it places limits on the

extent to which topography observed on the surface can be

supported by shell thickness variations (Airy isostasy). Stereo-

derived topographic observations (Prockter and Schenk, 2005),

as well as the limb profile data themselves (Fig. 2), suggest

that local topographic amplitudes can exceed 1 km. Since short

wavelength shell thickness variations are smoothed out more

rapidly than longer wavelength variations (see below), the ob-

served local topography cannot be supported by Airy isostasy.

Moderate (≈25 kg m−3) lateral density variations could support

such topography if the shell were 35 km thick (e.g., Nimmo et

al., 2003a). However, it is more likely that such local topogra-

phy is elastically supported (cf. Nimmo et al., 2003b).

A second possible interpretation is that no significant vari-

ations in lateral shell thickness exist at all. There are two

possible mechanisms which could lead to this eventuality, de-

spite the spatial variations in tidal heat production within the

ice shell. One mechanism is lateral flow of the ice shell,

which reduces shell thickness variations over time (Ojakangas

and Stevenson, 1989; O’Brien et al., 2002; Nimmo, 2004).

For viscosities corresponding to grain sizes of 1 mm or less,

Fig. 1c of Nimmo (2004) shows that an ice shell thickness

in excess of 30 km is required to allow 1000-km-wide shell

thickness variations to be removed over the mean age of Eu-

ropa’s surface. Thus, if the ice shell is flat because of lateral

flow, it is likely at least 30 km thick. Because the timescale

for such flow goes as the square of the wavelength (e.g.,

Nimmo, 2004), this conclusion necessarily implies that more

local topography cannot be supported by variations in shell

thickness.

The other mechanism is that the ice shell could be convec-

tive, rather than conductive. Convection initiates once the shell

exceeds a critical thickness which depends mainly on the ice

rheology (e.g., McKinnon, 1999). If the shell is convecting,

then the bulk of the shell will be close to the melting point and
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(a) (b)

Fig. 7. (a) Definition sketch for change in center of figure in x–z plane (see Appendix A). (b) As for (a), but in x–y plane.

will promote rapid lateral flow of ice. Thus, in general convect-

ing ice shells are expected to have constant thicknesses. While

an isothermal convecting interior is likely to result in higher to-

tal tidal dissipation than a conductive shell, this distinction is

not relevant to our study: what matters is the spatial variations

in tidal heating, and the extent to which they result in shell

thickness variations. If convection occurs, the shell thickness

is likely to be constant. However, the shear heating and sur-

face temperature still vary spatially (Fig. 3) and thus there will

be long-wavelength spatial variations in both the temperature

of the convecting ice and the near-surface stagnant lid thick-

ness.

Since convection generally produces a constant shell thick-

ness, the resulting long-wavelength topography will be negli-

gible. Short-wavelength convective topography may arise be-

cause of upwellings and downwellings, but this topography is

expected to be of low amplitude (tens of meters) due to the

small convective temperature differences available (Nimmo and

Manga, 2002). Owing to the long wavelength of lateral flow

compared to the shell thickness, there may be a narrow range of

shell thicknesses in which convection can occur without lateral

flow being effective (Nimmo et al., 2005). However, in practice,

this situation is unlikely to occur.

We are thus left with two possibilities: a relatively thin, con-

ductive shell, heated from below, in which limited lateral shell

thickness variations occur; and a thicker shell, in which lateral

flow and/or convection have ensured a constant shell thick-

ness. The current data are not sufficiently precise to distinguish

between these two possibilities. However, any future mission

to Europa is likely to carry a dedicated altimeter and a radar

sounder (National Research Council, 1999) which will be able

to test these two competing hypotheses. In the mean time, the

effect of lateral shell thickness variations on the global shapes

of other satellites, notably that of Enceladus (e.g., Thomas et

al., 2007), have yet to be investigated.
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Appendix A

The observations of Europa’s shape are in the form r(φ, θ),

where r is the radial distance from the center of figure to the

surface at longitude φ, latitude θ . The center of figure is uncer-

tain; changes in the location of the center of figure will change

r , θ and φ. In this appendix, we show how updated coordinates

r ′, θ ′, φ′ may be calculated if the center of figure is changed.

The original center of figure is at the origin, and the new

center of figure is offset by �x, �y, �z respectively in the x-,

y- and z-directions.

The angle θ projected onto the x–z plane is given by

(A.1)tan θv =
tan θ

cosφ

and the projection of r onto this same plane is given by

(A.2)rv =
r sin θ

sin θv

.

If the center of figure is offset by �x, �z, then let r ′
v and θ ′

v

be the coordinates relative to this new origin (Fig. 7a). We have

(A.3)tan θ ′
v =

rv cos θv tan θv − �z

rv cos θv − �x

and

(A.4)r ′
v =

rv cos θv − �x

cos θ ′
v

.

In the x–y plane, the projection of r is simply rh = r cos θ .

If the center of figure is offset by �x, �y, then let r ′
h and φ′

h be

the coordinates relative to this new origin (Fig. 7b). We have

(A.5)tanφ′
h =

rh sinφ − �y

rh cosφ − �x

and

(A.6)r ′
h =

rh cosφ − �x

cosφ′
h

.

Finally, the latitude, longitude and radius relative to the new

center of figure are given by

(A.7)φ′
= φ′

h,

(A.8)θ ′
= tan−1

(

tan θ ′
v cosφ′

)

,
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(A.9)r ′
=

r ′
v sin θ ′

v

sin θ ′
.
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