
EART162 FINAL      Tuesday 10
th

 June 2008 

 

 

Answer Question 1 and THREE out of the other six questions. Show all your 

working for maximum credit. You have until 11:00 am to complete the test. 

 

(Question 1 is compulsory. Be careful to state the values you are assuming, where 

necessary). 

 

1. a) Roughly how long would it take an initially hot, 1 km radius asteroid to cool? (1) 

b) For a material with a bulk modulus of 100 GPa, how much pressure would you have to 

apply to the material to increase its density by 50%? (1) 

c) If ice has a density of 900 kg m
-3

 and a shear modulus of 3 GPa, what is the seismic 

shear wave velocity of ice? (1) 

d) Put the following elements in order of abundance in the original nebula which formed the solar 

system: Si, O, S, H (2) 

e) If you increase the Rayleigh number of a convecting fluid, what happens to the 

boundary layer thickness and the rate of heat transport? (2) 

f) Europa is a distance of 670,000 km from Jupiter and has a period of 3.55 days. What is 

the mass of Jupiter? Take G=6.7x10
-11

 in SI units. (1) 

g) The Tibetan plateau is about 5 km high. What gravity anomaly would you expect to 

measure if it is 40% compensated and the crustal density is 2.8 g/cc? (2) 

h) The Love number of the Earth is 0.65. What is its effective rigidity, assuming a 

uniform body? You may take R=6400 km and =5500 kg m
-3

 (2) 

i) A feature on Earth has a flexural parameter of 200 km. What is the corresponding 

elastic thickness? Assume a Young’s modulus of 100 GPa, a Poisson’s ratio of 0.3 and a 

density contrast of 3000 kg m
-3

. (2) 

j) Why do gas giants have smaller values of C/MR
2
 than silicate planets? (2) 

k) Find an expression for the gravitational acceleration as a function of radius inside a 

hydrostatic, uniform density planet, and hence calculate the pressure at the centre of the 

planet in terms of G, the density  and the planetary radius R. (4) (20 total) 

 

 

Answer THREE of the next six questions 

 

2. The heat conduction equation in spherical coordinates is given by 

 

 

 

Here T is temperature,  is thermal diffusivity, H is heat production in W kg
-1

, Cp is the 

specific heat capacity and r is the radial distance. 

 

a) Find the general solution to this equation (that is, find T as a function of r) in steady 

state. You will have two unknown constants (4). 

 

pC

H

r

T
r

rrt

T





















 2

2

1




b) At the centre of a planet, the temperature gradient is zero, while at the surface the 

temperature is fixed at Ts. Use your answer to a) to find an expression for the temperature 

inside the planet under these boundary conditions (3). 

c) Also find an expression for the heat flux at the surface in terms of  H,Cp, , the 

planetary radius R and the thermal conductivity k (2). 

d) Explain why your answer to c) makes physical sense (3) 

e) Estimate the temperature at the centre of the Earth, using R=6000 km, H=6x10
-12

 W 

kg
-1

, =10
-6

 m
2
s

-1
 and Cp=1000 J/kg K. Is your answer reasonable? If not, suggest one 

way in which your analysis might be flawed. (3) (15 total) 

 

 

 

3. The Cartesian version of the Navier-Stokes equation in the vertical direction is: 

 

 

 

Here we are going to apply this equation to the situation of a dike (a sheet of magma) of 

width 2w propagating vertically upwards. 

a) If the dike is hotter than the surrounding rock by an amount T, write down an 

expression for , the density contrast between the dike and the surrounding rock (1). 

b) If the dike is in steady state and there are no pressure or velocity gradients in the 

vertical (y) direction, write down the resulting Navier-Stokes equation (2). 

c) Using your answers to a) and b), solve for the dike’s velocity as a function of 

horizontal distance x. The width of the dike is 2w. (5) 

d) If the width of the dike were doubled, by what factor would the upwards flux of 

material (in m
3
s

-1
) increase? (2) 

e) Write down an expression for the time it takes for a parcel of material (magma) at the 

centre of the dike to ascend a distance d. (1) 

f) Write down an expression for the time it will take this same parcel of magma to cool 

conductively through heat loss to the walls of the dike (1) 

g) Hence derive a dimensionless number which tells us whether the magma will cool 

significantly as it ascends. For a typical Iceland dike, w=2m, d=10 km, =3x10
-5

 K
-1

, 

T=800 K, =3000 kg m
-3

 and =10
4
 Pa s. Will the magma in such a dike cool 

significantly as it ascends?  (3) (15 total) 

 

4. a) Give a verbal definition of the Love number h2 (2). 

b) What happens to the Love number of a satellite as its rigidity decreases, and what 

happens to the amplitude of the diurnal tide as a result? (2) 

c) Using your answer to b), explain how tidally-heated satellites can undergo a thermal 

runaway, and give an example of one such satellite (2) 

d) What happens to the eccentricity of an isolated, tidally-heated satellite over time, and 

why? You should include at least one equation in your explanation, and can ignore 

resonances and dissipation in the primary. (4) 

e) By considering a satellite in orbit round a planet, write down an expression for the 

equilibrium tide H on the satellite in terms of G and the mass m, radius R and mean 

motion n of the satellite. (3) 
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f) The Moon has a mass of 7x10
22

 kg and a radius of 1700 km. What is the equilibrium 

tide on the Moon? (2) (15 total) 

 

 

5. For highly compressible materials (e.g. gases) the isothermal equation of state can be 

described as follows: 

   = c P

 

where  is density, c and  are constants and P is pressure. 

 

a) Making the hydrostatic assumption, use this equation of state to derive an expression 

for the pressure at a depth z inside a planet. You may assume that the gravity g is 

constant, and that pressure is zero at the surface (z=0). (4) 

b) Hence find an expression for the density  as a function of depth (1). 

c) On Jupiter, pressures reach 1 Mbar (10
11

 Pa) at a depth of 12,000 km, and =3/5. Using 

your answer to a), estimate the pressure at the centre of the planet (depth=72,000 km). (3) 

d) List three assumptions you have made in deriving your answer to c) and for each 

assumption state whether it is likely to result in an under- or over-estimate of the pressure 

at the centre of Jupiter (6) 

e) Jupiter is radiating more energy than it receives from the Sun. Suggest one possible 

source of this energy (1) (15 total) 

 

 

6. Here we’re going to look at fluid velocities during convection. 

a) During convection, conductive boundary layers of thickness  develop. Write down an 

approximate expression for the time it takes the layer to reach a thickness  (1) 

b) This timescale is the same as the time it takes a convective blob to go from the bottom 

to the top of the fluid, a distance d. Using your answer to a), write down an expression for 

the velocity of the rising blob in terms of d,  and the thermal diffusivity  (1). 

c) Using your answers to a) and b), write down an expression for the blob velocity in 

terms of ,d and the Rayleigh number Ra, and demonstrate that your answer is 

dimensionally correct (3) 

d) If a rising blob has a width  and a velocity u, write down an approximate expression 

for the strain rate across the blob (1) 

e) Hence write down an expression for the characteristic stress the blob experiences, in 

terms of ,d, Ra and the fluid viscosity . Demonstrate that your units are correct. (3) 

e) On the Earth, typical present-day convective upwelling velocities are 100 mm/yr, 

=10
-6

 m
2
s

-1
 and d=3000 km. What is the value of Ra for the Earth’s mantle? (3) 

f) If the Earth’s mantle was a factor of ten less viscous in the past (when it was hotter), 

what would the upwelling velocities have been? (2) 

g) How does the convective velocity depend on the thickness of the convecting layer? (1) 

(15 total) 

 


