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We examine models of secular variations in the orbit and spin poles of Ceres and Vesta, the two most
massive bodies in the main asteroid belt. If the spin poles are fully damped, then the current values of
obliquity, or angular separation between spin and orbit poles, are diagnostic of the moments of inertia
and thus indicative of the extent of differentiation of these bodies. Using existing shape models and
assuming uniform density, the present obliquity values are predicted to be 12.31� for Ceres and 15.66�
for Vesta. Part of this difference is related to differing orbital inclinations; a more centrally condensed
internal structure would yield more rapid spin pole precession, and larger obliquity. Time scales for tidal
damping are expected to be rather long. However, at least for Vesta, current estimates of the spin pole
location are consistent with its obliquity being fully damped. When the degree two gravity coefficients
and spin pole orientations are determined by the Dawn spacecraft, it will allow accurate determination
of the moments of inertia of these bodies, assuming the obliquities are damped.

� 2011 Published by Elsevier Inc.
1. Introduction

Ceres and Vesta are the two most massive bodies in the asteroid
belt and will be visited soon by the Dawn spacecraft (Russell et al.,
2004, 2007). When Dawn arrives, and goes into orbit about these
bodies, it will allow accurate determination of their low degree
gravity fields, and the orientations of their spin poles. As we will
argue below, subject to certain assumptions, these characteristics
can provide constraints on the internal structure of these asteroids.

The primary objective of the current study is to examine the long-
term variations in the orbit pole and spin-pole orientations for Ceres
and Vesta. The orbit poles move under the influence of perturbations
from major planets, with Jupiter and Saturn dominating. The spin
poles move under the influence of solid body solar torques on the
non-spherical mass distributions of the asteroids. Under the
assumption that dissipation within those bodies has been sufficient
to damp any initial spin pole motions, the obliquity, or angular sep-
aration between spin and orbit poles, will be diagnostic of the mo-
ments of inertia (Colombo, 1966; Peale, 1969; Ward and Hamilton,
2004). This, in turn, places an integral constraint on the radial den-
sity variations, and can test for the extent of differentiation.

Similar analyses have been recently applied to the Galilean sat-
ellites of Jupiter (Bills, 2005) and Saturn’s largest satellite Titan
(Bills and Nimmo, 2008). The argument for finding fully damped
Elsevier Inc.

Propulsion Laboratory, 4800

ills), fnimmo@es.ucsc.edu (F.
spin poles for large asteroids is less clear than for planetary satel-
lites. Tides raised on asteroids are quite small, but on the other
hand, rubble-pile asteroids can be quite dissipative (Goldreich
and Sari, 2009). It is not yet clear that such structures are applica-
ble to bodies as large as Ceres and Vesta.

For small asteroids, non-gravitational effects can have apprecia-
ble influence on rotation rate and direction. For example, many
members of the Koronis family of asteroids have non-random spin
rates and directions (Slivan, 2002; Slivan et al., 2003, 2008), counter
to the expectation for purely collisional evolution. This quasi-align-
ment has been attributed to thermal torques (Vokrouhlicky et al.,
2003, 2006; Bottke et al., 2006; Scheeres and Mirrahimi, 2008).

For larger and more nearly spherical bodies like Ceres and
Vesta, the mechanisms of excitation and damping are less clear.
If the near-surface of Ceres is ice-rich (Thomas et al., 2005), its vis-
coelastic relaxation (Maxwell) time will be short, perhaps even
comparable to the rotation period, resulting in enhanced dissipa-
tion. Peale (2005) has argued that, for Mercury, where tidal damp-
ing is reasonably effective, the dominant obliquity damping
mechanism is likely viscous core–mantle coupling. If large aster-
oids have (or had) fluid regions within them, their spin poles could
be fully damped. It has been argued that at least one large asteroid,
the Angrite parent body, possessed a fluid core early in its history
(Weiss et al., 2008). However, to remain in a damped spin state, de-
spite subsequent collisional perturbations, some continuing dissi-
pation would be required.

One means of testing for an un-damped obliquity would be to
look for a free wobble, or non-principal axis rotation (Munk and
MacDonald, 1960; Lambeck, 1980; Chen et al., 2009). The wobble
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Table 1
Current orbital elements.

Body unit a (AU) e I (�) X (�) - (�)

Ceres 2.76636 0.07934 10.5855 80.3990 72.8252
Vesta 2.36158 0.08890 7.13404 103.916 149.869
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period is short compared to the spin pole precession period, and
thus the wobble damping time is short compared to the obliquity
damping time. A hypothetical excitation event, such as a relatively
recent impact (Peale, 1976), could have produced both a free wob-
ble and a free obliquity. If no wobble is found, it would be permis-
sive of a damped obliquity. However, since the obliquity damping
time is expected to be much longer, absence of a wobble is no
guarantee of a fully damped obliquity. If, on the other hand, an
un-damped wobble is found, it would strongly suggest recent exci-
tation. While such a wobble would presumably indicate that the
obliquity is not fully damped, measuring the wobble period would
provide an alternative way of determining the moment of inertia
(see Section 4.1).

Another means of testing the hypothesis of a damped spin pole
is to examine the azimuthal orientation of the spin pole, relative to
the orbit pole. As we will show below (see Sections 3.3 and 5.2), if
the spin pole is fully damped, its present orientation is fully spec-
ified by a single parameter, which is the spin pole precession rate.
If the observed spin pole does not lie on the curve specified by this
model, that would imply there is still a finite free term in the spin
pole motion, and the spin pole is not fully damped.

There is already spectroscopic evidence in support of differenti-
ation in these bodies (McCord et al., 1970; Mittlefehldt, 1994;
McCord and Sotin, 2005; Rivkin et al., 2006), but it is difficult to
quantify the extent of differentiation from surface materials alone.
Vesta is believed to be the parent body of the Howardite, Eucrite,
and Diogenite meteorite families (McCord et al., 1970; Binzel and
Xu, 1993; Drake, 2001; Cochran et al., 2004; Usui and McSween,
2007). On the basis of hafnium–tungsten isotope data, Vesta ap-
pears to have undergone core–mantle differentiation within the
first few megayears of Solar System evolution (Kleine et al.,
2002), while the shape of Ceres is consistent with it also being a
differentiated body (Thomas et al., 2005). In the absence of space-
craft data, however, we regard the extent to which these bodies
have differentiated as being currently uncertain.

The rest of this paper will demonstrate that, when the degree
two gravity fields and spin pole directions of Ceres and Vesta are
determined accurately by the Dawn mission, the moments of iner-
tia and extent of differentiation of these bodies may then be de-
rived under the assumption of damped obliquities. Section 2
outlines the calculation of the orbit pole variations, while Section
3 describes the derivation of the damped spin-pole orientation.
Section 4 estimates the likely gravitational moments and moment
of inertia for homogeneous models of Ceres and Vesta. Section 5
then combines the results of Sections 2–4 to predict the obliquity
(Fig. 3) and spin-pole orientation (Figs. 5 and 6) of these bodies,
and to show how the inferred moments of inertia vary with the
gravitational moments and the obliquity (Fig. 4). The Dawn space-
craft will measure the spin-pole orientation and the gravitational
moments of Vesta and Ceres. The first of these observations may
be used to test whether the obliquity is damped (Section 5.2); if
it is, then both observations may be combined to derive the degree
of central condensation of the body (Section 5.1).

2. Secular orbital variations

In this section we examine the amplitudes and periods of vari-
ation in the orbits of Ceres and Vesta which are produced by secu-
lar interactions with the planets. In the jargon of celestial
mechanics, secular perturbations are those which are produced
by interactions between mass distributions which have been aver-
aged over the orbital periods of the respective points masses. These
are then interactions between rings of matter, rather than discrete
point masses. There are, of course, additional variations which oc-
cur over periods comparable to the orbital periods themselves.
However, these are small and will be ignored.
2.1. Background

Recall that, in a two-body orbit, both bodies move along copla-
nar elliptical trajectories. The paths are fully described in terms of
six parameters. One could use three components each of position
and velocity. However, in this case, it is much more convenient
to utilize Keplerian orbital elements {a,e, I; M,-,X}. The semimajor
axis a determines the size of the orbit, and the eccentricity e, spec-
ifies its shape. Two of the angles, inclination I and longitude of the
node X, specify orientation of the orbit plane. The longitude of
periapse -, specifies orientation of the long axis of the ellipse with-
in the orbit plane. The mean anomaly M specifies position of the
body in the orbit. In the two body problem, the five elements
(a,e, I,X,-), which prescribe the path followed, remain constant,
and the sixth element M varies linearly with time.

In the secular variation regime, the positions of the interacting
planets are averaged over an orbital period. We thus consider the
gravitational interactions of elliptical hoops of mass. The configu-
ration of lowest potential energy of a set of circular, concentric
mass rings has them in a coplanar configuration. Likewise, the low-
est energy state of a set of coplanar and confocal elliptical mass
rings has their major axes aligned. If the system is perturbed away
from these minimum energy configurations it will oscillate about
it. In that case, the semimajor axis a remains constant, and there
are quasi-periodic variations in the pairs {e,-} and {I,X}.

Current orbital elements for Ceres and Vesta are listed in Table
1. They are from the JPL Small-Body Database (http://ssd.jpl.
nasa.gov/sbdb.cgi).

The secular orbital variations of asteroids in general, and Ceres
and Vesta in particular, have been examined numerous times in
the past. In fact the discovery by Hirayama (1918) of asteroidal
families, based upon clustering of their orbital elements, employed
a very simple secular variation model. Such analyses have now be-
come both quite common, and relatively sophisticated. Summaries
are given in Williams (1979, 1989), Milani and Knezevic (1994),
and Knezevic et al. (2002).

In searching for asteroidal families, the observed orbital ele-
ments are assumed to consist of two components; a ‘‘forced” oscil-
lation, which is the response to perturbations from the major
planets and a ‘‘free” oscillation, which reflects a steadily precessing
initial condition. If asteroidal families arise from collisional disrup-
tion of earlier bodies (Zappala et al., 1984, 1996) their initial con-
ditions will be quite similar, and will only slowly diverge. Once
the forced responses are removed, the initial conditions will, in
some sense, be recovered. They are often referred to as ‘‘proper”
orbital elements.

Our interest, in contrast, is an attempt to reconstruct the total
long-term variation of the orbital elements of the asteroids, includ-
ing both the free and forced terms. This motion of the orbit will, in
turn, drive variations in the spin pole.

Such an orbital analysis essentially comprises two steps. In the
first step, secular variations in the orbits of the perturbing planets,
due to their mutual gravitational interactions, are developed. In the
second step, these planetary perturbations are applied to the aster-
oid. The asteroid masses are small enough that their perturbations
back on the planetary orbits can be ignored.

In Table 2, we list the values of masses and orbital elements of
interest for the principal planets. The mass values are expressed as
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a ratio with the solar mass, and includes masses of known
satellites.

In our analysis, we will consider two cases. In the first case, we
restrict attention to the effects of Jupiter and Saturn. These are the
main sources of perturbation of the asteroid orbits, and the results
are simpler. In the second case, we use a secular orbit solution
including all eight of the principal planets. It is thus similar to
the classic secular solution of Brouwer and van Woerkom (1950),
except that it does not account for the near resonant interaction
between Jupiter and Saturn, associated with the Great Inequality
(Henrard, 1997; Michtchenko and Ferrez-Mello, 2001). Though
more detailed Solar System secular variation models are available
(Laskar, 1988) the additional complexity is not presently
warranted.

When they included the effect of the Great Inequality, Brouwer
and van Woerkom (1950) introduced two additional modes of
oscillation in their eccentricity solution. The impact on the inclina-
tion solution was minimal. Our solution is very similar to theirs, in
that regard. As will be shown subsequently, the inclination solu-
tion is most important for driving the spin pole, and thus the use
of our own, slightly less accurate, secular variation model will be
adequate in the present context. The Brouwer and van Woerkom
(1950) model represented a significant improvement over previous
secular variation models for the primary planets, and was
promptly applied (Brouwer, 1951) to a refined analysis of asteroid
proper elements.

In the following section we develop a secular variation model.
Our reason for doing so, rather than simply adopting an existing
model, is mainly to illustrate the connection between the orbital
and rotational dynamics. While our model will only include pertur-
bations from Jupiter and Saturn, and ignores the second order ef-
fects added by Brouwer and van Woerkom (1950), it will suffice
to illustrate the basic behavior. We should note that, when the
Dawn mission (Russell et al., 2004, 2007) has determined accurate
spin-pole orientations for Vesta and Ceres, a proper interpretation
of those results will require a more accurate model than the one
being developed here. Our objective here is simply to demonstrate
that obliquity measurements can provide information about the
moments of inertia, which then constrain the degree of
differentiation.

2.2. Model development

We now briefly describe a secular variation model, where N
planets are orbiting a massive central body. We first write the orbi-
tal elements for the jth planet in the form

hj ¼ ej exp½i-j� ¼ ej cos½-j� þ i sin½-j�
� �

ð1Þ

and

pj ¼ Ij exp½iXj� ¼ Ij cos½Xj� þ i sin½Xj�
� �

ð2Þ

where
Table 2
Planetary parameters.

Body ms/m a (AU) e

Mercury 6,023,600 0.387099 0.205
Venus 408,523.71 0.723336 0.006
Earth 328,900.56 1.000003 0.016
Mars 3,098,708 1.523710 0.093
Jupiter 1047.3486 5.202887 0.048
Saturn 3497.898 9.536676 0.053
Uranus 22,902.98 19.18916 0.047
Neptune 19,412.24 30.06992 0.008
i ¼
ffiffiffiffiffiffiffi
�1
p

ð3Þ

Geometrically, these are complex scalar representations of two
dimensional vectors. The parameter h represents the eccentricity
vector, or Laplace–Runge–Lenz vector, of the orbit (Goldstein,
1976; Kaplan, 1986; O’Connell and Jagannathan, 2003). It has
length equal to the eccentricity of the orbit and is oriented along
the long axis. The parameter p represents the projection of the or-
bit normal onto the reference plane. It has length equal to the incli-
nation and is aligned along the ascending node. Most discussions of
the secular orbit evolution problem (Plummer, 1918; Brouwer and
Clemence, 1961; Murray and Dermott, 1999) treat the real and
imaginary parts of these complex variables separately. The analysis
presented here is completely equivalent and the expressions ob-
tained, using the complex variables, are simpler in form.

If we denote the vectors comprised of such orbital parameters
by H and P, so that

H ¼ fh1;h2; . . . ;hNgT ð4Þ
P ¼ fp1;p2; . . . ; pNg

T ð5Þ

then the first-order, linear differential equations they satisfy can be
written as

dH
dt
¼ �iA � H ð6Þ

dP
dt
¼ �iB � P ð7Þ

where A and B are N � N real matrices, whose elements depend only
upon the masses and semimajor axes of the interacting orbits. De-
tails are provided in Appendix A. For small values of eccentricity
(e) and inclination (I), the variations in the pair {e,-} are decoupled
from those of the pair {I,X}.

The solutions of these differential equations can be written
compactly as matrix exponentials (Moler and Van Loan, 2003).
That is, they behave according to

H½t� ¼ exp½�iAðt � t0Þ� � H½t0� ð8Þ
P½t� ¼ exp½�iBðt � t0Þ� � P½t0� ð9Þ

For our secular variation models, we can write the complex
eccentricity and inclination functions, for each body j, in the form

hj½t� ¼
X

k

Fjk exp½iðfkt þ /kÞ� ð10Þ

pj½t� ¼
X

k

Gjk exp½iðgkt þ ckÞ� ð11Þ

The rate factors fk and gk are just the eigenvalues of the respective
coupling matrices A and B, while the amplitudes (Fjk and Gjk) and
phases (/k and ck) result from matching the scaled eigenvectors
to the initial conditions.

With these solutions in hand, we can easily reconstruct the time
variations of the orbital elements. In particular, the inverse trans-
formations of the defining Eqs. (1) and (2) are just
I (�) X (�) - (�)

636 7.00498 48.3308 77.4578
777 3.39468 76.6798 131.6025
711 0 0 102.9377
394 1.84969 49.5595 336.0564
386 1.30440 100.4739 14.7285
862 2.48599 113.6624 92.5989
257 0.77264 74.0169 170.9543
590 1.77004 131.7842 44.9648



Table 3a
Secular eccentricity parameters.

j/k fk (arcsec/yr) /k (�) Fj,1 (%) Fj,2 (%) Fj,3 (%)

1c +58.501 237.876 +8.9457 �2.1540 �1.9154
1v +30.162 301.321 14.5528 �4.3105 �1.7546
2 +22.184 281.544 0 �2.2770 �2.8662
3 +3.489 321.453 0 +6.9541 �2.3167
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ej½t� ¼ abs½hj½t�� ð12Þ
-j½t� ¼ arctan½hj½t�� ð13Þ

and

Ij½t� ¼ abs½pj½t�� ð14Þ
Xj½t� ¼ arctan½pj½t�� ð15Þ

The maximum possible value of eccentricity or inclination, in
these models, occurs when all of the modes are in phase. In that
case, the absolute value of h[t] or p[t] is just the sum of the modal
amplitudes. If one of the amplitudes is larger than the sum of all
the others, the minimum possible value of eccentricity or inclina-
tion is obtained as the maximum amplitude minus the sum of
the others. If none of the modes is sufficiently dominant, then
the minimum values for eccentricity or inclination are zero.

The rate parameters fk and gk, for the eccentricity and inclina-
tion two-vectors, combine to yield rates for the scalar quantities
e2 and I2, which represent pair-wise differences of the input rates.
That is

e2
j ½t� ¼ hj½t�h�j ½t� ¼

XN

k¼1

F2
jk þ 2

X
k–m

FjkFjm cos½ðfk � fmÞt þ /k � /m�

ð16Þ

and similarly

I2
j ½t� ¼ pj½t�p�j ½t� ¼

XN

k¼1

G2
jk þ 2

X
k–m

GjkGjm cos½ðgk � gmÞt þ ck � cm�

ð17Þ

As a result, the periods of oscillation exhibited by the scalars e
and I reflect beats between the various periods present in their
respective vectorial quantities.

2.3. Application to Ceres and Vesta

Once we have the tools, described above, to find a solution for a
set of N mutually interacting planets, the easiest way to compute
the perturbed motion of an asteroid is to simply include it as an
additional planet, and recompute the secular matrices. For this
analysis, we do not need accurate estimates of the asteroid masses.
We only need to known that they are small compared to the per-
turbing planets. We can, in fact, set the mass to zero, with no
appreciable loss of accuracy in the secular orbit solutions. The
planets perturb the asteroids, but not vice versa.

For the case in which Jupiter and Saturn are interacting, the
eccentricity coupling matrix has the form

A ¼
þ7:4019 �4:8401
�11:9477 þ18:2715

� �
arcsec=yr ð18Þ

and the inclination coupling matrix is

B ¼
�7:4019 þ7:4019
þ18:2715 �18:2715

� �
arcsec=yr ð19Þ

The eigenvalues of A are {22.1837,3.4898} arcsec/yr, with corre-
sponding periods for eccentricity vector variation of 58.42 kyr and
371.37 kyr. The matrix B has eigenvalues of {�25.6733,0} arcsec/
yr, with a single period for inclination vector variation of 50.48 kyr.

The 3-body solutions (Jupiter, Saturn, and asteroid) for Ceres
and Vesta have parameters given in Tables 3a and 3b.

The indices k = 2, 3 correspond to Jupiter and Saturn, respec-
tively, while k = 1c and k = 1v denote Ceres and Vesta. The ampli-
tudes, rates, and phases for Jupiter and Saturn are independent of
which asteroid they are paired with. The non-zero constant terms
(1.57� amplitudes) in the inclination solution represents a result of
using the ecliptic as reference plane. If we had used the Solar Sys-
tem invariable plane as reference, the amplitude of the constant
terms would be zero.

To illustrate the use of these values, the complex inclination
functions for Ceres and Vesta have the forms

p1c½t� ¼ �10:003 exp½iðþ100:64� � 58:50 arcsec=yr tÞ�
� 0:745 exp½iðþ60:44� � 25:67 arcsec=yr tÞ� þ 1:568

� exp½ið12:19�Þ� ð20Þ

and

p1v ½t� ¼ �7:1005 exp½iðþ357:17� � 30:16 arcsec=yr tÞ�
� 2:759 exp½iðþ60:44� � 25:67 arcsec=yr tÞ�
þ 1:568 exp½ið12:19�Þ� ð21Þ

When we compute the corresponding matrices for the full 9-
body case (eight planets and an asteroid), the resulting new eigen-
values for Ceres are ±58.73 arcsec/yr, with the positive sign for
eccentricity, and negative sign for inclination. The corresponding
periods are 22.07 kyr, for both inclination and eccentricity. Simi-
larly, when we add Vesta to the 8-body secular solutions, the
resulting new eigenvalues are ±38.66 arcsec/yr. The corresponding
periods are 33.53 kyr, for both inclination and eccentricity. In both
cases, the dominant perturbations come from Jupiter and Saturn. In
fact, the 3-body solutions are close enough to the 9-body solutions
that we will subsequently use only the simpler form.

Fig. 1 illustrates variations in eccentricity for Ceres, Vesta,
Jupiter and Saturn, as given by our 3-body secular variation models
for a 200 kyr time span, centered on the present. Fig. 2 illustrates
the corresponding inclination variations.

3. Damped spin pole variations

In this section, we examine secular variations in the spin-pole
orientations of Ceres and Vesta. For the bodies of interest, the
Sun exerts a torque on the non-spherical mass distribution, which
causes the spin pole to precess. We first consider the general case
of a spin pole moving under the influence of a precessional torque
when damping is included. We then construct a linearized solu-
tion, and examine the behavior when the damping has removed
any trace of the initial conditions. Somewhat similar analyses have
been applied to Venus (Ward and deCampli, 1979; Yoder, 1995),
and the Galilean satellites of Jupiter (Bills, 2005).

3.1. General case

Our main interest is in the orientation of a unit vector ŝ, aligned
with the spin axis, relative to a unit vector n̂, which is aligned with
the orbit normal. For a rapidly rotating body, the spin pole preces-
sion, in response to the solar torque, follows from the differential
equation (Ward, 1973; Bills, 1990, 2005)

dŝ
dt
¼ a
ð1� e2Þ3=2 ðn̂ � ŝÞðŝ� n̂Þ � b ŝ� n̂=ðn̂ � ŝÞð Þ ð22Þ

where the precession rate parameter a depends upon the orbital
mean motion n, spin rate of the body s, and the principal moments
of inertia (A < B < C) according to



Table 3b
Secular inclination parameters.

j/k gk (arcsec/yr) ck G1,k (�) G2,k (�) G3,k (�)

1c �58.502 100.636 �10.0033 �0.74467 +1.5675
1v �30.162 357.168 �7.1047 �2.7591 +1.5675
2 �25.674 60.439 0 �0.4659 +1.5675
3 0 12.186 0 +1.1501 +1.5675

Fig. 1. Eccentricity variations for Jupiter, Saturn, Ceres, and Vesta, based on 3-body
secular variation model described in Section 2.

Fig. 2. Inclination variations for Jupiter, Saturn, Ceres, and Vesta, based on 3-body
secular variation model described in Section 2.
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a ¼ 3
2

n2

s
C � ðAþ BÞ=2

C

� �
ð23Þ

The parameter b is an obliquity damping term. It tends to drive the
spin pole ŝ toward the orbit pole n̂, but maintains ŝ as a unit vector

d ŝ � ŝð Þ
dt

¼ 2 ŝ � dŝ
dt

� �
¼ 0 ð24Þ

Even though the orbital eccentricities of Ceres and Vesta are appre-
ciable, the modification of spin precession rate depends on the
square of the eccentricity

ð1� e2Þ�3=2 ¼ 1þ 3
2

e2 þ � � � ð25Þ

and we will ignore this effect.
In the absence of damping, and assuming a fixed orbit pole, the

spin pole precesses steadily about the orbit pole, and maintains a
fixed angular separation, or obliquity. If we retain the fixed orbit
pole, but include dissipation, the spin pole will spiral around the
orbit pole, and eventually damp into alignment with it. The end
state for damped precession, in that case, is zero obliquity.

If the orbit pole is precessing at a uniform rate, about a fixed
axis, then the damped spin pole behavior is more complex
(Colombo, 1966). There are either two or four possible spin config-
urations, depending upon the ratio of the orbit and spin precession
rates (Peale, 1969). These damped spin poles are known as general-
ized Cassini states. One of the distinctive features of these damped
spin states is that the spin and orbit poles remain coplanar, as the
orbit pole precesses about the invariable pole and the spin pole
precesses about the orbit pole. As we will see below, a similar
behavior is exhibited in the non-steady orbit precession case, but
only on a mode-by-mode basis.

3.2. Linear analysis

In the case of interest here, the orbit pole precession is not stea-
dy, but is comprised of several distinct modes of oscillation, as was
seen in the preceding section. In that case, it is convenient to intro-
duce a complex scalar representation of the spin pole, similar to
what was done with the orbit pole. The Cartesian components of
the unit vectors for the orbit and spin, as seen in the ecliptic coor-
dinate system, are

n̂ ¼
nx

ny

nz

264
375 ¼ sin½I� cos½X�

sin½I� sin½X�
cos½I�

264
375 ð26Þ

and

ŝ ¼
sx

sy

sz

264
375 ¼ sin½J� cos½W�

sin½J� sin½W�
cos½J�

264
375 ð27Þ

where the angles I and X are the inclination and longitude of the
node of the orbit plane on the ecliptic plane, and the angles J and
W are the corresponding angles for the equator plane. We take
the complex scalar representations of these vectors to be

S ¼ sx þ isy ð28Þ
N ¼ nx þ iny ð29Þ

Note that, since n̂ and ŝ are both unit vectors, there are only two de-
grees of freedom for each of them. As a result, we have not lost any
information in this vector-to-scalar transformation.

A linearized complex scalar version of the spin precession equa-
tion of motion then becomes (Ward and deCampli, 1979; Bills,
1990, 2005)

dS
dt
¼ �ia0ðN � SÞ ð30Þ

where we have abbreviated the form of the complex precession rate
parameter

a0 ¼ aþ ib ð31Þ
Since Eq. (11) shows that the orbit pole evolution may be repre-
sented by the series

N½t� ¼
X

j

nj exp½iðgjt þ cjÞ� ð32Þ

then the spin pole solution is a sum of free and forced terms, and
can be written as

S½t� ¼ S½0� exp½ia0t� þ
X

j

s0j exp½iðgjt þ cjÞ� � exp½iða0t þ cjÞ�
	 


ð33Þ

The first term is the free pole motion, and it depends only upon the
initial condition. The forced motions have complex amplitudes s0j
which are related to the orbit pole modal amplitudes nj via
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s0j ¼
a0

a0 þ gj

 !
nj ð34Þ
3.3. Damped solution

We assume that the damping rate is slow (b� a) but that suf-
ficient time has elapsed for all of the damping to have been com-
pleted. The free term thus goes to zero, and the damped version
of the forced modes takes the form

S½t� ¼
X

j

sj exp½iðgjt þ cjÞ� ð35Þ

where

sj ¼
a

aþ gj

 !
nj ð36Þ

The fully damped motions of the spin pole, as given by Eq. (35),
are thus very similar to the motion of the orbit pole, as given by
(11). At each mode, the rates and phases are the same, and the
amplitudes are proportional, as shown by (36). Note that all of
the orbit precession rate terms gj are negative. If, for a particular
mode j, we have

a ’ �gj ð37Þ

then the denominator in (36) will nearly vanish, and the corre-
sponding spin pole modal amplitude will be large, due to resonant
amplification.

3.4. Obliquity

The angular separation between spin and orbit poles is the
obliquity. In terms of the spin and orbit unit vectors, ŝ and n̂, the
obliquity e is defined as

cos½e� ¼ n̂ � ŝ ð38Þ
¼ cos½I� cos½J� þ sin½I� sin½J� cos½X�W�

In terms of our linearized scalar representations of these unit vec-
tors, S and N, the obliquity is just the absolute value of their
difference

e ¼ jS� Nj ð39Þ

The orbit pole orientation N (Eq. (32)) depends primarily on the per-
turbations due to Jupiter and Saturn. The spin-pole orientation S
(Eq. (35)) depends on the orbit pole and the precession rate param-
eter a (Eq. (23)), which in turn depends on the mass distribution
within the body in question. Despite their different physical causes,
the analytic forms of the spin and orbit pole functions are very sim-
ilar. As a result, the obliquity can be written rather simply as

e ¼
X

j

ðsj � njÞ exp½iðgjt þ cjÞ�
�����

����� ð40Þ

¼
X

j

�gj

aþ gj

 !
nj exp½iðgjt þ cjÞ�

�����
�����
Table 4
Asteroid shapes and spin rates.

Body a (km) b (km) c (km) 2p/s (h)

Ceres 480 ± 2 480 ± 2 444 ± 2 9.07410 ± 10�4

Vesta 282 ± 2 267 ± 2 221 ± 2 5.34212976 ± 10�6
4. Spin precession rates

In this section, we attempt to estimate the spin pole precession
rate parameters a in order to then predict the damped obliquities
of Ceres and Vesta. We saw above, in Eq. (23), that the rate param-
eters depend upon the spin rate s, the orbital mean motion n, and
the principal moments of inertia (A < B < C). For Ceres and Vesta,
the spin and orbit periods are well determined, but the moments
of inertia are currently unknown. Indeed, the point of this analysis
is to show that these moments can be derived by measuring the
obliquities. For now, we will estimate the moments of inertia by
either using the observed shape and assuming a uniform internal
density, or assuming hydrostatic equilibrium. We will use both ap-
proaches, and see that they give somewhat different answers.

4.1. Homogeneous shape model

Shapes and spin-pole orientations of asteroids are often deter-
mined from light curve variations (Cellino et al., 1989; Kaasalainen
et al., 2002). However, Vesta, and especially Ceres, are sufficiently
close to spherical that this approach has proven difficult. Recent
advances in observational techniques have allowed resolved
images of these bodies, and the shapes and spin poles have become
better constrained. We will approximate the shapes as triaxial
ellipsoids, with axial dimensions {a,b,c}, such that

x
a

	 
2
þ y

b

	 
2
þ z

c

	 
2
¼ 1 ð41Þ

We will use the values reported in Table 4. The Ceres parameters
are from Carry et al. (2008) and those for Vesta are from Drummond
et al. (1998) and Drummond and Christou (2008). We will discuss
current estimates of the spin-pole orientations below in Section 5.2.

The volume and mass of a triaxial ellipsoid are given by

V ¼ 4
3
pabc ð42Þ

M ¼ qV ð43Þ

where q is the mean density. The principal moments of inertia are

A
B

C

264
375 ¼ M

5

3R2 � a2

3R2 � b2

3R2 � c2

264
375 ð44Þ

where the mean radius R is defined by

3R2 ¼ ða2 þ b2 þ c2Þ ð45Þ

The Dawn spacecraft will also determine the low degree gravita-
tional potentials for Ceres and Vesta. Estimates of the mass and po-
tential coefficients of harmonic degree two are pertinent to the
moments of inertia. There are six independent terms in the inertia
tensor, but only five harmonic coefficients of degree two. The prob-
lem is thus under-constrained by one. As will be shown below, a
measurement of the damped obliquity can provide the missing
constraint.

By choosing a coordinate system with the principal axes of the
inertia tensor as coordinate axes, three of the five degree two coef-
ficients vanish. The other two are related to the principal moments
via (Soler, 1984)

J2MR2 ¼ C � ðAþ BÞ=2 ð46Þ
C2;2MR2 ¼ ðB� AÞ=4 ð47Þ

In terms of the ellipsoidal shape parameters, degree two gravity
coefficients for a homogeneous triaxial ellipsoidal body are



Table 5
Periods of orbit, spin, precession, and wobble.

Body 2p/n (day) 2p/s (h) 2p/a (103 yr) 2p/w (day)

Ceres 1681 9.9742 171.9 5.47
Vesta 1325 5.3421 81.73 1.16
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J2 ¼
3

10
a2 þ b2 � 2c2

a2 þ b2 þ c2

 !
ð48Þ

C2;2 ¼
3

20
a2 � b2

a2 þ b2 þ c2

 !
ð49Þ

The J2 values for Ceres and Vesta, using the shape parameters listed
in Table 4, are 0.0303 and 0.0798, respectively. The dimensionless
moments of inertia are {0.3899,0.3899,0.4202} for Ceres and
{0.3610,0.3858,0.4532} for Vesta.

Likewise, the spin precession rate parameter for a homogeneous
triaxial body takes the form

a ¼ 3
2

n2

s
1
2
� c2

a2 þ b2

� �
ð50Þ

Note that, as written, it is independent of density. However, the
density of most planetary bodies influences their shape, at least
indirectly. All else being equal, a denser body is more likely to be
spherically symmetric.

The rotational configuration of lowest energy, for a given angu-
lar momentum, consists of steady rotation about the axis of great-
est moment of inertia. If the body is rotating about another axis, it
will exhibit a wobble. That is, the instantaneous rotation vector
does not maintain a fixed orientation relative to the body. The free
wobble angular rate is, like the spin pole precession rate, also
determined by the spin rate and the moments of inertia. It is given
by (Smith and Dahlen, 1981)

w ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C � A

B

� �
C � B

A

� �s
ð51Þ

For application to a homogeneous triaxial ellipsoid, this becomes

w ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � c2

a2 þ c2

� �
b2 � c2

b2 þ c2

 !vuut ð52Þ

Note that, if the gravitational coefficients J2 and C2,2 are determined,
along with the spin and wobble periods, then we can recover the
principal moments of inertia directly, simply by solving Eqs. 46,
47, and 51 for the principal moments A, B, and C. No assumption
of hydrostatic equilibrium is required. The corresponding estimates
can be written as

1
MR2

A

B

C

264
375 ¼ s

w

	 

H2

1
1
1

264
375þ �2C2;2

þ2C2;2

þJ2

264
375 ð53Þ

where

H2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2 þ 2C2;2ÞðJ2 � 2C2;2Þ

q
ð54Þ

In Table 5, we list our estimates of the periods for spin pole pre-
cession and free wobble of Ceres and Vesta. These are based upon
the shape models of Table 4, and an assumption of uniform density,
using Eq. (50) for the precession rate, and Eq. (52) for the wobble
rate. We also list the observed orbital and spin periods, for compar-
ison. The wobble periods are short enough that, if there is a free
wobble, the Dawn spacecraft tracking data should easily detect it.

The spin pole precession periods of Ceres (172 kyr) and Vesta
(82 kyr), under the simplifying assumption of homogeneous den-
sity, are rather similar to that of Mars (157 kyr; Bills, 1990). If these
bodies are centrally condensed, as seems likely, the spin pole pre-
cession rates would be higher, and the corresponding periods
shorter. However, even if they were as centrally condensed as
the Earth, which has C ’ (1/3)MR2, compared to the homogeneous
sphere value of C = 2/5MR2, the periods would only be shorter by 5/
6. Among the major planets, Earth (26 kyr) is on the fast end, while
Jupiter (474 kyr; Ward and Canup, 2006) and Saturn (1.75 Myr;
Ward and Hamilton, 2004) are much slower.

The main reason that Mars experiences large amplitude excur-
sions in obliquity (Ward, 1973), while Earth has much more mild
oscillations (Ward, 1982; Laskar et al., 1993) is that the spin pole
precession rate of Earth is too fast for resonant interaction with
the orbit pole variations. Mars has resonantly enhanced obliquity
variations because its spin pole precession period closely matches
some of the orbit pole oscillation periods.

We have seen above that the dominant periods of orbit pole
variation for Ceres are 50.48 and 22.15 kyr, while those for Vesta
are 50.48 and 42.97 kyr. These are all appreciably shorter periods
than the spin pole precession periods of these bodies and we thus
do not expect significant resonant amplification. If Vesta’s spin pre-
cession rate parameter were as much as 50% larger than our nom-
inal estimate, and the period correspondingly shorter, there would
be some resonance amplification.

4.2. Hydrostatic equilibrium

An alternative approach to estimating the moments of inertia of
Ceres and Vesta would be to assume that the bodies are in hydro-
static equilibrium, and then use either their topographic shape or
gravitational potential to determine the polar moment of inertia
consistent with that assumption. An approach like this has already
been applied to the shape of Ceres (Thomas et al., 2005). They
showed that equatorial flattening of Ceres (a � c = (32.6 ± 1.9) km)
is appreciably larger than expected for a homogeneous body.

For a non-synchronously rotating body in hydrostatic equilib-
rium, the response to the rotational potential can be used estimate
the moments of inertia (Dermott, 1979). The magnitude of the
rotational potential depends on the scaling factor

q ¼ s2R3

GM
ð55Þ

where s is spin angular rate, R is mean radius, G is gravitational con-
stant, and M is mass. The resulting values for the gravitational po-
tential coefficients are

J2

C2;2

� �
¼

1
0

� �
qks

3
ð56Þ

where ks is a scale factor, known as a secular Love number (Munk
and MacDonald, 1960). The secular Love number for a homoge-
neous body is 3/2. For more centrally condensed bodies, the secular
Love number will be smaller.

If the Love number is known, we can use it in the Darwin–Radau
relation (Radau, 1885; Darwin, 1890)

�c ¼ C

MR2 ¼
2
3

1� 2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4� ks

1þ ks

s0@ 1A ð57Þ

to estimate the polar moment of inertia. We use an over-bar ð�cÞ to
distinguish this dimensionless polar moment from the length of the
polar axis, as used in the previous section.

In application to slowly rotating, but still plausibly hydrostatic
bodies like Earth and Mars, the principal moments of inertia differ
from each other by parts per thousand. It is thus a reasonable
approximation to view the moment value in the Darwin–Radau
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relation as reflecting the mean moment. However, that is not actu-
ally correct (Kopal, 1960; Nakiboglu, 1982), and in application to
rapid rotators would yield appreciable error. On the other hand,
the mean moment of inertia

z ¼
�aþ �bþ �c

3
¼ Aþ Bþ C

3MR2 ð58Þ

is independent of the amount of tidal or rotational deformation
(Rochester and Smylie, 1974), and is a better measure of central
condensation. If we use the definitions of the gravitational potential
coefficients J2 and C2,2 (Eqs. (46) and (47)), along with the definition
just given for the mean moment, we can solve for the dimensionless
moments, with the result (Bills, 1995)

�a
�b
�c

264
375 ¼ J2

3

�1
�1
þ2

264
375þ C2;2

�2
þ2
0

264
375þ z

1
1
1

264
375 ð59Þ

It is important to note that this relationship does not require an
assumption of hydrostatic equilibrium. It is a simple consequence
of the definitions of the parameters J2, C2,2 and z (Eqs. (46), (47),
and (58)).

Using this notation, the spin pole precession rate parameter
(23) can be written as

a ¼ 3
2

n2

s

� �
3J2

2J2 þ 3z

� �
ð60Þ

where the well known parameters are combined to yield the lead-
ing factor and the currently unknown parameters, which depend
upon the internal structure of the body, are in the last factor. The
dimensionless mean moment of inertia is likely in the interval (1/
3 < z < 2/5), with the upper bound corresponding to a homogeneous
sphere. If there is a fluid layer, acting to mechanically decouple the
surface from the deeper interior, as at Mercury (Peale et al., 2002),
the upper bound for the surface layer moment of inertia would be
that of a thin shell, with z = 2/3.

The hydrostatic value of z, corresponding to given values of J2

and q, can be obtained from Eqs. (55), (59), and (57), and is

z ¼ 2
3

1� J2 þ
2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q� 3J2

qþ 3J2

s !
ð61Þ

In order to apply this theory to Ceres and Vesta, we will need
estimates of their masses. Early estimates of asteroid masses were
obtained from their perturbations on the orbits of smaller asteroids
with which they had close encounters. Using this approach, esti-
mates of the masses of Vesta (1.20 ± 0.08) � 10�10ms (Hertz,
1968) and Ceres (5.21 ± 0.07) � 10�10ms (Landgraf, 1988) were ob-
tained. Another approach is to use the asteroidal perturbations of
the orbit of Mars (Standish and Hellings, 1989). A recent analysis
(Pitjeva and Standish, 2009) has combined all previous estimates
to obtain masses of (4.72 ± 0.03) � 10�10ms for Ceres and (1.35 ±
0.03) � 10�10ms for Vesta.

Using these mass estimates, and the above cited values for s, n,
and R, and assuming a homogeneous density (z = 2/5), the spin pole
precession periods for Ceres and Vesta are

aC ¼ 2p=ð151:02 kyrÞ ð62Þ
aV ¼ 2p=ð99:89 kyrÞ ð63Þ

Note that these periods differ at the 	10% level from our estimates,
in the preceding section, from observed shapes.
4.3. Damping rates

We have assumed, in our analysis, that the wobble and obliq-
uity are both fully damped. We now briefly examine some rough
estimates of the time required for that damping to occur.

There have been numerous analyses of wobble damping, as ap-
plied to asteroids and satellites (Burns and Safronov, 1973; Harris,
1994; Black et al., 1999; Sharma et al., 2005; Samarasinha, 2008).
The basic idea is that the body is deformed, in response to the rota-
tional potential, and that part of this rotational bulge follows the
instantaneous equator, as it moves over the surface of the body.
The continuing deformation dissipates energy and drives the body
toward the lowest energy state of principal axis rotation. The
damping time can be written as (Gladman et al., 1996)

swob ¼
3GM�c

s3R3

Q
k2

� �
ð64Þ

where G is the gravitational constant, M is mass, �c is dimensionless
polar moment, s is spin rate, R is mean radius, Q is a damping qual-
ity factor, and k2 is the degree two Love number. These latter two
parameters are very poorly known. We will assume Q = 100 and
k2 = 0.001, though the actual values could be quite different. The
resulting wobble damping times for Ceres and Vesta are 440 and
120 years, respectively. Unless these estimates are wrong, or there
is some unforeseen excitation mechanism, we would not expect to
see any wobble.

The physics of obliquity damping is somewhat more complex,
and can have several components. In any deformable body, there
will be a tidal bulge. Averaged over the spin period, this will yield
an axisymmetric response (Wunsch, 1967), whose amplitude will
vary over the orbital period and precessional period. If the tidal
bulge lags behind the instantaneous location of the sub-solar point,
there will be a tidal torque, and a component of that torque will
damp the obliquity (Peale, 1976, 2005). For bodies with fluid cores
(or surface oceans), the fluid layer may rotate about a different axis
than the solid layer, and this can damp the obliquity (Rochester,
1976; Correia, 2006). If conditions are appropriate, there can be a
resonant amplification of the obliquity tides, with resultant in-
crease in dissipation (Tyler, 2008; Bills, 2009). Of course, the tidal
and core–mantle effects may both be operative. In most cases
where fluid core effects are included in the analysis, they appear
to dominate. For simplicity, we will invoke only tidal torques.

As a rough guide, we can simply adopt the wobble damping
time, but with all occurrences of the spin rate s replaced with the
corresponding orbit rate n. We thus use

sobl ¼
3GM�c

n3R3

Q
k2

� �
ð65Þ

Because the orbital periods are thousands of times longer than the
spin periods, the wobble damping times estimated this way are ex-
tremely long (
1012 years). However, at those longer periods, it is
likely that k2 and Q have quite different values. For a homogeneous
elastic body, the degree two Love number is (Munk and MacDonald,
1960)

k2 ¼
3
2

2r
2rþ 19l

� �
ð66Þ

where l is the elastic rigidity, and r is an effective gravitational
rigidity, given by

r ¼ qgR ð67Þ

with q the mean density, g the surface gravity, and R the mean ra-
dius. This response reflects a competition between self-gravity,
which attempts to keep the body spherical, and elastic rheology,
in which the restoring stress is proportional to the tidal strain. For



Fig. 3. Obliquity variations for Ceres and Vesta, assuming our nominal homoge-
neous shape-derived precession rate parameters (Section 4.1).
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Ceres and Vesta, the gravitational rigidity values are 278 and
240 MPa. Typical crustal rock values for elastic rigidity are of order
20–30 GPa. If we assume 25 GPa as representative, the elastic Love
numbers of Ceres and Vesta would be 1.8 � 10�3 and 1.5 � 10�3.

In response to long period forcing, it is likely that viscous flow
will occur, and partially relieve the elastic stress. As a simple illus-
tration, assume that the body is homogeneous and deforms accord-
ing to a Maxwell visco-elastic rheology. At forcing frequency x, the
Fourier transformed effective rigidity is (Peltier, 1974; Ross and
Schubert, 1989)

~l ¼ l xsm

xsm þ i

� �
ð68Þ

where the Maxwell relaxation time sm is the ratio of viscosity g and
rigidity l

sm ¼
g
l

ð69Þ

When the Maxwell effective modulus in substituted into the Love
number, the imaginary part of the complex result is

Im½k2� ¼
57rlðsxÞ

ð2rÞ2 þ ð2rþ 19lÞ2ðsxÞ2
ð70Þ

This is the quantity which is represented above as k2/Q. The peak
dissipation occurs if the forcing period is close to the relaxation
time. Specifically, it occurs when

sx ¼ 2r
2rþ 19l

ð71Þ

and has a resulting value of

Im½k2� ¼
3
4

19l
2rþ 19l

� �
ð72Þ

If the elastic rigidity l is well in excess of the gravitational effective
rigidity r, which is quite likely for Ceres and Vesta, then

k2

Q
¼ 3

4
ð73Þ

at the peak dissipation period. This is larger by 
104 than the value
used above in estimating wobble damping times. If this is appropri-
ate for obliquity damping, the damping times are likely of order 108

years, rather than 1012 years. Present estimates of Vesta’s spin-pole
orientation are broadly consistent with it being damped (see Sec-
tion 5.2 below); the situation for Ceres is less clear. If future obser-
vations confirm the damped nature of these bodies’ spin poles, that
will imply either that visco-elastic dissipation is close to the peak
value, or that other damping mechanisms (such as core–mantle
coupling) have occurred.

5. Obliquity variations

Using the results of Sections 2–4, we can now compute the orbit
and spin pole trajectories, and from them reconstruct the obliquity
as a function of time. The present-day obliquities may then be pre-
dicted, based on the simple models adopted in Section 4; more
importantly, we will show how the moment of inertia z may be de-
rived from measurements of the obliquity and gravitational
moments.

5.1. Predicted variations

Fig. 3 illustrates the obliquity variations for Ceres and Vesta, for
a 200 kyr time span, centered on the present, using our shape-
based estimates of the rate parameters. The present-day values
are predicted to be 12.31� and 15.66�, respectively. Fig. 4 shows
how the present obliquity values would change, as the gravita-
tional coefficient J2 and dimensionless mean moment z are varied
over a plausible range of values. The values of those parameters
corresponding to our shape-based analysis (Section 4.1) are indi-
cated by a dot, and the hydrostatic relation between J2 and z, from
Eqs. (56), (57), and (61) is indicated by a heavy line.

In the case of Vesta, the range of input parameters plotted in-
cludes regions in which the spin pole precession rate nearly
matches one of the orbit pole modal rates, and there is resonant
amplification, as indicated above in Eq. (36). Locations where that
occurs are indicated by the dashed lines. If the actual values of J2

and �c of Vesta were such that this resonance was encountered,
the obliquity would be large, but the linear analysis we have used
would not accurately represent it.

The predicted obliquity increases with increasing J2 because the
increased solar torque increases the spin pole precession rate. Sim-
ilarly, increasing the degree of central condensation (decreasing z)
increases the obliquity, because the resistance to the torques is de-
creased. The utility of Fig. 4 is that the Dawn spacecraft is expected
to measure both J2 and the obliquity. This figure can then be used
to determine z and thus the degree of differentiation, under the
assumption that the obliquity is damped. This assumption itself
can also be tested by measuring the spin-pole orientation, as dis-
cussed in the next section.
5.2. Present observational constraints

Although there no constraints on the gravitational moments of
Vesta and Ceres, there are some observational constraints on their
spin-pole orientations, though not yet accurate enough for our pur-
poses. The dynamically relevant reference plane, for the spin pole
of an asteroid, is its own orbit plane. However, for Earth-based
observations, a more relevant reference is usually the ecliptic
plane. To distinguish the reference planes, we will use the term
‘‘obliquity” to mean the angular separation between the spin and
orbit poles of a given body. If the spin pole orientation is referred
to the ecliptic, we will call that angle the ‘‘equatorial inclination”.

Thermal observations of Ceres are consistent with a small obliq-
uity (Spencer, 1990). Resolved disk images yield spin pole direc-
tions for both bodies which imply small obliquity values, but still
with uncertainties of 4–5� (Thomas et al., 2005; Drummond and
Christou, 2008). Although Thomas et al. (2005) cite an obliquity
for Ceres of 3�, they mean the angular separation between the spin
pole and the ecliptic pole, rather than the orbit pole of Ceres. In our
suggested terminology, their estimate is for the equatorial inclina-
tion, and not the obliquity, of Ceres.



Fig. 4a. Variations in present obliquity value (in degrees) for Ceres as J2 and the
mean moment of inertia z are varied. Dot indicates homogeneous ellipsoid
parameter values (Section 4.1), and heavy line indicates hydrostatic values (Section
4.2).

Fig. 4b. Variations in present obliquity values (in degrees) for Vesta as J2 and the
mean moment of inertia z are varied. Dot indicates homogeneous ellipsoid
parameter values (Section 4.1), and heavy line indicates hydrostatic values (Section
4.2). Dashed lines indicate location of resonant amplification.

Fig. 5a. Damped positions of the spin pole for Ceres, projected onto ecliptic plane.
The four nearly circular solid arcs represent trajectories of the unit vector along the
spin pole for precession rates {0.5,1.0,1.5,2.0} times the nominal homogeneous
value (Section 4.1), for a 20 kyr time span centered on the present. The solid, nearly
linear trend represents present spin pole locations as the precession rate spans the
interval from 0 to 2 times nominal. The dashed circles are at ecliptic equatorial
inclinations of {2,4,6} degrees.

Fig. 5b. Damped positions of the spin pole for Vesta, projected onto ecliptic plane.
The five nearly circular solid arcs represent trajectories of the unit vector along the
spin pole for precession rates {0.5,0.75,1.0,1.25,1.5} times the nominal homoge-
neous value (Section 4.1), for a 30 kyr time span centered on the present. The solid,
nearly linear trend represents present spin pole locations as the precession rate
spans the interval from 0 to 1.5 times nominal. The dashed circles are at ecliptic
equatorial inclinations of {5,10,15,20,25} degrees.
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A historical peculiarity of the planetary science literature is that
orbit and spin orientations are reported differently, both in terms
of what quantity is actually described, and what coordinate system
is used. Orbit orientations are almost always reported in terms of
the orientation of the orbit plane in the ecliptic coordinate system.
That is, the inclination and ascending nodal longitude of the orbit
plane are specified, relative to the ecliptic plane.

In contrast, spin orientations are usually reported in terms of
the location of the spin pole in the equatorial coordinate system.
That is, the right ascension and declination of the spin pole are
specified. This makes calculation of the obliquity, or relative orien-
tation angle of the spin and orbit, rather more difficult than would
be the case if they were reported in the same format. In Appendix B
we describe the required transformation between ecliptic and
equatorial coordinates, and how the planes and poles are related.

Fig. 5 shows the projections of the damped spin poles of Ceres
and Vesta onto the ecliptic plane. In each case, we have plotted tra-
jectories of the damped spin poles over a significant fraction of the
relevant precession periods, and have shown how those trajecto-
ries vary with changes in the precession rate parameter a. As be-
fore, a more centrally-condensed object (larger a) results in a
larger obliquity.

Fig. 6 shows how the predicted spin-pole orientations of Ceres
and Vesta compare with estimates from observations. The some-
what irregular shapes of the error curves result from projecting cir-
cles in the equatorial frame into the ecliptic frame. We assume that
the quoted errors are meant to represent one standard deviation,
though none of the sources explicitly said so. It is also somewhat
peculiar that, in most cases, the quoted errors in right ascension
and declination were given as equal.
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The significant variations in albedo on the surface (Zellner et al.,
2005) make light curve analyses difficult, and even with resolved
disk observations, the apparent pole of rotation is hard to recover.
As a result, there is considerable scatter in the observations, partic-
ularly in the case of Vesta. Given the uncertainties, at least for Ves-
ta we cannot rule out the possibility of a fully damped spin pole.
The analysis given in Section 5.1 may thus be applicable.

For Ceres the current estimates are less scattered, and suggest
that a damped spin pole is only likely if the predicted value of a
is several times the nominal value derived in Section 4.1. One
way that could occur is if the surface layer is mechanically decou-
pled from the deeper interior, as has been shown to be the case for
Mercury (Margot et al., 2007). Further discussion of these issues
will have to await accurate spin pole determinations from the
Dawn mission.
Fig. 6b. Observed spin pole locations for Vesta, projected onto ecliptic plane.
Damped pole positions from Fig. 5b are indicated. Observed values are from Table 5
of Drummond and Christou (2008).
6. Summary

We have constructed simple secular variation models for the
spin and orbit poles of Ceres and Vesta. The orbit poles respond
mainly to forcing from Jupiter and Saturn. The spin pole variations
depend upon the orbit pole variations, the unknown moments of
inertia of Ceres and Vesta, and an assumption that they are fully
damped. Our initial estimates of the moments use current shape
models and an assumption of uniform density. The current obliq-
uity values thus predicted are 12.31� for Ceres and 15.66� for Vesta.
Current uncertainties in the spin-pole orientations of these two
bodies are large but suggest that, at least in the case of Vesta, a
fully damped obliquity is a possibility. Improved estimates of
spin-pole orientations by the Dawn spacecraft will determine
whether their obliquities are fully damped; if they are, then these
observations combined with the degree two gravity coefficients J2

and C22 will allow accurate determination of the moments of iner-
tia of these bodies.

We note that the spin poles of Ceres and Vesta could possibly lie
along the predicted damped trajectories, as shown in (Figs. 5 and 6,
and yet not actually be damped. Coincidences do occur. However,
it is highly unlikely that the spin poles would be closely aligned
with their expected damped orientations for other reasons. The
Fig. 6a. Observed spin pole locations for Ceres, projected onto ecliptic plane.
Damped pole positions from Fig. 5a are indicated. Observed values are from Thomas
et al. (2005), Drummond and Christou (2008), and Carry et al. (2008).
suppositions we are making, in this regard, are similar to those
leading to the MESSENGER mission objective of characterizing
the core of Mercury via measuring its gravity field and spin-pole
orientation (Peale et al., 2002).
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Appendix A. Coupling matrices

In this appendix we list the explicit forms of the coupling matri-
ces A and B for the secular orbital variation problem. This material
is treated in several sources, including Brouwer and van Woerkom
(1950), Brouwer and Clemence (1961), Dermott and Nicholson
(1986) and Murray and Dermott (1999). Our notation mostly fol-
lows that of Murray and Dermott (1999). The major difference is
that we use complex variables h and p (see Eqs. (1) and (2)) to rep-
resent the eccentricity and inclination, while they use a pair of real
variables in each case. Those real variables (h,k,p,q) are just the
real and imaginary parts of our variables.

In terms of these complex variables, the secular part of the dis-
turbing function can be written as

Rj ¼ nja2
j Aj þBj
� �

ð74Þ

where n is the mean motion and a is the semimajor axis, and A and
B are matrices which account for the eccentricity and inclination
effects, respectively. They have explicit forms

Aj ¼
1
2

Ajjhjh
�
j þ Ajkhjh

�
k ð75Þ

Bj ¼
1
2

Bjjpjp
�
j þ Bjkpjp

�
k ð76Þ

where x* denotes the complex conjugate of x. The coupling matrix
elements depend only upon the masses m and semimajor axes a
of the interacting orbits.
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The masses of the planets are denoted mj and the mass of the
central body is mc. The ratios of the semimajor axes of the interact-
ing planets are expressed via (Dermott and Nicholson, 1986)

rjk ¼
ak=aj if aj > ak

aj=ak otherwise

�
ð77Þ

and

sjk ¼
1 if aj > ak

aj=ak otherwise

�
ð78Þ

The Laplace coefficients b determine the geometrical component in
the strength of interactions between a pair of objects. They are de-
fined by the relationship

1
2

b½s; r; x� ¼ 1
2

Z 2p

0

cos½r/�
1� 2x cos½/� þ x2ð Þs

ð79Þ

where s is a half-integer.
Using these notations, the eccentricity matrix A has explicit

form

Ajj ¼ þ
nj

4

X
k–j

mk

mc þmj

� �
rjksjkb½3=2;1;rjk� ð80Þ

for diagonal elements, and

Ajk ¼ �
nj

4
mk

mc þmj

� �
rjksjkb½3=2;2; rjk� ð81Þ

for off-diagonal terms.
The inclination matrix B has diagonal elements

Bjj ¼ �
nj

4

X
k–j

mk

mc þmj

� �
rjksjkb½3=2;1;rjk�

and the off-diagonal terms are

Bjk ¼ þ
nj

4
mk

mc þmj

� �
rjksjkb½3=2;1;rjk�

Note that, for both the A and B matrices, the diagonal elements
are sums and the off-diagonals are single terms. Note also that the
second argument in the Laplace coefficients is a 2 for the off-diag-
onal terms in the eccentricity matrix A, and a 1 for all other cases.
In the B matrix case, the sum of all the elements in each row is zero
and, as a result, one of the eigenvalues is zero.

Appendix B. Celestial coordinates

In this appendix we describe the transformations between rel-
evant celestial coordinates systems. As was noted in the main text,
orbits and spins are often specified in different coordinate system,
and via different characterizations. We will first describe the equa-
torial and ecliptic coordinate systems, and then examine how coor-
dinates in one system are transformed into the other system.

In the equatorial coordinate system, the angular coordinates are
declination (d) and right ascension (a). They are very much analo-
gous to latitude and longitude, respectively, in the terrestrial coor-
dinate system. Declination is angular distance north or south from
Earth’s equatorial plane. Right ascension is angular distance, in the
equatorial plane, from an inertially fixed direction, the vernal equi-
nox, which is where the equator plane and ecliptic plane inter-
sected at the epoch of J2000. A Cartesian unit vector û, pointed in
the direction of {a,d} has the form

û ¼
u1

u2

u3

264
375 ¼ cos½d� cos½a�

cos½d� sin½a�
sin½d�

264
375 ð82Þ
In the ecliptic coordinate system, the angular coordinates are
ecliptic longitude (k) and ecliptic latitude (b). The ecliptic latitude
is angular distance above or below the reference plane, while the
ecliptic longitude is angular distance, in the reference plane, away
from an inertially fixed point. In common with the equatorial sys-
tem, the reference direction is the vernal equinox. A unit vector v̂
has Cartesian coordinates given

v̂ ¼
v1

v2

v3

264
375 ¼ cos½b� cos½k�

cos½b� sin½k�
sin½b�

264
375 ð83Þ

The primary difference between these systems is that they use dif-
ferent reference planes, though they share a reference direction. As
a result, the transformation of Cartesian unit vectors, from one sys-
tem to the other, is quite simple and is achieved by a rotation about
the common reference direction by the angular separation between
the reference planes. In this case, the angular separation is just
Earth’s obliquity,

e ¼ 23:439281� ð84Þ

For a rotation about the u1 or v1 axis, through an angle x, the rota-
tion matrix has form

R1½x� ¼
1 0 0
0 þ cos½x� � sin½x�
0 þ sin½x� þ cos½x�

264
375 ð85Þ

If we rotate the ecliptic system unit vector v̂ into the equatorial sys-
tem, we obtain a new unit vector

bw ¼ w1

w2

w3

264
375 ¼ R1½þe� � v̂ ¼

cos½b� cos½k�
cos½e� cos½b� sin½k� � sin½e� sin½b�
cos½e� sin½b� þ sin½e� cos½b� sin½k�

264
375
ð86Þ

Equating this rotated vector, component by component, to the
unit vector û gives a system of three trigonometric equations relat-
ing the coordinate pair {a,d} to the pair {k,b}. The equations are:

sin½d� ¼ w3 ¼ cos½e� sin½b� þ sin½e� cos½b� sin½k�
cos½a� cos½d� ¼ w1 ¼ cos½b� cos½k� ð87Þ
sin½a� cos½d� ¼ w2 ¼ cos½e� cos½b� sin½k� � sin½e� sin½b�

This system of equations has a solution

d ¼ arcsin½w3�
a ¼ arctan½w2=w1�

ð88Þ

In particular, the ecliptic north pole, at which b = p/2, and k is
indeterminate, has equatorial coordinates

d ¼ p=2� e ¼ 66:5607�

a ¼ 3p=2 ¼ 270�
ð89Þ

That is the origin of the coordinate system used in Fig. 5.
Similarly, to do the inverse transformation, we rotate the equa-

torial system unit vector û into the ecliptic frame

cW ¼
W1

W2

W3

264
375 ¼ R1½�e� � û ¼

cos½a� cos½d�
cos½e� cos½d� sin½a� þ sin½e� sin½d�
cos½e� sin½d� � sin½e� cos½d� sin½a�

264
375
ð90Þ

and equate it component-wise with the ecliptic unit vector v̂

sin½b� ¼W3 ¼ cos½e� sin½d� � sin½e� cos½d� sin½a�
cos½b� cos½k� ¼W1 ¼ cos½a� cos½d� ð91Þ
cos½b� sin½k� ¼W2 ¼ cos½e� cos½d� sin½a� þ sin½e� sin½d�
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This system of equations has a solution

b ¼ arcsin½W3�
k ¼ arctan½W2=W1�

ð92Þ
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