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Synopsis

This chapter reviews theoretical approaches to calculating the energy and entropy

budgets of the Earth’s core. The energy budget allows the growth of the inner core with

time to be calculated; the entropy budget determines whether or not a geodynamo can

function. The present-day geodynamo is driven primarily by compositional convection,

with latent heat, secular cooling and (possibly) exsolution playing a subsidiary role. Prior

to the onset of inner core solidification, the dynamo was likely driven purely by secular

cooling and required a cooling rate roughly 3 times the present-day value to maintain

the same rate of entropy production. The largest uncertainties in the present-day energy

and entropy budgets arise from uncertainties in: the core-mantle boundary (CMB) heat

flow; the compositional density contrast between the outer and inner core; the thermal

conductivity of the core material; and the amount of Ohmic dissipation generated by the

dynamo. The present-day CMB heat flow is estimated at 12± 5 TW; heat flows less than

5 TW are insufficient to drive the current dynamo. Prior to formation of the inner core,

sustaining a dynamo required a CMB heat flow of 15 TW or more, implying rapid core

cooling and a molten lower mantle. Such high heat flows appear to be compatible with

models of mantle convection. These high heat flows also imply an inner core age of less

than 0.7 Gyr. Adding potassium to the core results in lower initial core temperatures, but

does not significantly alter the inner core age. Thermally- or compositionally-stratified

regions may have existed (or still exist) within the core, but there is currently no consensus

on their nature or effects on the dynamo.

Keywords geodynamo, entropy, energy, inner core, convection, stratification, potas-

sium, thermodynamic efficiency, thermal evolution

** denotes a reference to another work in the Treatise
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1. INTRODUCTION

Understanding the energy budget of the Earth’s core is important for at least four

reasons. First, it is this energy budget which permits the present-day existence of the

Earth’s dynamo and magnetic field. Second, the persistence of this field for at least

3.5 Gyr places strong constraints on the thermal and energetic evolution of the core (and

particularly, the growth of the inner core). Third, whether or not a dynamo operates

depends mainly on the rate at which heat is extracted from the core into the mantle;

thus, the existence of a dynamo also places constraints on the evolution of the mantle.

Finally, an improved understanding of the way the Earth’s dynamo has evolved will help

us to interpret the significance of extant or extinct dynamos in other planetary bodies,

both in this solar system (e.g. Nimmo and Alfe 2006, Stevenson 2010) and perhaps even

elsewhere (e.g. Gaidos et al. 2010).

The aims of this chapter are: to summarize the contributing factors to the core’s overall

energy (and entropy) budgets; to quantify these factors, and their likely uncertainties; and

to demonstrate how these results may be used to evaluate the behaviour of the core, both

now and in the past. The development followed below should allow a reader to start from

general thermodynamic equations, and end up able to calculate the entropy and energy

terms for an arbitrary core structure. Large parts of this chapter are based on previous

works, particularly those of Braginsky and Roberts (1995), Buffett et al. (1996), Labrosse

(2003), Roberts et al. (2003), Gubbins et al. (2003,2004), Nimmo et al. (2004), Nimmo

(2007) and Pozzo et al. (2012). Other relevant chapters in this Treatise include those

by Jones**, Loper**, Roberts**, Christensen and Wicht**, Nimmo**, Glatzmaier and

Coe** and Buffett**. Such a treatment is inevitably lengthy; readers more interested in

the application of the equations to the Earth than their derivation are advised to focus

on Section 4 and 5.

Most of this article has required little revision since the first edition of the Treatise

of Geophysics (Nimmo 2007). However, it has recently been argued that core thermal

conductivities are roughly three times higher than previously thought (Section 2.4). This

result has important implications for the present-day behaviour and long-term evolution

of the core, which are discussed in some detail in Sections 4 and 5. It also means that the

conclusions of many modelling results published prior to 2012 may require some modifi-

cation. A second discovery is of the complex structure of the inner core (see Souriau**,

Sumita and Bergman**); disentangling the inner core’s growth will ultimately help us to

understand how the dynamo evolved. A third development is the ability to use geoneu-

trinos to infer the concentration of radiogenic elements in the Earth (Gando et al. 2011).

While currently rather crude, these measurements may ultimately provide observational

constraints on radiogenic heat production within the core.

Our main conclusions may be summarized as follows. The principal driving mechanism

for the present-day dynamo is probably the release of one or more light elements at the

inner core boundary (ICB) due to ongoing inner core solidification. In the absence of such

solidification, the core would have had to cool roughly 3 times as fast in order to maintain

3



the same rate of dissipation in the dynamo (Section 4.4). The rate at which the core cools

is controlled by the mantle. Independent estimates of the present-day heat flow at the

core-mantle boundary (CMB) of 7-17 TW are sufficient to maintain a present-day dynamo.

However, prior to the onset of core solidification, a CMB heat flow of at least 15 TW is

required to drive a dynamo. Such high heat flows imply early core temperatures likely

to cause widespread lower mantle melting. These high initial temperatures are reduced

if the core contains radioactive potassium, which acts as an extra energy source for the

dynamo and allows slower core cooling and less rapid inner core growth. However, even

with potassium present, the implied inner core age never exceeds 0.7 Gyr. The high heat

fluxes required to sustain a dynamo prior to inner core solidification appear compatible

with our understanding of mantle thermal evolution. These conclusions are based on the

assumption that the core remains well-mixed and unstratified. As discussed in Section 5.3,

a partially-stratified core is a distinct possibility, but the fluid dynamics and implications

of this situation have not yet been satisfactorily resolved.

The rest of the chapter is arranged as follows. Section 2 briefly summarizes core and

dynamo parameters relevant to the later analysis. Section 3 gives the general energy and

entropy equations describing core thermal evolution and dynamo generation. It also gives

specific expressions for each of the mechanisms (e.g. latent heat release) contributing

towards dynamo generation for a simple analytical model of core structure. Section 4

shows how these expressions may be used to establish general results for core and dynamo

behaviour. This section also derives specific results for the present-day energy and entropy

budget of the core, based on models of core and mantle structure. Section 5 summarizes

investigations of these budgets through time, focusing in particular on the age of the inner

core and the role of stable stratification. Finally, Section 6 summarizes and concludes the

chapter.

2. CORE STRUCTURE AND MAGNETIC FIELD EVOLUTION

2.1 Density

The density structure of the core may be derived directly from seismological obser-

vations (see Souriau**). Fig. 1a plots the density structure of the core as a function of Fig. 1

depth, and shows the increase with depth due to increasing pressure. The density dis-

continuity at the inner-core boundary (ICB) arises because of two effects. Firstly, solid

core material is inherently denser than liquid core material at the same pressure and tem-

perature (P, T ) conditions. Secondly, the outer core contains more of one or more light

elements than the inner core (e.g. Poirier 1994), and would therefore be less dense even

if there were no phase change. This compositional density contrast has a dominant role

in driving compositional convection in the core (see Section 3.3 below); unfortunately, its

magnitude is uncertain by a factor of about two.
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Figure 1: a) Comparison of model calculations (solid lines) with PREM values (crosses;

Dziewonski and Anderson 1981). Density, gravity and adiabatic temperature are calcu-

lated using equations 41, 45 and 46, respectively, and parameter values given in Table 2.

b) Melting behaviour. Crosses are calculated values for pure iron from Alfe et al. (2004).

Dashed red line is model representation of this curve using equation 53. Solid red line is

the same curve with an 11% reduction to account for the effect of impurities (see text).

Black line is the adiabat replotted from a). c) Representative thermal conductivity pro-

files, redrawn from Pozzo et al. (2012) , De Koker et al. (2011) and Gomi et al. (in press).

Even the total density contrast across the ICB is somewhat uncertain. The two obser-

vations generally employed are normal mode data (e.g. Dziewonski and Anderson 1981)

and reflected body wave amplitude ratios (e.g. Shearer and Masters 1990). A normal

mode study (Masters and Gubbins 2003) gives a total density contrast at the ICB of

640-1000 kg m−3, which agrees rather well with the result of 600-900 kg m−3 obtained
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using body waves (Cao and Romanowicz 2004), but is somewhat higher than the value

obtained by Koper and Dombrovskaya (2005).

The density contrast, based on first principles simulations, between pure solid and

liquid Fe at the ICB is estimated at 1.6% (Laio et al. 2000). This value contrasts with

the 5-8.3% density contrast inferred from seismology to exist at the ICB. These results

imply a compositional density contrast of 3.2-6.7%, or ≈400-800 kg m−3, and may in turn

be used to estimate the difference in light element(s) concentrations between inner and

outer core.

2.2 Composition

Cosmochemical abundances leave no doubt that the bulk of the core is made of iron.

However, it is also clear that the outer core is 6-10% less dense than pure liquid iron would

be under the estimated P, T conditions (e.g. Poirier 1994, Alfe et al. 2002a). The inner

core also appears to be less dense than a pure iron composition would suggest (Jephcoat

and Olson 1987), though here the difference is smaller. Both the outer and inner core must

therefore contain some fraction of light elements, of which the most common suspects are

sulphur, silicon and oxygen (Poirier 1994). Furthermore, the outer core must contain a

greater proportion of such elements than the inner core. It is the expulsion of these light

elements during inner core crystallization which, to a large extent, drives the dynamo.

Using first principles computations, Alfe et al. (2002a) find that oxygen does not tend

to be retained within crystalline iron. It therefore partitions strongly into the outer core,

and is most likely the element responsible for the compositional density contrast at the

ICB. Conversely, S and Si have atomic radii similar to that of iron at core pressures, and

thus substitute freely for iron in the solid inner core. There is thus little difference between

S/Si concentrations in the inner and outer core. Based on an assumed total ICB density

contrast of 4.5% (575 kg m−3), Alfe et al. (2002a) concluded that 2.8% (360 kg m−3) of

this density contrast arose from compositional variations. They suggested that the inner

core contains 8.5± 2.5% molar S/Si, while the outer core contains 10± 2.5% molar S/Si

and 8±2.5% molar O. A higher total density contrast would imply a higher molar fraction

of O: for instance, a total density contrast of 7% would imply a compositional density

contrast of 5.3% (650 kg m−3) and 15% molar O in the outer core.

Which light elements were partitioned into the core during Earth’s formation depends

on the conditions at the time, because partitioning is a strong function of pressure, tem-

perature and oxygen fugacity (e.g. Tsuno et al. 2013). As a result, some calculations

favour Si as the dominant element (Rubie et al. 2011, Ricolleau et al. 2011), while others

prefer O (Siebert et al. 2013). A comparison of experimental velocity and density de-

terminations with seismologically-derived values supports relatively low O concentrations

(Huang et al. 2011) and a mix of S and Si (Morard et al. 2013). The identity of the light

element(s) present in the core thus remains uncertain.

If the core last equilibrated with the silicate mantle at sufficiently high temperatures,

species such as Mg could have dissolved in the core in substantial amounts (Nomura et

al. 2012). As noted by Stevenson (2012), subsequent exsolution of these species as the
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core cooled could provide a potent additional mechanism to drive the dynamo, and could

also lead to a stably-stratified layer at the top of the core (see Section 5.4).

2.3 Temperature

As long as the core is vigorously convecting, its mean temperature profile will closely

approximate that of an adiabat, except in very thin top and bottom boundary layers.

Since the temperature at the ICB must equal the melting temperature of the core at that

pressure, the temperature elsewhere in the core may then be extrapolated from the ICB

along an appropriate adiabat. The assumption of an adiabatic core will be adhered to

throughout most of this article; the possibility of stably-stratified regions will be discussed

in Section 5.3.

The above discussion shows that determining the melting behaviour of core material

is crucial to establishing the temperature structure of the core. This, however, is not easy

to do: experiments at the P, T conditions required (e.g. Brown and McQueen 1986, Yoo

et al. 1993, Boehler 1993) are challenging, and computational (first principles) methods

(e.g. Laio et al. 2000, Belonoshko et al. 2000, Alfe et al. 2002b) are time-consuming

and hard to verify. Furthermore, the presence of the light element(s) likely reduces the

melting temperature from that of pure iron, but by an uncertain amount. These issues are

discussed in detail elsewhere in this volume (Chapter ??). Here, we will simply summarize

what appears to be the most convincing set of computational results to date.

Based on first principles calculations, Alfe et al. (2003) obtain a melting temperature

of 6350 ± 500 K for pure iron at ICB pressures (330 GPa). This agrees remarkably well

with a recent static determination of pure iron melting temperature at ICB pressures of

6230±500 K (Anzellini et al. 2013). Alfe et al. (2003) went on to use ideal solution theory

to argue that the melting point depression due to the presence of oxygen is proportional to

the oxygen concentration difference across the ICB, and obtain a temperature reduction of

700±100 K. The predicted temperature at the ICB is therefore 5650±600 K. Extrapolating

from this point to other locations within the core depends on the adiabat, which involves

further unknowns discussed below (Section 3.4).

The results of the calculations by Alfe et al. (2002a,b,2003) differ from previous

calculations by Belonoshko et al. (2000) and Laio et al. (2000). However, this discrepancy

arises mainly because of the different molecular dynamics techniques adopted; correcting

for these differences, the results obtained are very similar (Alfe et al. 2002a). The melting

curve of Alfe et al. (2002a,b) agrees well with the low-pressure diamond anvil cell results

of Shen et al. (1998) and Ma et al. (2004), though not those of Boehler (1993). Similarly,

the curve agrees with the higher pressure shock-wave results of Brown and McQueen

(1986) and Nguyen and Holmes (2004), though not those of Yoo et al. (1993). Further

discussion of the differing results may be found in Alfe et al. (2004).

Fig. 1b shows the calculations of Alfe et al. (2002a,b) and two theoretical melting

curves (equation 53), one including a temperature reduction of 11% to account for the

presence of the light element(s). This line gives a temperature at the ICB (P=328 GPa)

of 5508 K. Fig. 1b also shows a hypothetical adiabat, and demonstrates that the temper-
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ature at the core-mantle boundary (CMB), obtained by extrapolating down the adiabat,

is 4180 K. Based on the ICB temperature uncertainty, the uncertainty at the CMB is

±400 K.

2.4 Conductivity

The thermal and electrical conductivity of the core are related to each other by the

Wiedemann-Franz law (e.g. Stacey and Anderson 2001). A higher electrical conductivity

would enhance magnetic field generation, other things being equal. However, a higher

thermal conductivity increases the ability of the core to transport heat down the adiabat,

and thus reduces the convective vigour of the core circulation. Of these two effects, the

latter is the more important in governing dynamo behaviour.

Until recently, the main method of estimating thermal conductivity of core materials

was by using shock-wave experiments and measuring electrical conductivity. Early shock

experiments were carried out by Keeler and Royce (1971) and Matassov (1977), with

similar results. The latter data were used by Stacey and Anderson (2001) to conclude

that k at the CMB was 46 W m−1 K−1. A later study by Bi et al. (2002) gave lower

conductivities.

Recently, two first principles calculations of electronic structure and conductivity of

iron under core conditions have been carried out (De Koker et al. 2011, Pozzo et al. 2012).

These two studies are in reasonable mutual agreement (Fig 1c), and also agree well with

the Keeler and Royce (1971) and Matassov (1977) data. They are also consistent with

static determinations of iron conductivity at high pressures (Gomi et al., in press). The

implied thermal conductivities are very high (see Fig 1c): 90-150 W m−1 K−1 at the CMB,

depending on the assumed temperature and composition, and up to 250 W m−1 K−1 at

the centre of the core. While some uncertainties remain, particularly regarding the effect

of alloying elements, the overall conclusion of high thermal conductivity is unlikely to

be reversed. This high conductivity has important implications for the evolution of the

dynamo, as will be discussed below.

2.5 Dynamo behaviour over time

The behaviour of the Earth’s magnetic field over time bears directly on core energetics

(see reviews by Jacobs 1998, Valet 2003, Tauxe and Yamazaki**). In particular, one

might expect that the long-term behaviour of the field would provide information on

the evolution of the dynamo and core. In practice, however, as discussed below, the

information is limited to the following: 1) a reversing, predominantly dipolar field has

existed, at least intermittently, for at least the last 3.5 Gyr; 2) the amplitude of the field

does not appear to have changed in a systematic fashion over time.

One reason for this paucity of constraints is that the measurable magnetic field at

the Earth’s surface differs considerably from the field within the core. Firstly, the short-

wavelength surface field is dominated by crustal magnetic anomalies, which obscure the

components of the dynamo field at wavelengths shorter than about 3000 km (e.g. Langel

and Estes 1982). Moreover, the toroidal component of the core’s magnetic field has field

lines which are parallel to the surface of the core. Thus, the toroidal component is not

8



observable at the Earth’s surface, though it is probably at least comparable in magnitude

to the observable poloidal component (e.g. Jackson 2003). As a result, the magnetic field

that we can measure at the surface is different in both frequency content and amplitude

from the field within the core. In particular, Ohmic heating is dominated by small-scale

magnetic fields which are not observable at the surface.

Several other factors also make it difficult to relate the observed evolution of the

geomagnetic field to the core’s thermal evolution in any more detail. Firstly, although

numerical simulations can now generate dynamos whose behaviour resembles that of the

Earth’s magnetic field (see Christensen and Wicht**), the parameters employed by these

models differ very significantly from those applicable to the real Earth. Although some

very high resolution models (Kageyama et al. 2008) result in dynamos which look less

like the Earth’s than lower-resolution models, this may be a result of the neglect of

compositional convection. In any event, it is currently not clear how reliable a guide

numerical models provide to interpreting the dynamo’s evolution.

Second, these numerical models suggest that the details of dynamo behaviour may be

at least as sensitive to local factors (such as spatial variations in CMB heat flow) as to

global factors (such as inner core size or core cooling rate). For instance, the frequency of

model polarity reversals appears to depend on both total CMB heat flow and its spatial

distribution (Olson et al. 2010). Conversely, the model mean field amplitude appears

highly insensitive to inner core radius (Aubert et al. 2009). Effects such as these make it

hard to relate measured changes in the surface field to core characteristics.

Third, the present-day amount of dissipation actually generated by dynamo activity

(Ohmic heating) is very uncertain, making a direct link between core thermal evolution

and dynamo activity problematic (see Section 4.3.5 below). And finally, paleomagnetic

observations are sparse at times prior to the oldest surviving oceanic floor (150 Myr B.P.).

This makes identification of trends in field amplitude very difficult (see e.g. Labrosse and

Macouin 2003).

Despite these difficulties, it is clear that, over timescales greater than a few thousand

years, the mean position of the magnetic axis coincides with the rotation axis (Valet

2003). Furthermore, the field appears to have remained predominantly dipolar over time

(though see Bloxham 2000), and has apparently persisted for at least 3.5 Gyr (McElhinny

and Senanayake 1980, Tarduno et al. 2010). There is some evidence that the degree to

which the field departs from dipolarity may have changed (e.g. Pavlov and Gallet 2010,

Smirnov et al. 2011), while the earliest documented apparent paleomagnetic reversal is

at 3.2 Gyr B.P. (Layer et al. 1996). The magnetic field intensity has fluctuated over

time, with the present-day magnetic field being anomalously strong (Selkin and Tauxe

2000), and the field during the Mesozoic anomalously weak (Prevot et al. 1990). The

maximum field intensity appears never to have exceeded the present day value by more

than a factor of five (Valet 2003, Dunlop and Yu 2004), while Archean magnetic field

strengths were comparable to present day values (Tarduno et al. 2007, 2010). The

pattern of magnetic reversals for the Proterozoic is well-known, but not well understood.
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For instance, although reversals occur roughly every 0.25 Myrs on average (Lowrie and

Kent 2004), there were no reversals at all in the period 125-85 Ma (e.g. Merrill et al.

1996), for reasons which are obscure but may well have to do with the behaviour of the

mantle over that interval (e.g. Glatzmaier et al. 1999).

In summary, the fact that a reversing dynamo has apparently persisted for >3.5 Gyr

can be used to constrain the energy budget of the core over time (see Section 5 below).

Unfortunately, other observations which might potentially provide additional constraints,

such as the evolution of the field intensity or the frequency of reversals, are either poorly

sampled or difficult to relate to the global energy budget, or both.

3. ENERGY AND ENTROPY EQUATIONS

The Earth’s dynamo is ultimately maintained by convection (either compositional or

thermal), with the convective motions being modified by electromagnetic and rotational

forces (see e.g. Roberts and Glatzmaier 2000). Since the dynamo has persisted over

3.5 Gyr, convection must have likewise persisted in at least some portion of the core, which

places constraints on its energy budget. In this section, the basic equations which allow the

different terms in the energy balance to be estimated are derived. It will be demonstrated

that the Ohmic heating generated by dynamo activity does not appear in the energy

equations. Thus, these equations are in general insufficient to determine whether or not a

geodynamo will operate, though they do allow the evolution of parameters like the inner

core radius to be calculated. However, by deriving the equivalent entropy equations, in

which the Ohmic heating term does appear, a criterion for geodynamo activity may be

determined (see equation 74).

This section summarizes a large body of previous work on core thermodynamics. Pi-

oneering works by Bullard (1950), Verhoogen (1961) and Braginsky (1963) were followed

by studies focusing primarily on the entropy balance of the dynamo (Backus 1975, Hewitt

et al. 1975, Gubbins 1977, Loper 1978, Gubbins et al. 1979, Hage and Muller 1979).

Later works include the monumental Braginsky and Roberts (1995) and contributions by

Lister and Buffett (1995), Buffett et al. (1996), Buffett (2002), Lister (2003), Labrosse

(2003), Roberts et al. (2003), Gubbins et al. (2003,2004) and Nimmo et al. (2004).

The derivations given below, though not especially difficult, are somewhat lengthy.

Individual terms contributing to the geodynamo are summarized in Table 1. The most

important equations, those which summarize the entropy and energy balances, are given

in equations (31) and (40) respectively. These equations also make the underlying physics

relatively easy to understand. Briefly, the principal sources of buoyancy capable of driving

convection and a dynamo are either thermal (core cooling, latent heat release at the

ICB and radioactive decay) or compositional (light element release at the ICB). The

thermal sources are less efficient at driving a dynamo (they generate less entropy) than

the compositional sources. Competing against these sources is the ability of the core to

lose heat by conduction along the adiabat. More rapid core cooling (higher CMB heat

flux) provides more entropy available to drive a dynamo. On the other hand, a reduced

core cooling rate or an increased thermal conductivity may cause convection to cease,
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because the core is then capable of losing its heat purely by conduction.

3.1 Preliminaries

The methods and notation adopted here are essentially reviews of Gubbins et al.

(2003,2004) and Nimmo et al. (2004), with the exception that the treatment of entropy

of heat of reaction (Section 3.3) has had an error corrected. Alternative approaches which

yield similar or identical results may be found in Buffett et al. (1996), Roberts et al.

(2003) and Labrosse (2003). A useful set of simplified expressions is given by Lister

(2003).

An important caveat in what follows is that the core is generally assumed to be

adiabatic throughout. This assumption may not hold true if the heat flux out of the

top of the core is subadiabatic (e.g. Loper 1978, Labrosse et al. 1997, Pozzo et al.

2012, Gomi et al. in press), or if the light element accumulates at the top of the core

(e.g. Braginsky 1999). Further discussion of stably stratified regions in the core may be

found in Section 5.4. We also neglect exsolution of light elements (Stevenson 2012) as a

potential energy source; inclusion using the methods outlined in Sections 3.2 and 3.3 is

straightforward.

Assuming that convection throughout the outer core is vigorous, the core fluid will

be well-mixed outside thin boundary layers. This in turn implies that both the entropy

and fraction of the light element are uniform in the fluid outer core. Over timescales

longer than the convective transport timescale, the pressure field is assumed to average

to hydrostatic:

∇P = ρ∇ψ (1)

where P is the pressure, ρ is the density and ψ the gravitational potential. Although

the hydrostatic balance is not precisely maintained (with important consequences for core

convection), the difference from a hydrostatic reference state is negligible for globally-

averaged quantities. The nature of the reference state is discussed in more detail in

Braginsky and Roberts (2002).

For an isentropic and isochemical outer core, the temperature gradient is adiabatic

and obeys

∇Ta =
αgTa

Cp

=
γg

(v2
p − 4

3
v2

s)
(2)

where Ta is the temperature along an adiabat, α and Cp the thermal expansivity and

specific heat capacity, respectively, g the acceleration due to gravity, γ is Gruneisen’s

parameter and vp and vs the P- and S-wave seismic velocities.

For a two-component mixture, the thermodynamic relationship between the three state

variables P ,T (temperature) and the mass fraction of the light element, c is given by

Tds = de− Pdρ

ρ2
− µdc (3)

Here de and ds are the differentials of the internal energy and entropy, respectively,
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and µ is the chemical potential, where(
∂µ

∂T

)
P,c

= −
(
∂s

∂c

)
P,T

(4)

and (
∂µ

∂P

)
T,c

= − 1

ρ2

(
∂ρ

∂c

)
P,T

=
αc

ρ
(5)

and αc is a dimensionless coefficient which indicates the sensitivity of the core density to

the presence of the light element (Roberts et al. 2003, Gubbins et al. 2004):

αc = −1

ρ

(
∂ρ

∂c

)
P,T

≈ ∆ρc

ρi∆c
(6)

Here ∆ρc is the change in density across the ICB due to the change in light element

concentration, ∆c, across the same interface, and ρi is the density of the solid inner core

at the ICB. The parameter αc depends on the properties of the light element and is

assumed to be independent of the light element concentration (mass fraction) c.

The continuity equation for the core can be written

∂ρ

∂t
+∇ · (ρv) =

Dρ

Dt
+ ρ(∇ · v) = 0 (7)

where v is the local fluid velocity. Similarly, conservation of mass of the light element can

be written

ρ
∂c

∂t
+ ρv · ∇c+∇ · i = ρ

Dc

Dt
+∇ · i = 0 (8)

where i is the flux vector of the light element. Both the compositional and heat flux

vectors depend on the gradients of the three state variables, P ,T and s according to the

Onsager reciprocal relationships (Landau and Lifshitz 1959):

q = −k∇T + i

(
µ+

βT

αD

)
(9)

i = −αD∇µ− β∇T (10)

where k is the thermal conductivity, αD and β are material constants (defined in Gubbins

et al. 2004), and µ is related to P ,T and s via equation (3). These expressions are usually

simplified to yield Fourier’s and Fick’s laws, respectively, but the full forms are retained

here for use in Section 3.3.

Having established these preliminary expressions describing the reference state of the

core, the individual terms in the core’s energy and entropy budgets may now be derived.

3.2 Energy Balance
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Although the individual terms in the core’s energy budget can be quite complicated,

the overall budget is actually quite simple to write down. The rest of Section 3.2 will

demonstrate that the energy budget may be written as

Qcmb = Qs +QL +Qg +QP +QH +QR (11)

Here Qcmb is the heat flow across the core-mantle boundary, the thermal energy ex-

tracted out of the core by the mantle. This energy arises from six main sources: Qs,

the secular cooling of the core; QL, the latent heat delivered as the inner core solidifies;

Qg, the gravitational potential energy (or more properly compositional energy) associ-

ated with the release of the light element during inner core solidification; QP , a small

contribution due to the change in pressure during core cooling; QH , a contribution from

chemical reactions which turns out to be zero; and QR, a contribution from the decay

of any radioactive elements within the core. The first four terms on the right hand side

of the equation are all proportional to the rate of core cooling dTc/dt, where Tc is the

core temperature at the CMB (Gubbins et al. 2003). Thus, in the absence of radioactive

heating, the heat flow out of the core is directly proportional to the core cooling rate.

Hence, a high CMB heat flow either requires a rapidly cooling core, or a large contribution

from radioactive elements. In a situation lacking an inner core, the only non-zero terms

are Qs, QP and potentially QR. The same CMB heat flow would therefore require a more

rapidly cooling core than a similar situation in which an inner core existed.

An important aspect of equation (11) is that heating due to dynamo activity (Joule

heating) or viscous dissipation does not appear. This is because the dissipation only

involves conversion of energy within the core (buoyancy forces generate kinetic and mag-

netic energy, which in turn are converted to heat via Ohmic and viscous dissipation). As

a result, the global energy balance is not affected. In order to investigate the effect of

dissipation, it is necessary to consider the entropy budget of the core. This approach

allows investigation of the circumstances under which a dynamo will operate, and is the

subject of Section 3.3.

3.2.1 General Expression

A very general expression for energy conservation within the core may be written as

follows (Gubbins et al. 2003; see also Buffett et al. 1996):

d

dt

∫
ρe dV +

d

dt

∫ 1

2
ρv2 dV +

∫ ∂

∂t

B2

2µ0

dV =

−
∮
Pv · dS−

∮ E×B

µ0

· dS +
∮

v · τ ′ · dS (12)

−
∮

q · dS +
∫
ρh dV +

∫
ρv · ∇ψ dV.

Here ρ is density, e is internal energy, v is the core fluid velocity, B and E are magnetic

and electric fields, µ0 is the permeability of free space, P is the pressure, S is an outward
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normal surface vector, τ ′ is the deviatoric stress, q is the CMB heat flux, h the local

volumetric heat generation, ψ the gravitational potential and V denotes the volume of

the whole core. The left-hand side of this equation gives the total rate of change of internal,

kinetic and magnetic energies, respectively. The surface integrals on the right-hand side

give the work done on the surface by pressure and electromagnetic forces, surface tractions

and the heat flow across the boundary (Qcmb). The final two volume integrals give the

total heat generated and the work done against gravitational forces.

Several simplifications may be applied to this equation (Gubbins et al. 2003,2004).

For the Earth’s core there are two very different timescales implicit in equation (12):

the short timescale (∼10 yr) associated with convective motions, and the much longer

timescale (∼100 Myr) associated with cooling and contraction of the core as a whole.

Let the velocity associated with core contraction be denoted by u. Then over timescales

long compared to the convective timescale, but short compared to the core evolution

timescale, the core will be well-represented by the well-mixed, hydrostatic and isentropic

basic state (see Section 3.1 above) as long as stable stratification is not occurring. Over

this intermediate timescale, the total fluid velocity v may be assumed to average to the

slow contractional velocity u (Gubbins et al. 2003), while at the core boundary it is

always true that v · dS = u · dS. Over this same timescale, it is assumed that the time

fluctuations of kinetic and magnetic energy are negligible (see Braginsky and Roberts

1995) and thus the second two terms on the LHS are zero.

Another simplification arises from the imposition of boundary conditions. By assuming

that the Earth’s mantle is a perfect insulator, the surface integral involving electromag-

netic fluxes disappears. This is a good approximation even if the deep mantle were ever

pervasively molten (see Section 5.2): iron is still a much better conductor than liquid

silicates. A similar assumption of stress-free boundary conditions allows the removal of

the shear stress surface integral. This approach is convenient and will be followed here, al-

though a no-slip boundary condition would be more realistic (see Roberts and Glatzmaier

2000).

Equation 12 may thus be rearranged as follows:

Qcmb =
∮

q · dS =∫
ρh dV −

∫
ρ
De

Dt
dV + (13)∫

ρu · ∇ψ dV −
∫
∇ · (Pu) dV

where
D

Dt
=

∂

∂t
+ u · ∇ (14)

and each integral is taken over the whole core and is time-averaged. The term in u · ∇ψ
arises because the long-term evolution of the gravitational potential depends only on u.

It will later prove useful to convert ρu · ∇ψ to u · ∇P by using equation (1). The final
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term on the RHS is obtained by application of the divergence theorem and subsitution of

u for v (see Gubbins et al. 2003) Note that Qcmb is the amount of heat being extracted

from the core, and not the adiabatic heat flow.

Equation (13) shows that the long-term energy loss from the core may be estimated

using integrals over the reference state, that is, the short-term convective velocity v is

not important. Put another way, the short-term convective velocity is responsible for

maintaining the reference state, but the energy available to drive the dynamo depends

only on the long-term evolution of the core. In the absence of an inner core, a further

simplification arises: application of equation (3) causes the last two terms on the RHS of

equation (13) to disappear and the integral in De
Dt

is replaced by one in T Ds
Dt

(see Gubbins

et al. 2003). However, in the case of a solidifying inner core, there is a significant

contribution to the gravitational energy from the redistribution of the light element (see

below).

Thermal contraction and inner core solidification both lead to a volume reduction in

the core, which releases additional gravitational energy. Although it has been claimed

(Hage and Muller 1979) that this energy becomes available to drive the dynamo, Gubbins

et al. (2003) showed that the actual contribution to the energy budget is very small.

Equation (13) is more directly applicable than equation (12) to the Earth’s core. In

particular, it may be used to derive each of the terms given in equation (11) in a relatively

straightforward fashion. Each of these terms is derived in turn below; readers wishing to

avoid the details will find all terms summarized in Table 1.

3.2.2 Core heat flow Qcmb

From equation (13) the heat flow across the CMB is given by

Qcmb =
∮

q · dS (15)

The heat flux q in the case of a solidifying inner core depends on the solute flux i (equa-

tion 9) as well as the temperature gradient in the boundary layer. However, assuming

that no solute crosses the boundary, then i · dS = 0 and the CMB heat flow may be

written

Qcmb = −
∮
k∇T · dS. (16)

3.2.3 Internal heating QR

Internal heat production may arise because of radiogenic elements or (less likely for the

Earth) tidal dissipation (Greff-Lefftz and Legros 1999) or core-mantle coupling (Touma

and Wisdom 2001). For the radiogenic case, it is reasonable to assume that heating is

uniform since vigorous convection will homogenize the distribution of radiogenic elements.

In such a case the internal heating is given by

QR =
∫
ρh dV (17)

where h is the volumetric heating rate. Note that this term does not include any contri-

bution from Ohmic heating.
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3.2.4 Heat of Reaction QH

In the presence of a solidifying inner core, the internal energy term in equation (13)

may be written with the help of equation (3) as∫
ρ
De

Dt
dV =

∫
ρT

Ds

Dt
dV +

∫ P

ρ

Dρ

Dt
dV +

∫
ρµ
Dc

Dt
dV

=
∫
ρT

Ds

Dt
dV −

∫
P∇ · u dV +

∫
ρµ
Dc

Dt
dV (18)

where the second equality makes use of equation (7).

The rate of change of internal energy depends on the rate of change of entropy (which

depends on P, T and c), pressure and the concentration of the light element. The first

term on the RHS of equation (18) may be written

ρT
Ds

Dt
= ρT

(
∂s

∂T

)
P,c

DT

Dt
+ ρT

(
∂s

∂P

)
T,c

DP

Dt
+ ρT

(
∂s

∂c

)
P,T

Dc

Dt

= ρCp
DT

Dt
− αT

DP

Dt
− ρT

(
∂µ

∂T

)
P,c

Dc

Dt
(19)

where Maxwell’s relation (equation 4) has been used, the specific heat capacity Cp is

defined by

Cp = T

(
∂s

∂T

)
P,c

(20)

and the thermal expansivity α is given by

α = −ρ
(
∂s

∂P

)
T,c

= −1

ρ

(
∂ρ

∂T

)
P,c

. (21)

The second term on the RHS of equation (18) vanishes in conjunction with the last

two terms on the RHS of equation (13). Combining the terms in equation (18) which

depend on c we obtain:

QH =
∫
ρ

µ− T

(
∂µ

∂T

)
P,c

 Dc
Dt

dV =
∫
ρRH

Dc

Dt
dV (22)

where RH is the heat of reaction between iron and the light element. Here QH represents

the change in internal energy due to chemical reactions: for an exothermic reaction, heat

is absorbed at the ICB and released throughout the liquid core. Note that as long as RH

remains constant, QH = 0, because removal of the light element at the ICB is balanced

by the increase in concentration throughout the outer core (see Gubbins et al. 2004, eq.

37).

3.2.5 Secular Cooling and Pressure Heating Qs, QP
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Making use of equation (19) we can identify two terms in the internal energy budget

not associated with compositional variations. The first is the secular cooling term:

Qs = −
∫
ρCp

DT

Dt
dV (23)

This term is simply the heat released as the core cools; it includes a small contraction

term due to the Lagrangian derivative. Although the release of latent heat due to inner

core solidification can be included in this term (by modifying the specific heat), greater

transparency is retained by including the latent heat as a separate term (see below).

The second term gives the heating that arises from a change in pressure, and is referred

to as the pressure heating term by Gubbins et al. (2003). It is given by

QP =
∫
αTPT

DTc

Dt
dV (24)

where PT is a numerical coefficient which relates the change of pressure at the ICB

with time to the rate of core cooling:

DP

Dt
= PT

dTc

dt
(25)

where Tc is the core temperature at the CMB. A more extensive discussion of this small

term is given in Gubbins et al. (2003).

3.2.6 Gravitational Energy Qg

The gravitational energy term arises due to the release of the light element at the ICB,

and is thus really a compositional energy term (Braginsky and Roberts 1995, Lister and

Buffett 1995). Considering only the density changes arising due to these compositional

changes, the gravitational potential term in equation (12) may be written (Gubbins et al.

2004) as

Qg =
∫
∞
ρv · ∇ψ dV =

∫
∞
ψ

(
∂ρ

∂t

)
P,T

dV =
∫
ρψαc

Dc

Dt
dV (26)

where the compositional expansion coefficient αc is defined by equation (6). The gravita-

tional energy contribution is proportional to the rate of expulsion of the light element, as

parameterized by Dc
Dt

.

3.2.7 Latent Heat Release QL

The latent heat released depends on the rate at which the inner core solidifies:

QL = 4πr2
iLHρi

dri

dt
(27)

where ri is the inner core radius, ρi is the density at the ICB and LH is the latent heat

(assumed constant). The rate at which the ICB advances is determined by the rate at

which the ICB temperature changes, and the relative slopes of the adiabat and melting

curve (see Section 3.4 below). The rate at which Ti, the temperature at the ICB, changes
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may be directly related to the rate of change of the temperature Tc at the CMB, because

both lie on the same adiabat. The quantity dri

dt
may therefore be rewritten in terms of dTc

dt

(see Section 3.4 below).

3.2.8 Pressure effect on freezing QPL

If the pressure increases, the melting temperature of iron increases and thus the inner

core grows. A pressure change ∆P causes the inner core radius to increase by a quantity

∆ri where

∆ri =
T ′m

T ′m − T ′
∆P

ρig
, (28)

where Tm and T are the melting and adiabatic temperatures of the core at r = ri,

respectively, and T ′m and T ′ are their radial derivatives.

Making use of (25), the additional latent heat released by this effect is given by

QPL =
4πr2

iLHT
′
m

T ′m − T ′
PT

g

dTc

dt
(29)

The effect can also be included by modifying the usual latent heat as follows

L′H = LH +
dTm

dP
PT (30)

In practice, the increase in latent heat due to this effect is only 10-20% (Gubbins et al.

2003).

3.2.9 Summary

Combining the results of Sections 3.2.2-3.2.8, the general energy budget for the core,

equation (13) may be rewritten as follows

Qcmb = −
∮
k∇T · dS =

∫
ρh dV −

∫
ρCp

DT

Dt
dV

+
∫
αT

DP

Dt
dV −

∫
ρRH

Dc

Dt
dV +

∫
ρψαc

Dc

Dt
dV + 4πr2

iL
′
Hρi

dri

dt
(31)

= QR +Qs +QP +QH +Qg +QL

The utility of this equation is that it makes each of the mechanisms contributing

towards the core energy budget obvious: the total amount of energy being extracted from

the core depends on radioactive heat production within the core, secular cooling and

contraction of the core, and chemical, gravitational and latent heat release as the inner

core grows. With the exception of radioactive heating, all these terms turn out to be

directly proportional to the rate of core cooling dTc

dt
(see Section 3.4). This equation also

demonstrates that neither the adiabatic heat flow, Qk, nor Ohmic heating, play any role

in the global energy budget. Both these terms, however, do figure in the corresponding

entropy balance, which is derived next.

3.3 Entropy Terms

As noted above, the Ohmic heating (dissipation) caused by the dynamo does not enter

the global energy balance. However, dissipation is non-reversible and therefore a source of
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entropy. Thus, by considering the entropy budget of the core, criteria may be established

for the operation (or failure) of the dynamo (see Section 4.2 below). In particular, an

equation analogous to equation (31) may be derived that describes the entropy budget

of the core. In particular, both entropy sinks (heat diffusion, Ohmic dissipation and

molecular conduction) and sources (radioactive decay, secular cooling, latent heat release,

pressure heating, chemical reactions and compositional buoyancy) may be identified.

These entropy terms, derived below, are rates of entropy production. In general, each

entropy term may be thought of as a heat flow, multiplied by some efficiency factor (< 1)

and divided by some characteristic operating temperature. Higher heat flows result in

higher rates of entropy production.

The general equation corresponding to equation (12) for the entropy terms is (Hewitt

et al. 1975, Gubbins et al. 2004)

ρ
Ds

Dt
= −∇ · q

T
+
µ∇ · i
T

+
ρh

T
+

Φ

T
(32)

where the heat flux q depends on the solute flux i (equation 9) and the entropy s

depends on P, T and c (equation 3). This equation summarizes the changes in entropy

arising from both thermal and compositional effects. Here Φ is the combined viscous and

Ohmic dissipation. The former is assumed to be negligible and the volumetric Ohmic

dissipation is given by

Φ =
J2

σ
≈
(

B2

µ2
0σl

2

)
(33)

where J is the electric current density, B and l are typical values for the magnetic field

and the length-scale at which dissipation occurs (e.g. Labrosse 2003), respectively and σ

is the electrical conductivity. It is because of the appearance of this term that the entropy

balance may be used to determine whether or not a dynamo can operate.

Making use of equation (9) we may write

−∇ · q
T

+
µ∇ · i
T

= −∇ ·
(

q

T

)
+ µ∇ ·

(
i

T

)
− β

αD

i · ∇T
T

+ k
(∇T
T

)2

(34)

Integrating and making use of equation (10) we then have

∫ [
−∇ · q
T

+
µ∇ · i
T

]
= −Qcmb

Tc

+
∫ [

µ∇ ·
(

i

T

)
+

i2

αDT
+

i

T
· ∇µ+ k

(∇T
T

)2
]

(35)

where we have used the divergence theorem to derive the Qcmb/Tc term. Assuming there

is no light element flux out of the core, the integral of ∇ ·
(

µi
T

)
= 0 by the divergence

theorem. So we can finally obtain

∫ [
−∇ · q

T
+
µ∇ · i
T

]
= −Qcmb

Tc

+
∫ [

i2

αDT
+ k

(∇T
T

)2
]

(36)
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The LHS of equation (32) may be expanded using equation (19) as before. The RHS

may be further simplified by making use of equation (36). The resulting expression is∫ ρCp

T

DT

Dt
dV −

∫
α
DP

Dt
dV −

∫
ρ
∂µ

∂T

Dc

Dt
dV =

−Qcmb

Tc

+
∫
k
(∇T
T

)2

dV +
∫ i2

αDT
dV +

∫ ρh

T
dV +

∫ Φ

T
dV (37)

where the terms on the LHS represent contributions to the entropy budget from core

cooling, contraction and chemical reactions.

The term in i2 is the entropy of molecular conduction, Eα, which turns out be negligible

(see below). The terms involving ρh and Φ are the entropy contibutions from internal

heating and Ohmic (and viscous) dissipation, respectively. The term in (∇T
T

)2 is the

entropy of thermal diffusion, Ek. This quantity depends on the temperature gradient

and is an entropy sink: it reduces the entropy available to drive the dynamo and if large

enough will ensure a fully conductive core and thus an absence of dynamo activity.

Since Qcmb contains contributions from the different sources (equation 31), most of

these source terms occur twice in equation (37). For instance, the secular cooling contri-

bution to the overall entropy budget is∫ (
ρCp

DT

Dt

)(
1

T
− 1

Tc

)
dV (38)

where the term in Tc is a consequence of the Qcmb/Tc term in equation (37). Similar

equations may be derived for the contributions from latent heat, radioactive decay and

pressure heating. As before, the latent heat term may be incorporated into the secular

cooling term.

The resulting expression for the entropy budget is as follows:

∫ [
1

T
− 1

Tc

] [
ρCp

DT

Dt
− Tα

DP

Dt
− ρh

]
dV +

(
1

Ti

− 1

Tc

)
4πr2

iL
′
Hρi

dri

dt

−
∫
ρ

(
∂µ

∂T

)
P,c

Dc

Dt
dV +

Qg

Tc

=
∫
k
(∇T
T

)2

dV +
∫ i2

αDT
dV +

∫ Φ

T
dV (39)

which may be rewritten in an analogous form to equation (31) as follows:

Es + EP + ER + EL + EH + Eg = Ek + Eα + EΦ (40)

where here the pressure effect on melting has been included in the latent heat term, as

before.

Note that this equation has a different heat of reaction expression to eq. 27 of Gubbins

et al. (2004), owing to an error in that work. The correct expression is

EH = −
∫
ρ

(
∂µ

∂T

)
P,c

Dc

Dt
dV
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because the term QH contained within Qcmb is zero (see eq. 22). Thus, the entropy

contribution from heat of reaction depends only on ∂µ/∂T and not µ. As discussed below

(Section 4.3.4), EH is small and so this contribution may be neglected.

An important aspect of equation (39) is the
(

1
Tc
− 1

T

)
terms. These terms give the

thermodynamic (Carnot) efficiency of the various processes driving the dynamo, and

arise because the sources and sinks of buoyancy are operating at different temperatures.

Buoyancy sources which are distributed throughout the core volume have a lower efficiency

than those which arise at the ICB, because the mean operating temperature of the former

is smaller and thus the efficiency term
(

1
Tc
− 1

T

)
is also smaller. Thus the buoyancy

forces due to radioactive decay or secular cooling are intrinsically less efficient at driving

a dynamo compared to latent heat release.

An important exception is the term which arises due to compositional convection.

This term only occurs once in equation (39) and has the form Qg/Tc. Its efficiency is thus

intrinsically higher than those of the other energy sources. Thus, as we will see below,

although compositional convection has only a moderate effect on the core’s energy budget,

its contribution to the core’s entropy budget (and thus the operation of the dynamo) is

very significant.

Table 1 summarizes the expressions derived above for the various entropy and energy Table 1

terms.

Table 1: Summary of analytical expressions for entropy and energy terms. Note that

the latent heat terms QL, EL can incorporate the pressure freezing terms QPL, EPL

by substituting L′H for LH (equation 30). Also note that d
dt

has been substituted

for D
Dt

(see text). Integrations are carried out over the entire core except for the

compositional and heat of reaction terms.

Term Energy Entropy

Secular cooling Qs = −
∫
ρCp

dT
dt
dV Es = −

∫
ρCp

(
1
Tc
− 1

T

)
dT
dt
dV

Latent heat QL = − 4πr2
i LHTi

(dTm/dP−dT/dP )g
1
Tc

dTc

dt
EL = − 4πr2

i LH(Ti−Tc)

(dTm/dP−dT/dP )Tcg
1
Tc

dTc

dt

Radioactive decay QR =
∫
ρh dV ER =

∫
ρh
(

1
Tc
− 1

T

)
dV

Heat of reaction QH =
∫
ρRH

Dc
Dt

dV = 0 EH = −
∫
ρ
(

∂µ
∂T

)
P,c

Dc
Dt

dV

Compositional Qg =
∫
ρψαc

Dc
Dt

dV Eg = Qg

Tc

Pressure heating QP =
∫
αTPT

dTc

dt
dV EP = QP

Tc
−
∫
αPT

dTc

dt
dV

Pressure freezing QPL = 4πr2
iLH

T ′
m

T ′
m−T ′

PT

g
dTc

dt
EPL = QPL

(
1
Tc
− 1

Ti

)
3.4 Example Core Structure

The terms in energy and entropy derived above and summarized in Table 1 are general

in that they may be applied to any model of core structure. Some of the core properties

required, such as density, compressibility and gravitational acceleration, can be obtained

from seismological observations (see Fig. 1). Other properties, in particular the temper-

ature structure, must be inferred from experimental studies or first-principles numerical

calculations (see Section 4.3). Here a model core structure is derived which allows ana-
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lytical expressions for the terms in Table 1 to be obtained. These expressions give good

agreement with numerical integrations carried out using the observed core density struc-

ture (see Nimmo et al. 2004). A comparison of these results with those using different

parameter choices is given in Section 4.3.9.

Given the large uncertainties associated with various core parameters, it is accept-

able to make simplifying assumptions which allow the energy and entropy integrals to

be treated analytically. The first major simplification is to assume spherical symmetry,

although lateral variations in properties like the CMB heat flux may sometimes have

important effects on the detailed behaviour of the dynamo (e.g. Bloxham 2000).

A second simplification is to assume that certain core properties, such as compressibil-

ity, thermal expansivity and specific heat capacity, are constant. While only an approxi-

mation, this makes the integrals tractable and results in density and gravity profiles which

are similar to those inferred (Fig. 1). Here we describe the approach taken by Labrosse

et al. (2001). Other authors, such as Buffett et al. (1996), Lister (2003) and Roberts et

al. (2003) have adopted slightly different expressions.

The density within the Earth’s core increases by about 35% from the core-mantle

boundary (CMB) to the centre of the planet (Fig. 1). Following Labrosse et al. (2001),

the varation of ρ with radial distance r from the centre of the Earth is given approximately

by

ρ(r) = ρcen exp(−r2/L2) (41)

where ρcen is the density at the centre of the Earth and L is a lengthscale given by

L =

√√√√3K0(ln
ρcen

ρ0
+ 1)

2πGρ0ρcen

(42)

Here K0 and ρ0 are the compressibility and density at zero pressure, respectively, G is the

universal gravitational constant, and L ≈7000 km (see Section 4.3). From equation (41),

the mass of the core Mc is given by

Mc =
∫ rc

0
ρ(r)dV = 4πρcen

[
−L

2

2
r exp(−r2/L2) +

L3

4

√
π erf(r/L)

]rc

0

(43)

where rc is the core radius. Expanding erf(r/L) allows Mc to be written as

Mc =
4

3
πρcenr

3
ce
−r2

c/L2

(
1 +

2

5

r2
c

L2
+ · · ·

)
(44)

Similarly, the acceleration due to gravity g is given by

g(r) =
4π

3
Gρcenr

(
1− 3r2

5L2

)
. (45)

This expression neglects the density jump ∆ρ across the ICB, introducing an error of

order r4
i /L

4 � 1, where ri is the inner core radius (Labrosse et al. 2001). Note that the

effect of this density jump is incorporated when considering compositional convection.
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The adiabatic temperature Ta within the core is given by

Ta(r) = Tcen exp(−r2/D2) (46)

where Tcen is the temperature at the centre of the Earth and D is another lengthscale

given by

D =
√

3Cp/2παρcenG. (47)

Here Cp is the specific heat capacity, α the thermal expansivity and D ≈ 6000 km (see

Section 4.3). Note that equation (46) assumes that the ratio α/Cp, or equivalently the

ratio γ/(v2
p− 4

3
v2

s) is constant. This issue is discussed further below (Section 4.2). The adi-

abat will only be followed in regions which are not stably stratified; this issue is discussed

briefly in Section 5.4.

The adiabatic profile (equation 46) allows the following useful simplification to be

made (Gubbins et al. 2003):
1

Ta

DTa

Dt
=

1

Tc

dTc

dt
(48)

where Tc is the temperature at the CMB. This approximation allows the term in T−1DT/Dt

to be taken out of all the integrals given in Table 1, assuming that the temperature profile

is adiabatic. Furthermore, the rate of inner core growth dri/dt and the rate of change of

concentration in the light element Dc/Dt may both be related to dTc/dt as follows.

Equation (48) shows that the rate of cooling at the ICB is directly proportional to

the rate of cooling at the CMB. In addition, Figure 2 shows that the change in inner Figure

2core radius δri for a change in core temperature δTc depends on the relative slopes of the

adiabat and the melting curve. We may therefore write

dri

dt
=

−1

(dTm/dP − dTa/dP )

Ti

ρig

1

Tc

dTc

dt
= Cr

dTc

dt
(49)

where the slopes of the adiabat and melting curve at the ICB are given by dTa/dP and

dTm/dP , respectively, and Ti and ρi are the ICB temperature and density, respectively.
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Figure 2: Schematic of melting and adiabatic temperature profiles. The inner core

(temperature Ti) is defined by the intersection of the adiabat Ta and the melting curve

Tm. The corresponding temperature at the CMB, Tc, is obtained by following the adi-

abat. Changing this CMB temperature by a small amount δTc results in a change in

inner core radius δri which depends on the relative slopes of the adiabat and melt-

ing curve, dTa

dP
and dTm

dP
, respectively. The temperature drop at the CMB since the

onset of inner core solidification is given by ∆Tc.

In a similar fashion, the rate of release of light material into the outer core may be

written
Dc

Dt
=

4πr2
i ρic

Moc

dri

dt
= CcCr

dTc

dt
(50)

where Moc is the mass of the outer core and Cc = 4πr2
i ρic/Moc = 4πr2

i ∆ρc/Mocαc. Here

we are assuming that the concentration of light elements in the inner core is zero i.e.

∆c = c. Note that the rate of light element release is directly proportional to the core

cooling rate.

It should further be noted that integrals involving Dc/Dt consist of two contributions:

one denoting removal of light element from the inner core at the ICB; and one involving

the uniform redistribution of this material over the outer core. Assuming that the heat

of reaction is constant, this conservation of species means that the energy term QH , but

not the entropy term EH , is identically equal to zero (see Gubbins et al. 2004).

The pressure is given by

P (r) = Pc +
4πGρ2

cen

3

[(
3r2

10
− L2

5

)
exp(−r2/L2)

]rc

r

(51)

where Pc is the pressure at the core-mantle boundary (CMB).

The dependence of the core melting temperature on pressure and composition is often

approximated using Lindemann’s law (e.g. Buffett et al. 1996, Labrosse et al. 2001,

Roberts et al. 2003). For example, neglecting the compositional effects, one could write

(Labrosse 2003):

Tm(r) = Tm0 exp

[
−2

(
1− 1

3γ

)
r2

D2

]
(52)

where Tm0 is the melting temperature at zero pressure and γ is the Gruneisen parameter.

Here we adopt a slightly different approach, following that of Stevenson et al. (1983), and

parameterize the core melting temperature Tm as

Tm(P ) = Tm0(1 + Tm1P + Tm2P
2) (53)

where Tm1 and Tm2 are constants and Tm0 incorporates the reduction in melting tem-

perature due to the light element(s). Note that this parameterization will only be valid

over a limited pressure range, so that Tm0 does not represent the zero-pressure melting

temperature.
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With the variation of ρ,g and T within the core described by equations (41),(45) and

(46), respectively, analytical expressions for the entropy and energy terms are given below.

3.4.1 Specific Heat (Qs, Es)

Table 1 and equation (48) may be used to show that both Qs and Es involve a term

Is =
∫
ρTdV given by (Labrosse et al. 2001) as

Is = 4πTcenρcen

(
−A

2rc

2
e−r2

c/A2

+
A3
√
π

4
erf[rc/A]

)
(54)

where

A2 =
(

1

L2
+

1

D2

)−1

(55)

It will be useful to expand Is as follows:

Is =
4

3
πTcenρcenr

3
ce
−r2

c/A2

(
1 +

2

5

r2
c

A2
+ · · ·

)
(56)

The temperature profile will depart from the adiabat in the inner core, but Labrosse

(2003) argues that the integral may be taken over the entire core without introducing

significant errors. The contributions Qs and Es may thus be written

Qs = −Cp

Tc

dTc

dt
Is, Es =

Cp

Tc

(
Mc −

Is
Tc

)
dTc

dt
(57)

where Mc is the mass of the core and Tc the core temperature at the CMB.

3.4.2 Radioactive Heating (QR, ER)

For radioactive heating, the term involved IT =
∫
ρ/TdV is more complicated and

depends on the relative sizes of D and L. Although complete analytical solutions may be

derived (see Nimmo et al. 2004) it is more useful to carry out a series expansion, which

yields

IT =
4πρcen

3Tcen

r3
c

(
1− 3

5

r2
c

B2
+ · · ·

)
(58)

where

B2 =
(

1

L2
− 1

D2

)−1

. (59)

These equations allow the contributions QR and ER to be determined:

QR = Mch, ER =
(
Mc

Tc

− IT

)
h (60)

where h is the heat production per unit mass within the core.

3.4.3 Latent Heat (QL, EL)

The contributions QL and EL given in Table 1 may be written as:

QL = 4πr2
iL

′
Hρi

dri

dt
, EL = QL

(Ti − Tc)

TcTi

(61)

25



where L′H is the latent heat of fusion (incorporating the small pressure effect) and Ti is

the temperature at the ICB.

3.4.4 Gravitational Contribution (Qg, Eg)

From (45), the potential ψ(r) relative to zero potential at the CMB is given by

ψ(r) =

[
2

3
πGρcenr

′2
(

1− 3r′2

10L2

)]r

rc

(62)

Table 1 and equation (50) gives

Qg =
[∫

oc
ρψdV −Mocψ(ri)

]
αcCcCr

DTc

Dt
(63)

=
[∫

oc
ρψdV −Mocψ(ri)

]
∆ρc

c

∆c

4πr2
i

Moc

dri

dt

Here ∆ρc is the compositional density drop across the ICB,Moc is the mass of the outer

core (oc denotes the outer core), αc is the compositional expansion coefficient (equation 6),

CrdTc/dt = dri/dt and Cc is defined after equation (50). If the inner core completely

excludes the light element(s) then c = ∆c. Note that in this case Qg depends only on the

compositional density contrast ∆ρc and not on c, the actual concentration.

The integral
∫
oc ρψdV is given by

8π2ρ2
cenG

3

[(
3

20
r5 − L2

8
r3 − L2C2r

)
e−r2/L2

+
C2

2
L3
√
π erf(r/L)

]rc

ri

(64)

where

C2 =
3L2

16
− r2

c

2

(
1− 3r2

c

10L2

)
(65)

The mass of the outer core Moc may be obtained from (43) by changing the limits of

integration. Equations (64)-(65) allow Qg to be obtained; Eg is simply Qg/Tc.

3.4.5 Entropy of heat of solution (EH)

As discussed above, the quantity QH=0. The contribution EH in Table 1 is given by

EH = −
[∫

oc
ρ
∂µ

∂T
dV

]
Cc
dri

dt
(66)

As discussed in Section 4.3.4, this term is small compared to the other terms of interest,

and we generally ignore it.

3.4.6 Adiabatic contribution (Qk, Ek)

The entropy change due to thermal diffusion is given by Table 1

Ek =
∫
k
(∇T
T

)2

dV (67)

where k is the core thermal conductivity.
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Based on the results shown in Fig 1c, the variation of k with radius can be approxi-

mated as a quadratic function:

k(r) = kc

(1− r2

D2
k
)

(1− r2
c

D2
k
)

(68)

where kc is the thermal conductivity at the CMB and Dk is a characteristic lengthscale.

From (46) we have ∇Ta/Ta = −2r/D2; using (67) and (68) it can therefore be shown

that for an adiabatic core

Ek =
16πkcr

5
c

5D4

1 +
2

7

1
D2

k

r2
c
− 1

 (69)

while Qk at the CMB is simply given by

Qk = 8πr3
ckcTc/D

2. (70)

Note that bothQk and Ek, unlike almost all the other terms in Table 1, are independent

of the core cooling rate. Increasing conductivity with depth increases the total adiabatic

entropy production rate, and thus makes it harder to drive a dynamo. It also increases

the propensity of the lower core to be stably stratified (see Section 5.4).

3.4.7 Other contributions

Gubbins et al. (2003, 2004) argued that the molecular diffusion term Eα and pressure

heating term EP in equation (40) are negligible and may be ignored. The rate of change

of the core temperature is governed by

DTc

Dt
=
∂Tc

∂t
+ u · ∇Tc (71)

where u is the core contraction velocity. Gubbins et al. (2003) state that core contraction

is negligible at the present day, in which case DTc/Dt = dTc/dt.

3.5 Summary

Table 1 gives the general expressions for each of the terms contributing to the core’s

energy (equation 31) and entropy (equation 40) budgets. Section 3.4 gives explicit ex-

pressions for these terms when the state of the core is described by a simple analytical

model. Given a core cooling rate dTc/dt, this allows the rates of heat transfer and entropy

production for the core to be derived.

4. PRESENT-DAY ENERGY BUDGET

4.1 Introduction

Having derived approximate expressions for the individual terms in the energy and

entropy equations, in this section the magnitudes of these terms are estimated for the

Earth. In order to do so, various properties of the Earth’s core are required, some of

which are still highly uncertain. Section 4.2 derives some general conclusions regarding
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the present-day budgets which are independent of the specific property values assumed.

Section 4.3 summarizes the likely values and discusses their uncertainties. Section 4.4

shows how these values may be used to establish the present-day global energy and entropy

budget of the core, and compares these estimates with other constraints. For instance,

the fact that a dynamo is operating at the present day places a constraint on the current

CMB heat flow (equation 74 and see below). This section draws heavily on previous

works on the subject, as described below, in particular those of Buffett et al. (1996),

Roberts et al. (2003), Labrosse (2003), Gubbins et al. (2003,2004), Nimmo et al. (2004),

Nimmo (2007), Davies and Gubbins (2011), Pozzo et al. (2012), Gomi et al. (in press)

and Nimmo** (this volume).

4.2 General Behaviour

It is clear that the entropy budget within the core at the present day is capable of

sustaining a dynamo. In this section, we review the constraints that this observation

places on conditions in the core. In particular, we show how to calculate the rate at

which the core must be cooling to sustain the dynamo, and the balance between thermal

and compositional contributions to the dynamo. Considerations of core cooling inevitably

lead to the question of the energy/entropy budget of the core through time; this topic is

the subject of Section 5 and Nimmo**.

The entropy rate available to drive the dynamo is given by equation (40) and, neglect-

ing the small terms Eα and EP , may be written as

∆E = ER + Es + EL + EH + Eg − Ek = ER + ẼT
dTc

dt
− Ek (72)

where Es,EL,EH and Eg depend on the core cooling rate dTc/dt (see Table 1), ER depends

on the presence of radioactive elements in the core, and Ek depends on the adiabat at

the CMB. ẼT is simply a convenient way of lumping together the terms which depend

on core cooling rate (see Gubbins et al. 2003), and is itself independent of dTc/dt. This

equation illustrates two important points. Firstly, as expected, a higher cooling rate or a

higher rate of radioactive heat production increases the entropy rate available to drive a

dynamo. Secondly, a larger adiabatic contribution reduces the available entropy.

The equivalent energy balance (equation 9), neglecting QP and QH(= 0), may be

written

Qcmb = QR +Qs +Qg +QL = QR + Q̃T
dTc

dt
(73)

Again, Q̃T is simply a convenient way of lumping together those terms (Qs, Qg and

QL) which depend on the core cooling rate. By combining equations (72) and (73), an

expression may be obtained which gives the core heat flow required to sustain a dynamo

characterized by a particular entropy production rate EΦ:

Qcmb = QR

(
1− Q̃T

ẼT

1

TR

)
+
Q̃T

ẼT

(EΦ + Ek) (74)
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where TR is the effective temperature such that TR = QR/ER. This equation encap-

sulates the basic energetics of the dynamo problem.

Equation (74) shows that larger values of adiabatic heat flow or Ohmic dissipation

require a correspondingly higher CMB heat flow to drive the dynamo, as would be ex-

pected. In fact, in the absence of radiogenic heating, the CMB heat flow required is

directly proportional to Ek + EΦ. Because the term
(
1− Q̃T

ẼT

1
TR

)
exceeds zero, a dynamo

which is partially powered by radioactive decay will require a greater total CMB heat

flow than the same dynamo powered without radioactivity. Alternatively, if the CMB

heat flow stays constant, then an increase in the amount of radioactive heating reduces

the entropy available to power the dynamo. These results are a consequence of the fact

that radioactive heating has a lower thermodynamic efficiency than other methods of

driving a dynamo (see Section 3.3).

Equation (74) also illustrates the fact that a dissipative dynamo can exist even if the

CMB heat flow is subadiabatic - which may well be the case. For instance, anticipating

the results of Section 4.3 and using Table 4 we have Q̃T/ẼT =11,500 K for the present-

day inner core size. If the CMB heat flow is set to the adiabatic value (Qcmb=15 TW;

Ek=450 MW/K), application of (74) shows that the entropy available to drive the dynamo,

EΦ=850 MW/K. Only if the CMB heat flow fell below 5 TW, strongly subadiabatic, would

the entropy available become negative. Thus, a subadiabatic CMB heat flow can sustain a

dynamo, as long as an inner core is present to drive compositional convection (e.g. Loper

1978, Labrosse et al. 1997). It should be noted that these results assume the CMB heat

flux does not vary in space; lateral variations in the heat flux may allow a dynamo to

function even if the mean value of Qcmb suggests the dynamo should fail (or vice versa).

It should also be noted that a subadiabatic heat flow may result in portions of the core

being stably stratified (see Section 5.4). In this case the core temperature structure will

not be adiabatic and the equations used to determine the entropy balance will no longer

be accurate.

In the absence of an inner core, Q̃T
dTc

dt
= Qs and ẼT

dTc

dt
= Es. Because the value of

Q̃T/ẼT increases when an inner core is absent, equation (74) shows that driving the same

dynamo purely by thermal convection requires a higher CMB heat flow than when an

inner core is present. Again, this effect is a result of the higher efficiency of compositional

convection (Section 3.3). Making use of equations (44),(46), (55) – (57), (67) and (70) it

can be shown that in the absence of an inner core

Q̃T

ẼT

≈ Qk

Ek

=
5

2

D2

r2
c

Tc (75)

and in a similar fashion (equations 44,46, 58-60) it may also be demonstrated that for

L < D

TR = Tc

1 + 2
5

r2
c

L2

2
5

r2
c

D2

(76)

with a similar result for L > D.
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In the absence of an inner core, equation (74) may therefore be rewritten as

Qcmb =
QR

1 + 5
2

L2

r2
c

+Qk

(
1 +

EΦ

Ek

)
(77)

If QR=0 and Ohmic heating is negligible (EΦ=0) then equation (77) shows that the

heat flow at the CMB Qcmb must exceed the adiabatic heat flow Qk for a dynamo driven

only by thermal convection to function. This result is well known (e.g. Nimmo and

Stevenson 2000), but the utility of equation (77) is that it allows dynamo dissipation

to be taken into account explicitly: a more strongly dissipative core requires a more

superadiabatic CMB heat flow to operate.

Equation (77) also illustrates the effect of radiogenic heating in the absence of an

inner core. Because the term
(
1 + 5

2
L2

r2
c

)
is of order 10, the CMB heat flow required to

maintain a thermally-driven dynamo at a constant dissipation rate is not very sensitive

to an increase in radiogenic element concentrations (see Fig. 3). This is because the

efficiencies of radiogenic heating and secular cooling are comparable (see Section 3.3).

The presence of radiogenic elements is more influential on the core cooling rate, and

thus ultimately the age of the inner core (e.g. Labrosse et al. 2001). Rewriting equa-

tion (73) we obtain a core cooling rate of

dTc

dt
=
Qcmb −QR

Q̃T

(78)

It is clear that the effect of the QR term is to reduce the rate of core cooling, and hence

prolong the life of the inner core. This is an issue we return to below.

4.3 Core Properties

Having made some general remarks, we now turn to the specific core properties we

will assume for more detailed analysis. The temperature structure and physical and

compositional nature of the core are described in detail elsewhere in this Treatise. The

values adopted here are summarized in Table 2 . Only a brief discussion of these values Table 2

is given below; further discussion of the effects of uncertainties in these values on model

results may be found in Nimmo** (this volume). Note that in general the values are

assumed to be constant throughout the core; as discussed below, such an assumption is

incorrect, but unlikely to yield significant errors. The resulting theoretical profiles for

density, temperature and gravity are shown in Fig. 1 and may be compared with the

seismologically-inferred values.
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Table 2: Values of quantities assumed for core calculations. The rationale for

these values is given in Sections 2 and 4.3. ’eq.’ stands for ’equation number’.

symbol value units eq. symbol value units eq.

ρcen 12500 kg m−3 41 ρ0 7900 kg m−3 42

rc 3480 km 43 ri 1220 km 45

K0 500 GPa 42 Pc 139 GPa 51

L 7272 km 42 D 6203 km 47

Tc 4180 K 57 Ti 5508 K 61

Picb 328 GPa 51 Tcen 5726 K 46

α 1.25 10−5K−1 47 Cp 840 J kg−1 K−1 47

LH 750 kJ kg−1 61 αc 1.1 - 6

k 130 W m−1 K−1 67 ∆ρc 560 kg m−3 6

Tm0 2677 K 53 Tm1 2.95 10−12 Pa−1 53

Tm2 8.37 10−25 Pa−2 53 Cr -10,100 m K−1 49

4.3.1 Density and gravity

Figure 1 shows the seismologically-inferred density and gravity profiles and compares

them with those obtained using the theoretical expressions given in Section 3.4 and the

values given in Table 2. There is good agreement; the only difference is that the simple

density model (equation 41) neglects the increase in density of the inner core. However,

as noted above, this error has a negligible effect on the results.

4.3.2 Thermodynamic properties

From the point of view of the entropy and energy budgets, the most important ther-

modynamic properties are those influencing the temperature profile and the CMB heat

flow, that is γ (or equivalently α and Cp) and k.

As discussed in Section 2.4, the thermal conductivity of core materials at the CMB

is probably in the range 100-150 W m−1 K−1, and higher at greater pressures. Based on

De Koker et al. (2011), the characteristic lengthscale over which k varies (equation 68)

is Dk ≈ 5900 km. Application of equation (67) reveals that in this case the assumption

of constant conductivity results in a value of Ek which is 15% too small. For simplicity,

we will generally ignore this correction and assume a constant thermal conductivity of

130 W m−1 K−1. An exception is in our discussion of stable stratification, Section 5.4.

Thermodynamic arguments (e.g. Anderson 1998) and molecular dynamics simulations

(e.g. Alfe et al. 2002b) both suggest that the value of Gruneisen’s parameter γ is close to

a constant value of 1.5 throughout the core. Since the seismic velocities vary significantly

across the core, this result in turn implies that α is variable (here Cp is assumed constant).

Labrosse (2003) derives an expression for α as a function of the core density, and argues

that α varies from 1.25× 10−5 K−1 at the centre to 1.7× 10−5 K−1 at the CMB. Roberts

et al. (2003) obtain a variation of 0.9−1.8×10−5 K−1 by assuming a depth-dependent γ.

Labrosse (2003) also points out, however, that to the third-order accuracy required, the
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temperature profile (equation 46) is not affected by the variation in α and simply depends

on the value of this parameter at the centre of the Earth. We follow Labrosse (2003) and

adopt a constant value for α of 1.25× 10−5 K−1 to determine Ta(r).

Holding α constant means we will slightly underestimate the adiabatic CMB heat flow.

This is a conservative approach, in that it means we will be slightly underestimating the

heat flow required to drive a dynamo (equation 77). When considering stratification of the

core, both the conductivity and the adiabatic gradient matter (Section 5.4). In reality k

increases with depth while α decreases with depth; as a result, an assumption of constant

k and constant α is a reasonably good approximation.

4.3.3 Temperature and Melting

Molecular dynamics simulations (see Section 4.3) suggest that the temperature at the

ICB is 5650 ± 600 K once the presence of light elements is taken into account. Equally

important, the pressure-dependence of melting at ICB conditions is about 9.4 K/GPa

(0.48 K/km). We can then derive the melting parameters in equation (53): Tm0=2677 K,

Tm1=2.95 × 10−12 K Pa−1 and Tm2=8.4 × 10−25 K Pa−2, where the pressure at the ICB

is 328 GPa. This melting curve is plotted for comparison with the Alfe et al. (2004)

molecular dynamics results in Fig 1b.

Taking Ti=5508 K, equation (46) shows that the present-day CMB temperature is

Tc=4180 K. The melting temperature at the centre of the core is 5800 K, so the equivalent

adiabatic temperature at the CMB is 4240 K. These calculations show that the reduction

in Tc since the onset of inner core solidification, referred to as ∆Tc, is about 60 K.

Equation (46) gives an adiabatic gradient at the ICB of 0.35 K/km. It is the difference

between this gradient and the melting gradient which determines the rate of inner core

growth as the core cools. For these particular parameters, the quantity Cr which relates

core cooling and inner core growth (eq 49) is -10,100 m K−1. Note that this quantity is

uncertain because it depends on the difference between two comparable terms.

4.3.4 Chemical properties

By far the most important chemical property of the core is the compositional density

drop ∆ρc. Examination of equation (64) demonstrates that it is this property, rather than

the mass fraction of light element c, which actually determines the gravitational energy

available. As noted in Section 2.1, the uncertainty in ∆ρc is probably a factor of 2, with

a likely range of 400-800 kg m−3; we adopt a value of 560 kg m−3.

Molecular dynamics simulations give ∂(µO − µFe)/∂T = −0.45 meV/atom/K and

∂(µSi−µFe)/∂T = +0.11 meV/atom/K at 135 GPa and 4400 K (Alfe, pers. comm.). For

the Fe-O system, this yields ∂µ/∂T ≈ -780 J kg−1 K−1, which is an order of magnitude

smaller than the quantity RH/Tc ≈ −6700 J kg−1 K−1. As a result, the (corrected) heat

of reaction term EH may be neglected, in agreement with Pozzo et al. (2012).

Other chemical properties of the core materials, such as the material constants αD

and β may be determined from molecular dynamics simulations (Gubbins et al. 2004).

4.3.5 Ohmic dissipation

The entropy production rate EΦ required to power the dynamo is a critical parameter
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because it ultimately determines how rapidly the core must cool to maintain such a

dynamo (equation 74). It in turn depends directly on the Ohmic heating (equation 33),

but this heating rate is currently very poorly constrained. The heating is likely to occur at

length-scales which are sufficiently small that they can neither be observed at the surface,

nor resolved in numerical models (Roberts et al. 2003). Moreover the toroidal field, which

is undetectable at the surface, may dominate the heating.

The Ohmic dissipation QΦ may be converted to an entropy production rate using

EΦ = QΦ/TD (Roberts et al. 2003), where the characteristic temperature TD is unknown

but intermediate between Ti and Tc and is here assumed to be 5000 K. Roberts et al.

(2003) used the results of the Glatzmaier and Roberts (1996) simulation to infer that

1-2 TW are required to power the dynamo, equivalent to an entropy production rate of

200-400 MW/K. Buffett (2002) suggested 0.1-0.5 TW and Buffett and Christensen (2007)

0.7-1 TW. The dynamo model of Kuang and Bloxham (1997) gives an entropy production

rate of 40 MW/K. Labrosse (2003) argues for a range 350-700 MW/K, and Gubbins et al.

(2003) favour 500-800 MW/K. Christensen and Tilgner (2004) gave a range of 0.2-0.5 TW,

but this range was later updated to 1.1-15 TW (Christensen 2010) or 3-8 TW (Stelzer

and Jackson, 2013). There is clearly little consensus on the dissipation rate required, but

roughly 1 TW (equivalent to a few hundred MW/K) seems reasonable.

4.3.6 Internal heating

Section 4.2 shows that radioactive heat production (or, for that matter, tidal heating)

in the core has a significant effect on the entropy and energy budgets. It has sometimes

been suggested, for reasons explained below, that radioactive potassium is present in the

core. This isotope, 40K, has a half-life of 1.3 Gyr, and makes up 0.012% of naturally-

occurring potassium at the present day.

Samples of the Earth’s crust and upper mantle produce ratios of lithophile, refractory

elements very similar to those found in primitive (chondritic) meteorites, and the solar

photosphere. The constancy of these ratios allow the abundance of these elements (e.g.

U and Th) in the bulk silicate Earth (BSE) to be established with some confidence (e.g.

McDonough and Sun 1995). However, it is also clear that Earth samples are generally

depleted, relative to chondrites, in more volatile lithophile elements such as potassium.

The amount of depletion appears to be roughly correlated with condensation tempera-

ture. One estimate of potassium concentration in the BSE yields a range of 120-300 ppm

(Lassiter 2004) and a K/U ratio range of 7000-12,000. Chondrites typically have K/U

ratios an order of magnitude higher, indicating the extent of the terrestrial depletion.

One possible explanation for the depletion in volatile elements is that the Earth either

never accreted them in the first place (due to the elevated temperatures in the protoplan-

etary disk), or lost them early in its history (e.g. due to late, large impacts). However,

the lack of variation in potassium isotope ratios across measured solar system bodies im-

plies that no fractionation of potassium occurred (Humayun and Clayton 1995), which

places severe limits on the classes of mechanisms which could induce volatile loss. An

alternative possibility is that some of the potassium was sequestered into the Earth’s core
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(e.g. Murthy and Hall 1970, Lewis 1971). Potassium would presumably not be the only

element sequestered: other alkali metals (e.g. Na, Rb) should follow suit. Whether the

inferred concentrations of these metals in the BSE are compatible with such sequestration

is unclear, though it does seem likely that neither U nor Th reside in the core. Given

the existing uncertainties, and the extent to which the BSE is depleted in potassium rel-

ative to the chondrites, it is hard to rule out ∼100 ppm K in the core on cosmochemical

grounds. Geoneutrinos (Gando et al. 2011) may ultimately resolve this issue, but current

measurements are too crude to be helpful.

Laboratory experiments suggest that some K is likely to partition into Fe liquids,

especially in the presence of S and/or Ni (Gessmann and Wood 2002, Murthy et al. 2003,

Lee et al. 2004, Bouhifd et al. 2007). However, there is not universal agreement on this

issue (Corgne et al. 2007), and the extrapolations in pressure required are large. The

highest-pressure experiments to date (Nomura et al. 2012) suggest minimal quantities of

potassium in the core, but at these conditions the compositional parameter space has yet

not been thoroughly explored. Further arguments regarding the presence or absence of

potassium in the core may be found in Roberts et al. (2003) and McDonough (2006).

4.3.7 Present-day CMB heat flow

The rate of entropy production within the dynamo ultimately depends on the CMB

heat flow, that is the rate at which heat is extracted from the core. The CMB heat flow,

in turn, is determined by the ability of the mantle to remove heat. As reviewed by Lay et

al. (2008), independent estimates on this cooling rate exist, based on our understanding

of mantle behaviour.

The most reliable approach to estimating CMB heat flow appears to be seismological

detection of the deep mantle phase transition from perovskite to post-perovskite. Because

this phase transition occurs at particular P, T conditions (Murakami et al. 2004, Oganov

and Ono 2004), seismic detection of the depth of the transition provides a temperature

constraint. When a pair of transitions occurs (a “double-crossing”; Hernlund et al. 2005),

the temperature gradient and thus the heat flux may be inferred. Two regions yield

extrapolated global CMB heat flows of 9-17 TW (Lay et al. 2006) and 7-15 TW (Van der

Hilst et al. 2007). Nakagawa and Tackley (2010) point out that these regions have higher

than average heat flux, so that the globally-averaged flow may be lower (around 9 TW).

A thermochemical boundary of spatially-variable properties and thicknesss 150-300 km

termed D” exists at the base of the mantle, perhaps indicating the presence of partial

melt (Lay et al. 1998). The temperature at the top of this layer may be obtained from

extrapolating the mantle potential temperature inwards along an adiabat, and is about

2700 K. As discussed in Section 2.3, the temperature at the core side of the CMB is about

4200 K. Taking the (uncertain) lower mantle thermal conductivity to be 10 W m−1 K−1

(Ohta et al. 2012), the implied heat conductive heat flow across D” is 8-16 TW. Wu et

al. (2011) used a more sophisticated statistical approach to infer a range of 13 ± 3 TW.

However, as pointed out by Buffett (2002) and Labrosse et al. (2007), the presence of

significant quantities of radioactive materials in this layer could significantly reduce the
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heat flux out of the core.

Comparison of convection models with observations of mantle plumes yield a CMB

heat flow ≈11 TW (Leng and Zhong 2008). A recent convection study incorporating a

weak post-perovskite rheology yielded values in excess of 30 TW (Nakagawa and Tackley

2011).

Based on these results, a reasonable estimate of CMB heat flow appears to be 12±5 TW

(79±30 mW m−2). As will be seen below, a CMB heat flow less than 5 TW is inconsistent

with the existence of a present-day dynamo; heat flow requirements become more stringent

in epochs prior to inner core formation.

4.3.8 Geochemical constraints on inner core age

The age of the inner core is a particularly important parameter. Obtaining observa-

tional constraints on this age is therefore of great significance. Some publications (Bran-

don et al. 2003, Puchtel et al. 2005) have suggested that: 1) coupled 186Os−187Os isotope

anomalies found in surface lavas carry a signal from the core (via material entrained across

the CMB); 2) these anomalies were generated as a result of inner core formation, which

began ∼3.5 Gyr B.P. These results, if correct, are of great significance; unfortunately,

they are probably not correct (Meibom 2008). Other studies have ascribed the osmium

anomalies to mantle heterogeneities rather than a core contribution (Hauri and Hart 1993,

Baker and Jensen 2004, Schersten et al. 2004, Leguet et al. 2008). Moreover, a corre-

sponding signal should also be observed in tungsten and lead isotope anomalies; such

signals appear to be lacking in Hawaiian lavas (Schersten et al. 2004, Lassiter 2006) and

Afar plume basalts (Rogers et al. 2010). Finally, measurements of Pt,Re and Os partition

coefficients at intermediate pressures and temperatures give values which are too small

to explain the observed isotopic anomalies (Van Orman et al. 2008, Hayashi et al. 2009).

Thus, although the proposed result is intriguing, it is not widely accepted and (as will be

seen below) it is in serious conflict with the geophysical results.

4.3.9 Comparison with Other Models

Clearly, the choice of parameters presented above involves considerable uncertainties.

One reason for adopting the analytical model presented in Section 3.4 is that the effect

of varying individual parameters is relatively transparent. Estimated errors have been

tabulated in several other works, notably Labrosse (2003), Roberts et al. (2003) and

Nimmo et al. (2004). Rather than going through a similar exercise here, Table 3 compares Table 3

the parameter choices adopted by different groups, to highlight those parameters which are

particularly uncertain and those on which there is general agreement. Further discussion

of the effects these uncertainties have on the model results may be found in Nimmo**

(this volume). The parameters adopted in this study closely mimic those of Pozzo et

al. (2012) to facilitate comparison with their results; in particular, to arrive at the same

adiabatic CMB heat flow, we employ a slightly larger conductivity value than they do.
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Table 3: Comparison of parameter values assumed by five different studies. Ref-

erences are: Buffett et al. (1996), Roberts et al. (2003), Labrosse (2003), Pozzo

et al. (2012) and this work. a Assuming a present-day IC temperature of 5600 K.
b The quoted density contrast in Pozzo et al. (2012) includes a 0.24 g/cc contri-

bution from solidification.

quantity units Buffett Roberts Labrosse Pozzo This Work

α ×10−5 K−1 1.0 0.89-1.77 1.25-1.7 1.02-1.95 1.25

Cp J kg−1 K−1 800 819-850 850 715 840

γ – 1.4 1.15-1.33 1.5 1.5 -

LH kJ kg−1 600 1560 660a 750 750

kc W m−1 K−1 35 46 50 100 130

∆ρc kg m−3 400 255 500 560b 560

αc – 0.93 1.0 - 1.1 1.1

Ti K 4662 5100 5600 5500 5508

Tc K 3724 3949 4186 4039 4180
∂Tm

∂r
|ICB K km−1 0.51 0.34 0.54 0.48 0.48

∂Ta

∂r
|ICB K km−1 0.24 0.24 0.37 0.34 0.35

∂Ta

∂r
|CMB K km−1 0.54 0.88 0.75 1.0 0.76

Qk TW 2.8 5.9 3.0 15.2 15.0

There is good general agreement on some parameters, in particular the specific heat

capacity Cp, Gruneisen’s parameter γ and the compositional expansion coefficient αc.

As discussed in Section 2.4, the thermal conductivity has recently been revised sharply

upwards, resulting in an increase in estimated adiabatic heat flows in later works. The

assumed compositional density contrast across the ICB ∆ρc also varies by a factor of

two. Thus, the gravitational entropy production estimated by Labrosse (2003) will be

almost double that of Roberts et al. (2003). Since the gravitational term is probably the

dominant one in the overall entropy budget (see below), this kind of uncertainty can have

potentially significant effects.

The assumed present-day temperature structure strongly affects the entropy estimates,

because of terms having the form (1/T ) − (1/Tc). More recent estimates of Ti and Tc

are higher than earlier estimates, mainly as a result of the recent molecular dynamics

calculations (see Section 2.3). Estimates of the adiabatic temperature gradient have

also increased in more recent works, and appear to be converging on a value of roughly

0.8 K/km at the CMB. The slope of the melting curve is, however, still uncertain: current

estimates vary by roughly a factor of 50%. Small uncertainties in the slopes of the adiabat

and solidus lead to large variations in the growth history of the inner core. This issue

is discussed further, and tabulations of inner core ages under different parameter choices

are given, in Section 5.3 below.

4.4 Present-day behaviour
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Having summarized the likely parameter values, this Section applies the results of

Section 3.4 to calculate the present-day energy and entropy budget of the core. In what

follows we generally assume a CMB heat flow of either 12 TW (the best-guess present-day

estimate) or 15.2 TW (the adiabatic value). Table 4 summarizes these results. Table 4

Figure 3 shows how the rate of entropy production available to drive a dynamo varies Figure 3

as a function of the heat flow out of the core, both for a set of core parameters appropriate

to the present-day Earth, and for a situation in which the inner core has not yet formed.

As expected, higher core heat fluxes generate higher rates of entropy production; also,

the same cooling rate generates more excess entropy when an inner core exists than when

thermal convection alone occurs.

Figure 3: Rate of entropy production as a function of CMB heat flow. Calculations

carried out using the expressions given in Section 3.4 and the parameter values given in

Table 2. Dots give the inner core age in Gyr and are calculated assuming a constant

heat flow. Shaded area denotes estimated present-day CMB heat flow (see text).

As discussed above, when an inner core is present, positive contributions to entropy

production arise from core cooling, latent heat release and gravitational energy; the adi-

abatic contribution is negative (equation 72). For a present-day, radionuclide-free core, a

CMB heat flow of <5 TW (cooling rate of 34 K/Gyr) results in a negative net entropy

contribution and, therefore, no dynamo (Fig. 3). This cooling rate would yield an inner

core roughly 1.8 Gyr old, using the parameters adopted here. A higher core cooling rate

generates a higher net entropy production rate; it also means that the inner core must

have formed more recently.

For a present-day estimated CMB heat flow of 7-17 TW, the net entropy production

rate available to drive the dynamo is 160-1030 MW/K, sufficient to generate roughly

0.8-5 TW of Ohmic dissipation. This range may be compared with estimates of Ohmic

heating (Section 4.3.5) which are typically 2 TW or less. A heat flow of 7-17 TW also

implies an inner core age of about 0.6-1.3 Gyr for the parameters given in Table 2. Note

that we are neglecting exsolution as a possible energy source here.
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Prior to the formation of an inner core, the CMB heat flow had to exceed the adiabatic

value (>15 TW) in order to maintain a dynamo for reasons discussed above (eq. 77). For

a dynamo requiring an entropy production rate of 200 MW/K, the core cooling rate

had to be roughly 3 times as fast to maintain this rate before the onset of inner core

solidification. This again illustrates the rapid core cooling required if thermal convection

is the only buoyancy source.

Fig. 3 also shows that, as discussed above, a larger CMB heat flow is required for the

same entropy production if radioactive heating is important in the present-day Earth. In

this particular example, when there is 300 ppm potassium in the core no dynamo can

function if the CMB heat flow drops below 6.3 TW. However, the corresponding core

cooling rate is 32 K/Gyr, less than the potassium-free equivalent but still only yielding

an inner core age of 2.0 Gyr. The effect of potassium is relatively modest because the

radioactive heating rate is a small fraction of the total CMB heat flow.

Prior to the existence of the inner core, the effect of radioactive decay on the entropy

production is small (Fig. 3), because the prefactor for QR in equation (77) is small. Again,

however, the existence of radioactive potassium in the core has a significant effect on the

cooling history of the core. The role of potassium in controlling the age of the inner core

is more minor and is discussed further in Section 5.3 below.

Table 4 summarizes the individual contributions to the overall entropy and energy

budgets for the present-day core, both with and without potassium. The CMB heat flow

is specified to be either the present-day value (12 TW) or 15.2 TW. It is clear that the

different driving mechanisms are associated with different thermodynamic efficiencies. In

particular, while the gravitational term only contributes roughly one-fifth of the total heat

budget when potassium is absent, it delivers three-fifths of the entropy budget. Similarly,

the latent heat term delivers the same power, but twice as much entropy, as the secular

cooling term.
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Table 4: Individual contributions to energy/entropy budgets for a present-day core

with parameters given in Table 2 and a CMB heat flow of either 15.2 TW or 12 TW

(estimated present-day value). Q and E refer to the energy and entropy contribu-

tions, respectively; ∆E is the entropy available to drive the dynamo, dTc/dt is the

core cooling rate and dri/dt the inner core growth rate. The small heat of reaction

term EH is neglected. Cases are shown with and without 300 ppm potassium (K)

in the core. Inner core (IC) age is calculated assuming a constant CMB heat flow.

Here Cr=-10,100 K and we compare our results with case 5 of Pozzo et al. (2012).

Pozzo This work This work This work

(K=0) (K=0) (K=300ppm) (K=0)

Q E Q E Q E Q E

TW MW/K TW MW/K TW MW/K TW MW/K

Qs, Es 5.9 212 6.1 183 5.3 159 4.8 144

QL, EL 5.9 389 5.7 327 4.9 284 4.5 258

Qg, Eg 3.4 830 3.4 809 2.9 701 2.7 639

QR, ER 0 0 0 0 2.1 60 0 0

Qk, Ek 15.2 -561 15.0 -450 15.0 -450 15.0 -450

Qcmb,∆E 15.2 870 15.2 869 15.2 753 12.0 591

dTc/dt (K/Gyr) -115 -104 -90 -82

dri/dt (km/Gyr) 1092 1050 909 829

IC age (Gyr) 0.37 0.59 0.68 0.75

Table 4 also makes the role of radioactive heating clear. Its efficiency is comparable

to that of secular cooling; thus, for the same total CMB heat flow, adding radioactive

elements reduces ∆E, the entropy available to drive the dynamo. The presence of ra-

dioactivity also reduces the core cooling rate, and thus increases the age of the inner core.

However, since the radioactive contribution (2.1 TW) is small compared to the assumed

CMB heat flow, the increase in inner core age is relatively small.

Table 4 also compares our results with those of case 5 of Pozzo et al. (2012). Although

the details differ, the overall answers are very similar. The main difference is that Pozzo

et al. (2012) derive a younger inner core because they have a smaller value of ∆Tc (see

Table 5).

In summary, Fig. 3 shows that the minimum CMB heat flow which could allow a

dynamo to persist at the present day is about 5 TW, somewhat below the lower bound

based on mantle studies (Section 4.3.7). Even with this low heat flow, the inner core

age would still be less than 2 Gyr. In reality, it is probably much younger than this,

because heat fluxes in excess of 15 TW are required to drive a dynamo prior to inner core

formation. Investigating the evolution of the dynamo and inner core in more detail is the

subject of the next section.

5. EVOLUTION OF ENERGY BUDGET THROUGH TIME
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5.1 Introduction

From the above it is evident that the energy and entropy budgets of the present-day

active dynamo are consistent with the inferred CMB heat flow of ≈12 TW. On the other

hand, a heat flow in excess of 15 TW appears required to drive the dynamo in the absence

of an inner core.

Because a dynamo similar to the present-day one has apparently been operating for at

least 3.5 Gyr, constraints can also be applied to the energy and entropy budgets over this

time period. Attempting to do so introduces additional, large uncertainties, in particular

the fact that the evolution of the CMB heat flow through time is unknown. Nonetheless,

this problem has been investigated by several groups, notably Yukutake (2000), Buffett

(2002), Labrosse (2003), Nimmo et al. (2004), Costin and Butler (2006), Davies (2007)

and Nakagawa and Tackley (2010). Many of these groups reached similar conclusions. In

particular, the inner core was commonly found to be a relatively young feature, with an

age of ∼1 Gyr; and early core temperatures tended to be very high, an effect which was

somewhat mitigated if radioactive potassium was present in the core. As discussed below,

these conclusions are strengthened once the upward revision of core thermal conductivity

is included.

Prior to inner core solidification, the CMB heat flow over time depends on the adiabatic

and Ohmic dissipation terms and is given by equation (77). Given a CMB heat flow, the

core cooling rate, and hence the total core temperature drop prior to onset of inner core

solidification, is simple to determine (equation 78). Let the inner core age be τic and the

age of the dynamo be τd. Then making the simplifying assumption that the heat capacity

of the core is simply MCp,the reduction in core temperature Tc over the interval from the

onset of dynamo activity to the start of core solidification is given by

∆T ′c ≈

Tc
8πr3

ck

D2

[
1 +

EΦ

Ek

]
− Q̄R

1
2r2

c

5L2 + 1

 [τd − τic]

MCp

(79)

where Q̄R is the mean radiogenic heat flow over the interval of interest. Since the tem-

perature at which inner core solidification starts is fixed, equation (79) allows the initial

temperature of the core to be calculated. Higher Ohmic dissipation rates, later inner core

formation and higher thermal conductivities all imply a larger core temperature drop,

and a higher initial temperature (Labrosse et al. 2001, Buffett 2002). On the other hand,

radioactive heating reduces the amount by which the temperature drops. Using the values

of Table 2 and assuming that Ek ≈ EΦ, the core temperature drop over a 2 Gyr time

interval is roughly 1100 K in the absence of radioactive heating. Mantle solidus temper-

atures at the CMB are estimated to be 4000-4300 K (Fiquet et al. 2010, Andrault et al.

2011). Thus, a significantly hotter early core implies widespread melting of the lowermost

mantle. Such melts, which are probably dense (Mosenfelder et al. 2007), could strongly

affect the thermal evolution of the core and perhaps delay the onset of dynamo activity

(Labrosse et al. 2007).
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The advantage of equation (79) is that it provides a robust and relatively transparent

estimate of how much core cooling occurred prior to inner core formation. However,

in practice the CMB heat flux is likely to have fluctuated with time, and the onset of

inner core solidification raises additional complications. Thus, a fuller picture of core and

dynamo evolution requires more sophisticated approaches, which are discussed below.

5.2 Theoretical Models

The CMB heat flow ultimately controls the thermal evolution of the core, but its

evolution through time is not observationally constrained. Accordingly, theoretical argu-

ments have to be adopted. One such argument is to employ a numerical model of the

Earth’s thermal evolution, and predict the CMB heat flow through time. Models can ei-

ther be relatively simple parameterized convection calculations (e.g. Nimmo et al. 2004),

or more sophisticated (but two-dimensional) approaches in which the full fluid-dynamical

equations are solved (e.g. Nakagawa and Tackley 2010). These models illustrate the

important point that the evolution of the CMB heat flow cannot be decoupled from the

thermal evolution of the Earth’s mantle. The rate at which heat is transported across the

CMB depends on the temperature gradient at the base of the mantle, which ultimately

depends on the rate at which the mantle itself is cooling. Thus, a successful model must

accurately reproduce the behaviour of the mantle through time in order to calculate the

evolution of the CMB heat flow.

None of the models currently in existence are likely to meet this criterion. Firstly, the

actual evolution of the mantle temperature through time is poorly known (see Davies**).

Secondly, the effect of mantle temperature on plate tectonic behaviour is not well under-

stood, with even the sign of the effect being disputed (e.g. Korenaga 2003); similarly, the

change in mean plate tectonic velocities over billions of years is unknown. Since it is plate

tectonics that controls the cooling rate of the mantle, these are important issues. Thirdly,

it is not clear that any model incorporates all of the relevant physics. For instance, the

post-perovskite phase near the base of the mantle likely has an appreciable effect on the

evolution of the CMB heat flow (e.g. Nakagawa and Tackley 2011), as would dense chem-

ical piles at the base of the mantle (McNamara and Zhong 2004) or the presence of a

partially-molten zone (Labrosse et al. 2007).

Given these uncertainties, an alternative approach relying on fewer poorly-known pa-

rameters is desirable. One such approach is to assume that the Ohmic dissipation in the

core, and thus the rate of entropy production required to drive the dynamo EΦ, has been

constant, or varied in a prescribed manner, through time (e.g. Buffett 2002, Labrosse

2003). Since the rate of entropy production depends on the core cooling rate (equa-

tion 72), specifying this rate of production specifies the core cooling rate and thus the

CMB heat flow over time. This in turn allows the core temperature Tc to be integrated

backwards from the present day. A high rate of entropy production requires rapid cooling

of the core and thus a young inner core, and an early core which is very hot.

The CMB heat flow changes slowly, on timescales of several 100 Myrs. It can therefore

be seen from equation (74) that the onset of inner core solidification will cause a large
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increase in the rate of entropy production available to drive the dynamo. This is because

the heat flow Qcmb is fixed in the short term, and the addition of latent heat and compo-

sitional driving forces (which are thermodynamically more efficient) reduce the value of

Q̃T/ẼT . The specified rate of entropy production should therefore be appropriate to the

situation just prior to the onset of inner core solidification.

The advantage of this approach - specifying an entropy production rate and deducing

the resulting temperature evolution - is that it is simple: for instance, no knowledge of the

mantle is required. Thus, parameter space can be explored rapidly, and the sensitivity of

the results to uncertainties in different parameters determined. On the other hand, this

technique requires a large assumption: that dissipation within the core has stayed constant

over time. Furthermore, as discussed above, the actual rate of dissipation involved in

even the present-day dynamo is unknown. Finally, this approach neglects the possibility

of stable core stratification, an issue discussed further in Section 5.4 and Nimmo**.

Figure 4: a) Evolution of core temperature Tc (left-hand scale) and heat flow Qcmb (right-

hand scale) through time, assuming a constant rate of entropy production of 100 MW/K

prior to inner core solidification. During inner core solidification the heat flow is kept

constant at 18.5 TW. Results were obtained by integrating backwards in time using the

present-day conditions and parameters specified in Table 2. Given a fixed heat flow or rate

of entropy production, and a radioactive heat production rate, the change in core temper-

ature with time may be calculated. Thick lines denote case with no core potassium; thin

lines denote case with 300 ppm potassium. In the latter case, the radioactive heat pro-

duction is given by the dotted line. b) Evolution of rate of entropy production and growth

of inner core. Thick lines denote potassium-free case; thin lines have 300 ppm potassium in

the core.

Figure 4 is an example of the results obtained by specifying an entropy production Figure 4
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rate. It starts from the present-day structure discussed in Section 4.3 and integrates Tc

backwards in time such that the entropy production rate prior to inner core formation

stays constant at 100 MW/K. It is assumed that the core heat flow subsequent to inner

core formation remains constant, which is reasonable given the young inner core ages

obtained.

Fig. 4a shows the evolution of Tc and CMB heat flow, integrated backwards from the

present. An entropy production rate just prior to IC formation of 100 MW/K requires a

CMB heat flow of 18.5 TW (Fig 3) and a core cooling rate of 315 K/Gyr in the absence

of radioactive heating. The initial CMB temperature is 5760 K, enough to guarantee

widespread lower mantle melting. The CMB heat flow is a significant fraction of the

total global surface heat flow of 42 TW (Sclater et al. 1980), and exceeds the likely value

deduced from present-day observations (Section 4.3.7). As a result, this scenario appears

unrealistic.

Fig. 4 shows that adding potassium reduces the initial temperature, as expected from

equation (79), to 5040 K. The magnitude of this effect is mainly due to the short half-life

of potassium, which produces 15 times more heat at 3.5 Gyr B.P. than at the present day.

However, the heat flux required to drive the dynamo at a particular entropy production

rate is hardly changed (equation 77).

Fig. 4b shows the evolution of the inner core radius and entropy production with time.

The high core cooling rate means that the inner core is a young feature (0.5 Gyr old). As

expected, the entropy production rate increases when inner core formation begins. While

one might expect such an increase to have significant effects on the observed magnetic

field, in practice the observations are sufficiently sparse that no such effects have been

detected (Section 2.4). Because of the high CMB heat flow, the presence of potassium has

little effect on the age of the inner core, though it does affect the early core temperature

as noted above.
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Figure 5: As for Fig 4, except that rate of entropy production prior to inner core solidi-

fication is fixed at 0 MW/K, and CMB heat flow following onset of solidification is fixed at

15 TW.

As noted by Buffett (2002) and Labrosse (2003), and shown in equation (79), the

dissipation required to drive the dynamo has a strong influence on the evolution of the

core temperature. Figure 5 shows an identical set of results to Fig. 4, except assuming a Figure 5

constant (pre-inner core) entropy production rate of 0 MW/K i.e. a marginal dynamo in

which dissipation is negligible. This provides a conservative set of results. As one would

expect, the lower heat flow results in a slower core cooling rate and a somewhat older

inner core (0.52-0.60 Gyr, depending on the potassium concentration). The resulting

initial core temperatures are lower (4730-5440 K), but still imply widespread early mantle

melting.

An interesting consequence of these two scenarios is that the CMB heat flow changes

only by about 35% and 20%, respectively, over 4 Gyr. This is a result of the assumption of

constant entropy production; nonetheless, it suggests that the CMB heat flow may be less

sensitive to changes in mantle temperature than simple scaling arguments (e.g. Nimmo

et al. 2004) would suggest. This issue is discussed in more detail in Nimmo**.

Figure 6: a) Variation in initial CMB core temperature (at 4.56 Gyr B.P.) as a func-

tion of core potassium concentration and entropy production rate within the core. Cal-

culations carried out as for Figs. 4 and 5. Shaded regions indicate estimated solidus
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and liquidus temperatures for the lowermost mantle (Andrault et al. 2011); arrow in-

dicates estimated present CMB core temperature. b) Variation in inner core age as

a function of core potassium concentration and entropy production rate.

Figure 6 summarizes these results. Fig. 6a plots the initial core temperature as a Figure 6

function of core potassium and entropy production rate. It demonstrates that, as ex-

pected, higher rates of entropy production require more core cooling and thus higher

initial temperatures. Adding potassium to the core counteracts this effect. These effects

are essentially identical to those found by Buffett (2002) and Labrosse (2003). Irrespec-

tive of the details of the calculations, widespread early melting of the lowermost mantle

is anticipated to occur.

5.3 Age of the Inner Core

Figures 3, 4 and 5 make it clear that the initiation of inner core solidification signif-

icantly increases the entropy production available to drive the geodynamo, even though

the consequences of this increase for the magnetic field intensity are unclear. If the inner

core age could be established observationally, it would provide an immediate constraint

on the time-averaged CMB heat flow, and hence on the mechanisms available to drive the

geodynamo. Establishing the age of the inner core is therefore of great importance but,

as outlined in Section 4.3.8, geochemistry does not appear to provide useful constraints.

Over the interval since inner core solidification began, the total amount of energy

released Wtot has come from four main sources: secular cooling of the whole core (Ws),

gravitational energy (Wg), latent heat release (WL) and perhaps some radioactive decay

(WR). These quantities may be calculated by time-integration of the corresponding heat

flow terms given in Section 3.2; for the similar set of equations investigated by Buffett et

al. (1996), analytical expressions for these terms may also be derived.

Letting the inner core age be τi and the mean CMB heat flow over this interval be

Q̄cmb, then we have

τi =
Ws +Wg +WL +WR

Q̄cmb

=
Ws +Wg +WL + QR

λ
(eλτi − 1)

Q̄cmb

(80)

where QR is the present-day radioactive heat production and λ is the decay constant.

Note that this equation, unlike equation (74), contains no information on whether a

dynamo operates; in particular if the mean CMB heat flow is too small, a dynamo will

not occur.

The inner core age depends on the total energy released since solidification began,

and the CMB heat flow. Of the four energy terms, the first depends on the mean tem-

perature drop ∆T in the core since solidification began (Ws ≈ McCp∆T ); the others are

independent of this quantity, and depend on the same variables as their time derivatives

Qg, QL and QR (see Section 3.4). The mean temperature drop ∆T in turn depends on

the behaviour of the solidus and the adiabat, as discussed below.

Since the inner core first began to solidify, the temperature at the ICB has dropped by

an amount determined by the behaviour of the melting curve and adiabat (see Fig. 2). To
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achieve this growth in inner core size requires a corresponding change in the temperature

at the CMB, ∆Tc. Making the approximation that the solidus and adiabat are both linear

(with respect to pressure) within the inner core, then the change in CMB temperature

since the onset of core solidification ∆Tc is given by (see Fig 2)

∆Tc =
∆P

fad

(
dTm

dP
− dTa

dP

)
= 23 K

(
dTm

dP
− dTa

dP

1K/GPa

)(
1.32

fad

)
(81)

where ∆P is the pressure difference between the present ICB and the centre of the Earth,

Ta and Tm are the adiabatic and melting temperature profiles, fad is a factor converting the

core temperature at the CMB to that at the ICB, and the numerical values are obtained

by using the parameter values given in Table 2. Note that ∆Tc depends on the difference

in slopes and is thus sensitive to small variations in these slopes.

For the parameters given in Table 2, fad=1.32, ∆P=30 GPa and the nominal differ-

ence in slopes at the ICB is 2.6 K/GPa. This indicates that the core has only cooled by

approximately 60 K since the inner core began to solidify. However, as noted above, the

slopes of both the adiabat and the melting curve are subject to substantial uncertainties.

In order to investigate these uncertainties, Table 5 compares the values adopted for rele- Table 5

vant quantities by the same four groups shown in Table 4. There is a considerable range in

the value of ∆Tc obtained, from 43-146 K. The amount of heat released by core cooling Ws

has a correspondingly large range: it dominates all other contributions in most models,

but is of lesser importance in the model of Roberts et al (2003). Similarly, the release of

latent heat WL can range from minor (Buffett) to dominant (Roberts). The uncertainty

in the total amount of energy released since inner core solidification is uncertain by a

factor of 2, ranging from 18 − 36 × 1028 J. This range will be adopted as representative

of the likely uncertainties, and may be used to estimate the inner core age. For a mean

CMB heat flow range of 7-17 TW, equation (80) shows that the resulting inner core age

in the absence of radiogenic heating is 0.34-1.6 Gyr. Even for the extreme combination of

low heat flow and high Wtot, the implied inner core age is much less than the age of the

Earth.
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Table 5: Comparison of results obtained by different groups. References are: Buffett

et al. (1996); Roberts et al. (2003); Labrosse (2003); Pozzo et al. (2012), case

5. Inner core age assumes a constant heat flow of 10 TW. ∆Tc was taken from

references rather than calculated from equation 81 where possible.

quantity units Buffett Roberts Labrosse Pozzo This Work

Tm(r = 0) 5000 5379 5967 - 5800

∆Tc K 146 68 96 43 60

Ws ×1028 J 23 8.7 18.2 7.0 11.6

Wg ×1028 J 3.8 1.9 4.1 7.0 4.4

WL ×1028 J 5.6 15 7.0 4.0 6.9

Wtot ×1028 J 36 26 29 18.0 23

IC age Gyr 1.13 0.83 0.92 0.55 0.73

(Qcmb = 10 TW)

Just prior to the onset of inner core formation, the CMB heat flow must have equalled

or exceeded the adiabatic value, depending on the amount of Ohmic dissipation (equa-

tion 77). Assuming that the heat flow has not decreased since, the mean heat flow since

IC formation cannot have been less than the adiabatic value. Taking this value to be

15 TW and using the total energy release range of 18-36 ×1028 J results in a maximum

inner core age range of 0.38-0.76 Gyr from equation (80). This estimate is conservative

and still results in an inner core only one-sixth the age of the Earth at most. An even

lower CMB heat flow would allow an older inner core, but would not allow a dynamo to

function prior to inner core formation. Furthermore, such a low CMB heat flow is not

consistent with the available present-day observational constraints (Section 4.3.7).

Equation (80) shows that another way to increase the age of the inner core is to add

radioactive heating. Fig. 6b shows how the inner core age varies as a function of potassium

concentration for different rates of Ohmic dissipation, calculated using the same method

as that shown in Figs 4 and 5. As expected, lower rates of entropy production and the

addition of potassium both result in longer-lived inner cores. However, even 300 ppm

potassium only results in very modest changes, because the CMB heat flow required to

drive a dynamo greatly exceeds that due to radioactive decay. Fig 6b shows that for the

parameters given in Table 2, an inner core age in excess of 0.7 Gyr is not permitted.

This result is robust to most uncertainties. Taking an upper bound on Wtot of

36 ×1028 J and a CMB heat flow of 12 TW, equation 80 yields inner core ages of 0.95

and 1.25 Gyr, with and without 300 ppm potassium. If QCMB is set to the lower bound

of 7 TW, the inner core age increases to 1.6 Gyr without potassium. In this case, the

addition of 300 ppm would permit an inner core as old as the Earth. However, in addition

to requiring extreme parameter choices, this scenario is unlikely to permit a dynamo to

operate at earlier times, when the inner core was smaller and compositional buoyancy was

less effective. We accordingly view the conclusion that the inner core must be young as
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robust. Similar studies (e.g. Buffett 2002, Labrosse 2003, Roberts et al. 2003) reached

a similar conclusion assuming smaller core conductivities; the present much larger core

conductivities only make the conclusion stronger.

One remaining uncertainty is the effect of a stably stratified layer. Because of the high

thermal conductivity of iron, a stably stratified layer immediately below the CMB would

have to be of order 103 km thick in order to significantly reduce the rate of core cooling

(e.g. Labrosse et al. 1997). On the other hand, a thick stagnant layer is likely to make it

harder to sustain a dynamo in the remaining convective region, and to reduce the surface

field strength. Quantitative investigation of these kinds of effects has barley begun (e.g.

Nakagawa 2011), and is likely to be a focus of much future work.

5.4 Stable Stratification

Stable stratification in the core can arise from two processes. A subadiabatic heat

flow out of the top of the core can give rise to a stably-stratified region (e.g. Loper 1978).

Where conductivity varies with depth, this region will be at the centre of the core (Pozzo

et al. 2012 and see below). Alternatively, light elements may accumulate in a buoyant

layer immediately beneath the CMB (e.g. Braginsky 2006).

The presence of stably stratified layers could be deduced from either seismological or

geomagnetic observations. Helffrich and Kaneshima (2010) argued for a 300 km thick

subadiabatic layer at the top of the outer core based on array seismology, while various

groups (reviewed in Gubbins et al. 2008) have presented seismological evidence for a

stratified layer immediately above the ICB. Gubbins (2007) uses geomagnetic observations

to argue that any stratified layer at the top of the core must be thin (<100 km) while

Buffett (2010) argues for such a layer on the basis of Earth nutations.

Prior to the formation of an inner core, the presence of a deep, stably-stratified layer

seems probable (see below), unless disrupted by lateral heat flux variations. Once inner

core formation begins, however, the situation becomes more complicated. On the one

hand, light element release can drive convection even in the presence of a sub-adiabatic

heat flux (Section 4.2); on the other hand, if the light elements do not remain well-mixed

then a buoyant stable layer will develop at the top of the core. Further discussion of

the behaviour of subadiabatic layers may be found in Labrosse et al. (1997) and Lister

and Buffett (1998). A compositionally-buoyant layer may also arise through core-mantle

interations (Buffett and Seagle 2010).

Compositionally-bouyant layers, once formed, are likely to be stable against disruption

from convection beneath (Gomi et al., in press), mainly because the thermal density

contrast is much smaller than the compositional density contrast. However, such layers

are likely to be unstable in the presence of lateral variations in CMB heat flux (Lister and

Buffett 1998, Pozzo et al. 2012).

Here we will restrict ourselves to the simpler case, prior to inner core formation; the

more complicated case is discussed in Pozzo et al. (2012). We adopt an approach similar

to that of Pozzo et al. (2012) and Davies and Gubbins (2011) who calculated the net

effective temperature gradient dT/dr, where a negative value indicates a stably-stratified
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region. Here we calculate instead the effective heat fluxes F as a function of radius. By

making use of (58), the effective heat flux due to radioactive heating may be shown to be

Frad ≈
ρcenhr

3

[
1− 3

5

r2

L2

]
(82)

Similarly, the effective heat flux due to secular cooling from (56) is given by

Fs ≈
Tcen

Tc

ρcenCp
dTc

dt

r

3

[
1− 3

5

r2

A2

]
(83)

and the adiabatic contribution is simply

Fad =
2kr

D2
T (r). (84)

In the absence of an inner core, the net effective heat flux is Ftotal = Fs + Frad − Fad,

and a negative value indicates a stably-stratified region (cf. Pozzo et al. 2012).

Figure 7: a) Effective heat fluxes as a function of radial position prior to inner core forma-

tion. A negative value of Ftotal implies a stably stratified region. Contributions from secu-

lar cooling Fs, and the adiabat Fad are calculated using equations 83 and 84, respectively.

Bold lines and thin lines are for variable (equation 68) and constant (130 W m−1 K−1) ther-

mal conductivity , respectively. Parameter values are from Table 2. The CMB heat flow

is 20 TW and the cooling rate dTc/dt is 340 K/Gyr. In the constant conductivity case the

entire core is convective, while in the variable-conductivity case, the bottom two-thirds are

stably stratified. b) Radial extent of the stably stratified layer as a function of CMB heat

flow and core central temperature Tcen. Here variable thermal conductivity is assumed.

Figure 7a shows how Fs and Fad vary with radial position for a CMB heat flow of

20 TW. Bold lines are for variable conductivity (equation 68) and thin lines are for

constant conductivity. In the case of constant conductivity, the entire core remains con-

vective. However, once the increase in conductivity with depth is taken into account,

a stably stratified region is predicted to develop in the bottom two-thirds of the core.
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Potassium (not shown) has only a minor effect, because the radiogenic heat flow is small

compared to the total. These calculations are not fully self-consistent, because the calcu-

lated conductivities assume an adiabat (and thus convection). Furthermore, the reduction

in α with depth (Section 4.3.2) will somewhat reduce the stabilizing effect of the adia-

bat. Nonetheless, this example serves to illustrate that stable stratification may well have

occurred prior to inner core formation.

Figure 7b shows how the radial extent of the stably-stratified layer varies with heat

flow and core central temperature. Higher heat flows result in a thinner stable layer, as

expected, while higher central temperatures yield a thicker layer (because the adiabatic

gradient is larger). Increasing the value of k at the CMB likewise increases the thickness

of the stable layer. The location of the stable layer is deep, not shallow, mainly because

of the strong radial variation in conductivity (Gomi et al., in press). Pozzo et al. (2012)

reached the opposite conclusion because they also included compositional and latent heat

terms.

A deep, stably-stratified layer will not strongly affect the thermal evolution of the

core, but might alter the characteristics of the geodynamo (in a similar manner to the

inner core). A stable layer at the top of the core will screen out short-wavelength and

short-period magnetic signals, and will also act as a thermal insulator (Gubbins et al.

1982, Labrosse et al. 1997), potentially reducing the rate of core cooling. Both kinds

of layers may be destabilized by lateral heat flux variations at their boundaries. Further

discussion of these issues may be found in Nimmo**.

6. SUMMARY AND CONCLUSIONS

Our current picture of the core is in some ways quite different from that at the time

of the previous Treatise article (Nimmo 2007). Driving a dynamo is now thought to

require high CMB heat flows: >5 TW at the present day, and >15 TW prior to inner

core formation (Fig 3). Mantle simulations show that such high heat flows are achievable,

especially if the viscosity of post-perovskite is low (Nakagawa and Tackley 2011) or the

base of the mantle is molten (Labrosse et al. 2007). As a result of the high heat flows,

the inner core is young, with an age probably <20% of the age of the Earth (Fig 6b).

The lowermost mantle was likely pervasively molten for much of its history, irrespective

of whether potassium was present or not (Fig 6a). How such a molten mantle affected

heat transfer across the CMB is not yet thoroughly understood (Labrosse et al. 2007),

and represents an interesting subject for future study.

Perhaps the most important remaining question is whether parts of the core were ever

stably stratified. As discussed in Section 5.4, stable stratification is likely in the epoch

before inner core formation. In situations where compositional convection matters, the

extent to which a stably-stratified layer will develop is unclear. So far, little attention

has been paid to thermal evolution scenarios in which core stratification matters (though

see Labrosse et al. 1997, Lister and Buffett 1998). Equally, the behaviour of dynamos

under these conditions has received only limited attention (Christensen and Wicht 2008,

Stanley and Mohammadi 2008, Nakagawa 2011). Further theoretical work is certainly
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required. At the same time, it is likely that further seismological (e.g. Helffrich and

Kaneshima 2010) or geomagnetic (e.g. Gubbins 2007, Buffett 2010) measurements will

help to establish whether stably stratified regions of the core currently exist.
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Alfè D, Gillan M J, Price G D 2002a Ab initio chemical potentials of solid and liquid

solutions and the chemistry of the Earth’s core J. Chem. Phys. 116, 7127-7136.
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Nomenclature

yr, Myr, Gyr are years, millions of years, billions of years (B.P. = before present)

TW = 1012W

ppm = parts per million

Table 6: Nomenclature table

A characteristic core lengthscale

B characteristic core lengthscale

B magnetic field

C characteristic core lengthscale

Cc constant relating light element release to core growth

Cp specific heat capacity

Cr constant relating core growth to temperature change

CMB core-mantle boundary

c mass fraction of light element

D lengthscale of adiabatic temperature variation

Dk lengthscale of thermal conductivity variation

Eα Entropy production rate due to molecular diffusion

Ek Entropy production rate due to thermal conduction

EΦ Entropy production rate due to Ohmic dissipation

ER Entropy production rate due to internal heating

Es Entropy production rate due to secular cooling

EL Entropy production rate due to latent heat

EP Entropy production rate due to pressure heating

EH Entropy production rate due to chemical heating

Eg Entropy production rate due to potential energy

ẼT Total entropy production constant

e internal energy

E electric field

fad ratio of Ti to Tc

G gravitational constant

g,g acceleration due to gravity

h internal heating rate

i flux vector of light element

ICB inner-core boundary

Is
∫
ρT dV

IT
∫
ρ/T dV

K0 compressibility at zero pressure

k thermal conductivity

kc thermal conductivity at CMB

L lengthscale of density variations

61



Table 7: Nomenclature table cont’d

LH latent heats

L′H latent heat incorporating pressure effect

Mc core mass

Moc outer core mass

P pressure

Pc pressure at the CMB

PT constant relating pressure change to temperature change

Qcmb CMB heat flow

Q̄cmb Mean core heat flow

Qs Heat flow due to secular cooling

QL Heat flow due to latent heat

Qg Heat flow due to potential energy

QP Heat flow due to pressure heating

QH Heat flow due to chemical reaction

QR Heat flow due to radioactive heating

Q̃T Total heat flow constant

q heat flux

rc core radius

re planetary radius

RH Heat of reaction

r radial distance

ri inner core radius

s entropy

S outward normal vector

T, Ta temperature, adiabatic temperature

Tc temperature at the CMB

Ti temperature at the ICB

Tm melting temperature

Tm0, Tm1, Tm2 coefficients describing melting curve

t time

u core contraction velocity

vp, vs seismic P-wave and S-wave velocities

v local core fluid velocity

Ws Energy released since IC formation due to secular cooling

Wg Energy released since IC formation due to potential energy

WL Energy released since IC formation due to latent heat

WR Energy released since IC formation due to radioactive decay
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Table 8: Nomenclature table cont’d

α thermal expansivity

αc compositional thermal expansivity

γ Gruneisen parameter

∆c compositional contrast across the ICB

∆ρc compositional density contrast

∆P pressure difference from ICB to centre of Earth

∆T ′c change in Tc prior to IC formation

∆Tc change in Tc since IC formation

λ radioactive decay constant

µ chemical potential

µ0 permeability of free space

ρ density

ρi density at the ICB

ρcen density at the centre of the Earth

ρm mantle density

ρ0 density at zero pressure

σ electrical conductivity

τ ′ deviatoric stress

τi inner core age

Φ Ohmic dissipation

ψ gravitational potential
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